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FOUNDATIONS, THEORY OF SETS, LOGIC 


Banaschewski, Bernhard. 
von i-Ordnungen. 
lagen Math. 2 (1956), 117-130. 
Sei (E;S) eine Quasi-Ordnung (< ist reflexiv und 
transitiv); fiir ACE sei 
uA={x\x « E, x A}, oA={x\x « E, x=A}. 


Das System @ der ux (x « E) heisse das kanonische Bild 
von E in PE={A|ACE}. Wenn H ein Hiillensystem auf E 
ist, das die X- i (Durchschnitt aller das Element 
xe«E enthaltenden Mengen X « H gehort zu H) erfiillt, 
dann fragt man sich um solche Hiillensysteme H auf 
einer quasi-geordneter Menge, dessen Hiillenoperator 
Ty der Gleichung ['yx=wux (x « E) befriedigt. Dies sind 
volistandige supremum-dichten Quasi-Erweiterungen von 
E (vollstandig: jede Teilmenge hat Infimum und Supre- 
mum). A ist supremum-dicht im £, falls jeder Punkt aus 
E als Supremum einer Teilmenge von A darstellbar ist. 
Eine geordnete Menge G heisse eine Quasi-Erweiterung 
von (Z, S), wenn es eine Abbildung g: EG gibt so, dass 
gxSgy genau dann gilt, wenn x<y). Sei MC PE; seien M, 
bzw. M, bzw. M*, das kleinste (volladditive, bzw. in- 
duktive) Hiillensystem >M. Wenn E geordnet ist, so ist 
é, bzw. &, im wesentlichen eindeutig bestimmt als die 
kleinste, bzw. grésste, vollstandige supremum-dichte Er- 
weiterung von E (Kor. 5, bzw. 6). Wenn E geordnet ist, 
dann ist €=€*, falls E vollstandig ist und jede nicht- 
leere Teilmenge Maximal-Element besitzt (Th. 5). Es 
folgen noch Satze iiber Ringe und Verbande. 


D. Kurepa (Zagreb). 


Bagemihl, F.; and Gillman, L. Some cofinality theorems 
on ordered sets. Fund. Math. 43 (1956), 178-184. 
The main results are given below, the proofs of (1) and 

(2) being straightforward. (1) , is cofinal with w,4+-p if 

and only if p=O and either ¢ is isolated or cf(¢)=cf(a). 

(2) For two ordinal numbers « and £ let T(a, 8) be the 

lexicographically ordered set of all sequences t=(r¢)¢ <a, 

where rz<m,, not every rz=0, and only a finite number of 

7 are different from 0. Let R(t)={x/tSx, x € T(z, B)}. 

ik BsScf(«), then a necessary and sufficient condition that 

f=cf(«) is that there exists a set MCT(a,f), with 
|M|=x,, such that |MnR(#)| <x, for every ¢ in T(a, £). 

(3) Let «>0. Then a n and sufficient condition 

that cf(«)>0O is that there exists an x,-homogeneous set 

such that every one of its subsets of power %, contains 

a well-ordered subset of power X&,. S. Ginsburg. 


o, J. Sur Pégalité 2%—x),:. 

43 (1956), 148-155. 

Lemma. If XoS/<m, then for any partially ordered set 
M of power m, the following propositions (A), (B) are 
equivalent: (A) (1) Every subset of M of power </ has an 
upper bound in M, and (2) there exists no cardinal be- 
tween / and m; (B) (3) M contains a cofinal well-ordered 
Subset of power m, and (4) M contains a subset K of 
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Z. Math. Logik Grund- 


Fund. Math. 





power m such that the set of predecessors in K of each 
element of M is of power </. Using this lemma, the 
author proves that the assertion 2®1=®),; is equivalent 
to certain statements about transfinite sequences. For 
any sequence t=(n,) of positive integers, let [],‘ denote 
the subsequence (m2‘;2j-1)) (j=1, 2, ---) of ¢. The final 
theorem states that the proposition 2%; is equivalent 
to the following: There exists a family ® of 2%» sequences 
of positive integers such that, if s is an arbitrary sequence 
of positive integers, then the set of all ¢ in ® for which 
Il*+I1.* (¢=1, 2, ---) is at most denumerable. 
L. Gillman (Lafayette, Ind.). 


Fodor, G. Eine Bemerkung zur Theorie der ven 
Funktionen. Acta Sci. Math. Szeged 17 (1956), 139- 
142. 

Let A be a limit ordinal, let M be a stationary subset of 

W (A) (i.e., M meets every closed cofinal set in W(A)), and 

let ¢ be a regressive function defined on M (i.e., 6(&)<é 

for €>0, and ¢(0)=0 in case 0«M). Theorem |. If 
cf(4)>0, there exists an ordinal «<A, and a stationary 

subset N of M, such that 4(8)Sa for all 8 « N. Theorem 2. 

If 4 is regular and >a, there exists a stationary subset 

N of M on which ¢ is constant. [For background, see 

Fodor, same Acta 16 (1955), 204-206; MR 17, 831.] 

L. Gillman (Lafayette, Ind.). 


Eyraud, Henri. Le théoréme de l’ordinal limite. 

Univ. Lyon. Sect. A. (3) 18 (1955), 5-14. 

Il est bien connu que les ordinaux de la troisiéme classe 
de Cantor peuvent étre représentés par des fonctionnelles 
arithmétiques de plus en plus croissantes. Il est assez 
remarquable de signaler que, si une fonctionnelle F est 
majorante totale d’une fonctionnelle G, il existe néan- 
moins une infinité non dénombrable de troncgons de G qui 
ont méme hauteur que les trongons correspondants de F. 
Il est fait application de ce théoréme a la détermination 
d’une suite transfinie de &2 fonctionnelles, dont chacune 
soit diviseur asymptotique de chacune des précédentes. 
(Résumé de I’auteur.) L Gillman (Lafayette, Ind.). 


Bachmann, Heinz. Stationen im Transfiniten. Z. Math. 

Logik Grundlagen Math. 2 (1956), 107-116. 

A discourse on inaccessible numbers of various kinds. 
Further details are given in the author’s recent book 
[Transfinite Zahlen, Springer, Berlin, 1955; MR 17, 134). 

L. Gillman (Lafayette, Ind.). 


Ann. 


, Gustav. The representations of S5. J. Symb. 
Logic 21 (1956), 257-260. 
By McKinsey’s method [same J. 6 (1941), 117-134; 
MR 3, 290] it can be shown that a matrix 


r=<K, D, W, Fay =, C> 
is a representation of S5, C corresponding to ©, if and 


only if it is a closure algebra and (a) for every x« K, 
—C—Cx=Cx, (8) Dis an additive ideal of K such that, for 
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every x « D, Cx=V. It is shown here that () is equivalent 
to («’”’): If xnCy=A, then CanCy=A. (a) is also equi- 
valent to x~—*=A, where ~x=C—-x. Consequently, the 
Brouwerian algebra of the closed elements of a closure 
algebra I is Boolean if and only if I satisfies («’’). It also 
follows that a representation of S2 is also one of SS if and 
only if it satisfies («”’). A. Heyting (Amsterdam). 


Anderson, Alan Ross. Independent axiom schemata for 

$5. J. Symb. Logic 21 (1956), 255-256. 

L. Simons [same J. 18 (1953), 309-316; MR 15, 493) 
gave an independent system of axioms for S3, with 
detachment for material implication as the only rule. 
The author shows that by addition of one axiom S an 
independent system of axioms for S5 results. S is 


H(~O~a3 Oa) 3 (23 ~O~O2)]. 
A. Heyting (Amsterdam). 


* Iablonskii, S. B. On the functional completeness in 
three-valued calculus. Translated by Morris D. Fried- 
man, 572 California St., Newtonville 60, Mass., 1957. 


S pp. 

Translated from Dokl. Akad. Nauk SSSR (N.S.) 
95 (1954), 1153-1155. The original Russian article was 
reviewed in MR 15, 925. 


Meschkowski, Herbert. Rekursive reelle Zahlen. Math. 

Z. 66 (1956), 189-202. 

The author contrast his ‘thoroughly constructive’ 
approach to the theory of recursive real numbers with the 
‘semi classical’ approach of Rice [Proc. Amer. Math. Soc. 
5 (1954), 784-791; MR 16, 104) and others: the latter 
‘presupposes the familiar concept of real number’ while he, 
following Goodstein [e.g. Acta Math. 92 (1954), 171-190; 
MR 16, 783] ‘starts with recursive sequences (of rationals 
which converge to recursive real numbers) and their 
properties’. {This distinction is meaningless because the 
basic operations on (recursive) real numbers and their 
magnitude relations can be defined in terms of approxi- 
mating sequences; more precisely, the definition can be 
given, e.g. in classical number theory Z of Hilbert- 
Bernays. In particular, if R\ is the class of (Gédel numbers 
of recursively convergent sequences of rationals which 
converge to) recursive real numbers and R; is the class of 
(Gédel numbers of recursive sequences a(n), OSa(n)<9, 
which represent) recursive decimals, R; and Rg can be 
defined in Z and R,=R; can be formally proved in Z 
contrary to the author’s assertion in section III: all he 
shows is that there is an element a of R such that for any 
given d of R, the formula a=d is not provable in Z, where 
a=d means that a—d is a null sequence. The real differ- 
ence between the two approaches lies in the interpretation 
of the logical connectives: in the semi-classical approach 
a classical proof of Ri =R; is required, in a thoroughly 
constructive approach one requires (i) a uniformly re- 
cursive functional, or at least a partial recursive function 
»(m) such that if me Rj, then v(m) « R; and m and »(n) 
represent the same real number, (ii) possibly even a 
‘constructive’ proof of (i). (This would establish R\{CR3; 
R,CR; is trivial.) There is no such ».} Among the author’s 
positive results there are some straightforward theorems 
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on rapidly convergent sequences with irrational limits r, 
which provide a decision method for r2p/q (p and g 
integers). These results are badly formulated because 
there is a recursive decision method for r24/q for every 
recursive irrational 7; for, if 7 is irrational at all and 
recursive there is a recursive F(g) such that 


lr—p/q|>F-*(q) ; 


also since 7 is approximated by a recursively convergent 
sequence 7, there is a recursive N(g) such that for n, 
m=N(q), |\tn—1m| <}F-(q), hence, for n=>N(q), 


ltn—P/q|>4F-*Q), 


also all such 7, will be on the same side of p/g. (The result 
is expressed in terms of the approximating sequences.) 
The point of the author’s results is simply that the 
modulus of convergence is very transparent for the class 
of sequences which he considers, and so he expresses N(q) 
as a simple uniformly recursive functional of the function 
F. G. Kreisel (Princeton, N.J.). 


Spector, Clifford. On degrees of recursive unsolvability. 

Ann. of Math. (2) 64 (1956), 581-592. 

This paper reports certain results of the author's 
doctoral dissertation; it answers in particular some 
questions raised in Kleene and Post, Ann. of Math. (2) 
59 (1954), 379-407 [MR 15, 772]. The first of the three 
sections of the paper deals with questions concerning 
join and jump operations defined on degrees of recursive 
unsolvability which were raised at the end of the first 
section of the cited paper. The middle section describes 
sets of degrees which fail to have either L.u.b. or g.1.b. The 
main result of the paper occupies the third section. It is 
shown here that for every degree b three is a degree c<a” 
such that there is no degree b with a<b<c. This result 
answers the question raised at the end of the second 
section of the cited paper. It remains an open question 
whether the degree c can be so chosen that for any b with 
b<c we have bSa. E. J. Cogan (Hanover, N.H.) 


Grzegorczyk, A. Some proofs of undecidability of arith- 

metic. Fund. Math. 43 (1956), 166-177. 

The author presents a proof of the undecidability of 
arithmetic, proved originally by Gédel [Monatsh. Math. 
Phys. 38 (1931), 173-198]. The proof, less constructive than 
that of Rosser [J. Symb. Logic 1 (1936), 87-91], is based on 
the following lemma: If a non-computable set X is repre- 
sented in each consistent and recursively enumerable 
extension of a theory 7, then T is essentially undecidable. 
A theory T is essentially undecidable if it is consistent 
and if each consistent extension of T is undecidable. The 
author furnishes results concerning the form of undecida- 
ble sentences of a general theory T. In the latter half of 
the paper these results are applied to the theory Ar of 
arithmetic. It is shown that both a diagonal set and a 
simple set may be represented in Ar. Attempts to repeat 
the proof of representability of a simple set in theories 
narrower than Ar have failed. Erratum, p. 171, line 11, 
for R(n, x) read R(n, k). E. J. Cogan (Hanover, N.H.). 


See also: Jaffard, p. 555; McCluskey, p. 624. 
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MATHEMATICAL REVIEWS 


ALGEBRA 


* Chevalley, Claude. Fundamental concepts of algebra. 
Academic Press Inc., New York, 1956. viii+-241 pp. 
$6.80. 

A generation of algebraists grew up for whom “modern 
algebra’’ meant Van der Waerden’s book, or possibly one 
of several similar later texts. Time has passed and (happi- 
ly) mathematics has not stood still. In particular algebraic 
topology has exhibited an insatiable appetite for algebraic 
gadgets. In response, modern algebra has changed. 

What distinguishes the new modern algebra from the 
old? The latter emphasized groups, rings, and homo- 
morphisms as the basic concepts. Modules, more or less 
sitting astride groups and rings, were prominent, though 
perhaps not sufficiently prominent. But at least two 
things, now clearly of central importance, were completely 
missing: the tensor product of modules, and the gener- 
alization of every object to a graded object. 

Chevalley’s book is timely and it will be widely studied ; 
the meaty exercises will invite a diligent reader to 
educate himself some more. Teachers may find it “futile 
to disguise the austerity” (last sentence of the preface). 
It goes without saying that large sections are similar to 
Bourbaki’s ““Algébre multilinéaire” [Actualités Sci. Ind., 
no. 1044, Hermann, Paris, 1948; MR 10, 231). 

A rough survey of the contents is as follows. I. Monoids 
(semigroups with unit). II. Groups (including free groups). 
III. Rings and modules (including tensor products, duality 
graded modules). IV. Algebras (a skeleton introduction). 
V. Associative algebras. This final chapter occupies 
nearly half the book. A selection from the subheadings will 
indicate the territory traversed: derivations, Grassmann 
algebras, determinant, trace, Pfaffian, symmetric algebras. 
At the end of this long road the final object unveiled to the 
reader is — a polynomial algebra! I. Kaplansky. 


Combinatorial Analysis 


See: Hall, p. 560; Gleason, p. 593; Bottema, p. 629. 


Elementary Algebra 


BlanuSa, Danilo. Quelques identités algébriques concer- 
nant les moyennes arithmétique et géométrique. Glas- 
nik Mat.-Fiz. Astr. DruStvo Mat. Fiz. Hrvatske. Ser. 
II. 11 (1956), 17-22. (Serbo-Croatian summary) 

A proof that the arithmetic mean is not less than the 
geometric mean. It is based on the following lemma, 
which is proved by induction. 

If d;>0, i=0, 1, --+, m—1, then 


n-1 n n-1 t 
(S (»—i)a)"an° Tl & ay. 
0 09 
R. L. Jeffery (Kingston, Ont.). 


Devidé, Vladimir. Ein Vergleich des arithmetischen und 
geometrischen Mittels. Glasnik Mat.-Fiz. Astr.DruStvo 
Mat. Fiz. Hrvatske. Ser. II. 11 (1956), 23-24. (Serbo- 
Croatian s 
If S is the arithmetic mean, G the geometric mean of n 

numbers %1%9°--%,, then it is known that S—G>0O. 





For »=2 
en ie ee 


—Viin)= War val 5 





xi+%2 vant 
S2—G2= (sty —%\%2= (73>) >0. 
The usual proof of the corresponding result for »>2 is by 
induction [Hardy, Littlewood and Polya, Inequalities, 
Cambridge, 1934). The author obtains simple proofs by 
using algebraic identities which are generalizations of an 
identity of Hurwitz [J. Reine Angew. Math. 108 (1891), 
266-268). R. L. Jeffery (Kingston, Ont.). 


Palama, Giuseppe. Polinomi interi in x di grado « 
dispari che assumono » volte ciascuno dei 2m valori 


+Ni, ---, +Nm. Boll. Un. Mat. Ital. (3) 11 (1956), 
368-370. 
Generalizing a theorem by Dorwart [Duke Math. J. 


1 (1935), 70-73] a polynomial in x, of odd degree n, with 
integral coefficients is constructed, that gives m times all 
the 2m values +N, (i=1, 2, ---, m) for n-2m integral and 
different values of x. N; are suitable natural numbers. A 
theorem on equal sums of like powers is used. 

N. G. W. H. Beeger (Amsterdam). 


Linear Algebra 


* Artin, E. Geometric algebra. Interscience Publish- 
ers, Inc., New York-London, 1957. x+214 pp. 
$6.00. 

Depuis 20 ans, tous les mathématiciens qui se sont 
occupés d’algébre linéaire savent combien le langage géo- 
métrique ,,intrinséque” permet de clarifier et de simplifier 
cette théorie. Néammoins, il ne se passe guére d’année 
sans qu’il ne se publie un ou deux ,,textbooks”’ de ,,calcul 
matriciel”, le plus souvent d’une affligeante médiocrité, 
mornes compilations de recettes de calcul sans motivation 
ni intérét apparents. Il est réconfortant de voir un ma- 
thématicien, aussi universellement respecté que lest 
Artin, prendre la peine de montrer par l’exemple comment 
on peut, de la fagon la plus attrayante possible, conduire 
l’étudiant, a partir de notions d’algébre tout a fait rudi- 
mentaires, jusqu’aux problémes les plus difficiles de la 
théorie des groupes classiques. L’expérience est une écla- 
tante réussite; on ne sait ce qu’il faut le plus admirer, de 
la parfaite lucidité du style, qui sait ne jamais étre pesant 
ni pédant, de la maitrise dans l’agencement des lemmes 
et théorémes, ou de la perpétuelle ingéniosité qui se mani- 
feste dans chaque démonstration; et le spécialiste 
pourra constater que, sauf peut-étre dans les parties les 
plus classiques du volume, il n’y a pour ainsi dire pas une 
démonstration ot l’auteur n’ait apporté sa contribution 
personnelle et ne soit parvenu 4 améliorer en simplicité 
et en élégance (parfois de facon trés appréciable) les expo- 
sés existants. 

Le chapitre I développe les notions de base: groupes, 
corps, espaces vectoriels, dualité. Mais déja on y trouve 
maint détail sortant de l’ordinaire, comme la démonstra- 
tion de Witt du théoréme de Wedderburn sur les corps 
finis, une trés jolie démonstration du théoréme de Hua 
sur les automorphismes d’un corps, l’exemple du corps 
ordonné non commutatif de Hilbert, et une intéressante 
discussion des corps ordonnés, ot l’auteur montre qu’un 





554 


affaiblissement apparent des axiomes conduit en fait 4 la 
théorie usuelle. 

Au chap. II est exposée la théorie traditionnelle de la 
géométrie projective axiomatique: introduction des coor- 
données, théorémes de Desargues et de Pappus et ,,théo- 
réme fondamental de la géométrie projective”; mais, 
contrairement a la plupart de ses prédécesseurs, l’auteur 
évite les sentiers battus, et en fait la plus grande partie 
du chapitre traite de la géométrie affine, le langage 
»projectif’ n’étant introduit que tout a la fin — ce qui, 
de l’avis du rapporteur, a l’avantage de clarifier considé- 
rablement |’exposé. 

Les formes bilinéaires et quadratiques forment |’objet 
du chap. III, intitulé ,,Géométrie symplectique et géo- 
métrie orthogonale”. Faute de place, l’auteur laisse de 
cété les formes hermitiennes et les formes quadratiques 
sur un corps de caractéristique 2. Toute la théorie est 
bien entendu développée sous forme géométrique, et la 
géométrie symplectique et la géométrie orthogonale sont 
menées de front aussi longtemps que cela est possible (ce 
qui inclut, en particulier, les propriétés des sous-espaces 
isotropes et le théoréme de Witt); il faut en particulier 
signaler le paragraphe consacré aux géométries sur un 
corps fini, véritable morceau de bravoure oi |’auteur 
arrive Aa réduire les calculs pratiquement a rien. On 
notera aussi que l’élimination de la géométrie hermitienne 
et de la caractéristique 2 permet a certains endroits 
(notamment dans le théoréme de Witt) de notables 
simplifications, mais on peut parfois se demander si, en ne 
présentant pas les démonstrations valables en toute géné- 
ralité, l’auteur ne risque pas de donner a |’étudiant une 
idée un peu déformée de la situation. 

Le chap. IV est, 4 la connaissance du rapporteur, le 
premier exposé didactique complet de la théorie du groupe 
linéaire sur un corps non nécessairement commutatif, y 
compris la théorie des déterminants; dans les grandes 
lignes, l’auteur suit les travaux de Hua et du rapporteur 
sur ces questions, non sans y apporter, ici encore, des 
simplifications appréciables, en particulier dans le cas 
épineux de la dimension 2. 

Le dernier chapitre enfin aborde la partie la plus 
difficile du sujet, la structure des groupes orthogonaux; 
auparavant l’auteur dispose rapidement des groupes sym- 
plectiques, et prend soin, avant de plonger dans le vif du 
sujet, d’insérer un bref paragraphe sur le cas ,,euclidien” 
classique, pour faire voir clairement comment les pro- 
priétés particuliéres du corps réel masquent ici les diffi- 
cultés de la question; ce qu’il met en lumiére en faisant 
aussit6t suivre ce paragraphe d’un traitement trés original 
et suggestif du cas en quelque sorte ,,opposé’’, celui des 
géométries qu'il appelle ,,elliptiques” sur un corps valué, 
ov le groupe orthogonal admet une infinité de sous- 
groupes distingués. Viennent ensuite l’algébre de Clifford 
et la norme spinorielle; la limitation imposée par le ca- 
ractére élémentaire des connaissances de base supposées 
chez le lecteur empéche l’auteur de donner ici un exposé 
vraiment moderne du sujet, mettant en particulier en 
relief le caractére ,,universel”’ de l’algébre de Clifford; du 
moins le traitement élémentaire de la théorie est-il 
complet, sans aucune ,,tricherie’’ sur les détails ennuyeux, 
comme la vérification de l’associativité. Enfin le chapitre 
se termine par les théorémes fondamentaux sur la struc- 
ture du groupe orthogonal (en se bornant au cas non 
anisotrope pour les dimensions 25); ici les démonstra- 
tions sont nouvelles et sont de loin les plus simples de 
celles qui ont été proposées jusqu’ ici. 

Il serait injuste de ne pas rappeler que, dans ces der- 
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niéres années, ont déja été publiés plusieurs ouvrages de 
valeur sur l’algébre linéaire ,,géométrique’’; mais si l’on 
peut parler de ,,définitif’’ en quoi que ce soit, il semble au 
rapporteur que le livre d’Artin mérite ce qualificatif plus 
que tout autre. Connaissant le conservatisme foncier de 
l’enseignement, ce serait faire preuve d’un optimisme un 
peu naif que d’imaginer toutefois que ce volume va du 
jour au lendemain bouleverser les cours poussiéreux de 
»géométrie projective” ou d’,,algébre des matrices’ que 
doivent subir la plupart des étudiants d’aujourd’hui; 
mais s'il y a sans doute encore de beaux jours pour les 
faiseurs de manuels de calcul matriciel, ot la routine le 
disputera 4 l’incompétence, on peut s’en consoler en 
pensant que, d’ici une ou deux générations, l’enseigne- 
ment aura vraisemblablement avancé assez loin pour que 
le monde mathématique tout entier, et non seulement 
une poignée de spécialistes, soit mis en état d’apprécier 
l’ouvrage d’Artin et de le mettre a la place qui lui revient, 
a cété des célébres ,,Grundlagen der Geometrie’’ de Hil- 
bert. J. Dieudonné (Evanston, Ii). 


Carlitz, L.; and Hodges, John H. Distribution of matrices 
in a finite field. Pacific J. Math. 6 (1956), 225-230. 
Some enumerative problems concerning square ma- 

trices with elements in a finite field are considered. The 

following are determined: (1) the number of non-deroga- 
tory matrices of order m, (2) the number of equivalence 
classes of similar matrices of order m having a specified 
characteristic polynomial, (3) the total number of equi- 
valence classes of similar matrices of order m, and (4) the 
number of equivalence classes of similar matrices of order 

m with minimum polynomial of degree =m. Also, a partial 

result is obtained for the problem of determining the 

number of admissible minimum polynomials of fixed 

degree for matrices of order m. 

The method employed is to reduce matrix problems to 
problems concerning polynomials. G. L. Walker. 


Ptak, Viastimil. Eine Bemerkung zur Jordanschen Nor- 
malform von Matrizen. Acta Sci. Math. Szeged 17 
(1956), 190-194. 

Let A be a linear transformation of the finite dimension- 
al vector space X. The author shows how the theory 
of duality [cf. N. Bourbaki, Algébre linéaire, Actualités 
Sci. Ind., no. 1032, Hermann, Paris, 1947; MR 9, 406] can 
be exploited to give a short and illuminating geometric 
proof of the classical theorem: there exists a basis of X 
relative to which the matrix of A has the Jordan normal 
form. B. N. Moyls (Vancouver, B.C.). 


Paasche, Ivan. Bemer zu einem Desideratum von 

Perron. Math. Z. 66 (1956), 117-120. 

Perron [Math. Z. 64(1955), 103-114; MR 17, 1175] 
indirectly established the equality of two determinants 
built out of sums of powers, and inquired whether a more 
direct proof could be found. The author exhibits an 
explicit matrix of determinant one that accomplished the 
passage from one to the other. I. Kaplansky. 


See also: MacLane, p. 558; Ballantine, p. 561; van der 
Waerden, p. 562; Reiner and Swift, p. 565; Frélicher and 
Nijenhuis, p. 569; Bellman, p. 576; Chang, p. 626. 


Polynomials 


Parodi, Maurice. Sur la localisation des zéros des poly- 
némes. C. R. Acad. Sci. Paris 243 (1956), 1093-1096. 
By application of the results of his previous paper 


















ga- 


jui- 
the 
der 
tial 
the 
xed 


; to 


or- 
17 


on- 
ory 
ités 


tric 


oly- 
096. 








[same C. R. 242 (1956) 2617-2618; MR 18, 4] the author 
establishes that, if |a;|>1+”A and A>(n—1)-1, then 
the polynomial /(z)=z*+a,z%1+ ---+any-1z+a, has 
n—1 zeros in the unit circle and exactly one zero in the 


circle 
|z+-a1|S4{|a1|—(\a1|?—4nA)}. 
M. Marden (Milwaukee, Wis.). 


Zamansky, Marc. Algébre des polynémes. Enseigne- 
ment Math. (2) 2 (1956), 293-306. 
A pedagogical presentation in which analysis is care- 
fully banned. 


See also: Carlitz and Hodges, p. 554. 


Partial Order Structures 


* Dantzig, G. B.; and Hoffman, A. J. Dilworth’s theorem 
on partially ordered sets. Linear inequalities and 
related systems, pp. 207-214. Annals of Mathematics 
Studies, no. 38. Princeton University Press, Prince- 
ton, N. J., 1956. $5.00. 

The authors apply linear programming methods to give 

a new proof of the finite case of a theorem of the reviewer 

on decompositions of partially ordered sets [Ann. of 

Math. (2) 51 (1950), 161-166; MR 11, 309]. This theorem 

asserts that in a partially ordered set P the smallest 

number of disjoint chains whose set union is P is the 
largest number of mutually unrelated elements in P. The 
linear programming problem is defined as follows: Let 
a1, ***, @_ be the elements of P. Define cy=O if a;<a, 
and cy=—oo if ajta,; for 1, 7=1, ---, m. Finally, set 
coo=1, Cox=Cyo=O for 1=1, ---, m. Then the problem is to 
maximize D%_o Cyjxq under the restrictions: 1) xy20, 

2) Sho x= Cio %0=" for i=0, ---, m, 3) Sho xy= 

Lio *#=1 for 7=1, ---, ». The authors show that the 

decomposition theorem for partially ordered sets follows 

from the duality theorem when applied to the linear 
programming problem. R. P. Dilworth. 


Petropaviovskaya, R. V. Associative systems that are 
lattice-isomorphic to a given group. I. Vestnik Le- 
ningrad. Univ. 11 (1956), no. 13, 5-26. (Russian) 
Two associative systems are said to be lattice isomorphic 

if the lattices of their subsystems are isomorphic. Typical 
results of this paper are concerned with: A necessary and 
sufficient condition that the subsystems of an associative 
system are linearly ordered by inclusion; the associative 
systems lattice isomorphic to a cyclic group of prime 
power order; the theorem that the necessary and suf- 
ficient condition for the subgroup lattice of a group 
be a non-trivial direct sum of sublattices is that G be 
periodic and decomposes into a direct product of proper 
subgroups of relatively prime orders. W. T. van Est. 


Szasz, G. Die Translationen der Halbverbande. 

Sci. Math. Szeged 17 (1956), 165-169. 

A translation of a semigroup S is a function 4 of S into 
itself satisfying A(xy)=A(x)-y. Assume henceforth that S 
is a semilattice (idempotent commutative semigroup). 
It is shown that a translation 4 of S is an idempotent 
endomorphism with A(S) an ideal, and conversely if ¢ is 
an idempotent endomorphism with g(S) an ideal, then 
y is a translation. It is also shown that a translation of S is 
a closure operation [Birkhoff, Lattice theory, Amer. 
Math. Soc. Colloq. Publ., v. 25, rev. ed., New York, 1948; 
MR 10, 673] in the ordering xSyoxy=y. R. J. Koch. 
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Jaffard, Paul. Un probléme sur les ensembles lié a 
théorie de la croissance. Bull. Sci. Math. (2) 80 (1956), 
100-108. 

The author asks whether there exists a free ultrafilter 
with the countable intersection property, and shows that 
none can exist on any set of power Sc. However, the 
following far stronger result has been known for a quarter 
of a century: there exists no such ultrafilter on any set 
whose cardinal is smaller than the first strongly inaccessi- 
ble cardinal. (This is the celebrated result of Ulam and 
Tarski, stated originally in the equivalent terms of a 
free, two-valued (countably additive) measure.) The 
author goes on to prove a number of theorems about real- 
valued functions, every one of which (with a minor ex- 
ception) was proved by Hewitt, in 1948, in considerably 
greater generality [Trans. Amer. Math. Soc. 64 (1948), 
45-99, Th. 36, 41 and 50; MR 10, 126; see also Gillman, 
Henriksen and Jerison, Proc. Amer. Math. Soc. 5 (1954), 
447-455, Th. 2; MR 16, 607]. L. Gillman. 


Sikorski, R.; and T k, T. On some Boolean algebras. 
Bull. Acad. Polon. Sci. Cl. III. 4 (1956), 489-492. 
The authors investigate o-Boolean algebras A, which 

are isomorphic to a Boolean algebra of the form 6(2)/J, 

where 6(%) is the Boolean algebra of all the subsets of 

some set £ and J is a o-ideal of S(%). Let the topological 
space ¥) be an absolute B-retract, let €,, denote the gener- 
alised Cantor discontinuum (m a cardinal), let &(Y)) and 

A(Cm) denote the least o-fields containing all sets which 

are both open and closed in ¥) and in ©, respectively. 

Using results of previous papers of the first author 

[Fund. Math. 36 (1949), 7-22; 38 (1951), 53-54; Colloq. 

Math. 2 (1951), 202-211; MR 11, 166; 14, 347, 71) the 

authors prove that every c-homomorphism of U(¥)) into A 

can be extended to a o-homomorphism of ©(%) into A 

and that every o-homomorphism of &(€») into A can be 

extended to a o-homomorphism of S(€) intoA, for 
every m. Each of these conditions is also sufficient in 
order that a o-Boolean algebra A is of the above type. 

{There is a misprint in (i) (4): the second “into” should 

be “‘onto”’.} If ¥) is some complete separable metric space 

and A a Boolean algebra isomorphic to 6(%)/¥ for some 
set % (where J is a o-ideal), then every o-homomorphism 
of $(Q) into A can be extended to a o-homomorphism of 

S(Y) into A, where (9) is the o-field of all Borel subsets 

of Y. The converse need not be true: If A is the least 

28-additive field of subsets of €, containing U(Cm), where 
m=2%* then A satisfies the preceding condition, but 

A is not a o-Boolean algebra of the above type. 

Ph. Dwinger (Lafayette, Ind.). 


% Povarov, G. N. On the functional separability of 
Boolean functions. Translated by Morris D. Fried- 
man, 572 California St., Newtonville 60, Mass., 1956. 
5 pp. 

Translation from Dokl. Akad. Nauk SSSR (N.S.). 

94 (1954), 801-803. The original Russian article was 

reviewed in MR 16, 107. 


Rings, Fields, Algebras 


Ramanathan, K. G. tic forms over involutorial 
division algebras. J. Indian Math. Soc. (N.S.) 20 
(1956), 227-257. 

Let K be a field which is either an algebraic number 
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field or an algebraic function field of one variable with 
finite constant field, and D be an involutorial non- 
commutative division algebra with K as center. The 
author considers quadratic forms over D. In the case 
where the involution of D leaves K fixed it is well known 
that D is a quaternion algebra over K. The author shows 
that in the function field case every quadratic form f(x) in 
n variables is a universal form and is a null form if »>1. 
In the algebraic number field case he shows that the form 
f(x) represents an element )0 of K if and only if this 
occurs in every completion of K. Also two nonsingular 
forms in » variables are equivalent in D if and only if they 
are equivalent in every completion. The author also 
makes a study of forms over involutorial algebras in 
which the involution moves the center and gives some 
results for skew forms. A. A. Albert. 


Dwork, B. On the Artin root number. Amer. J. Math. 
78 (1956), 444-472. 

Let Q be the algebraic closure of the field Q of rational 
numbers and let I’ be its Galois group. Let Xg) be the set 
of objects (Hi, He, x), where H;, He are closed subgroups 
of finite index of ! with Hz normal subgroup of H, and x 
is a character of Ai;/He. If X= (Ai, Ho, %)» X’=(H,H2,7’), 
we set X+X’=(Hi, He, x+ 7’). Assume that Hs lies be- 
tween H, and H2; if X=(Hs, He, x) and zy’ is the character 
of H;/H2 induced by x, we say that (Hj, He, zy’) is in- 
duced by X; if Hg is normal in H; and X=(A,, Hz, x), 
then x determines in a natural manner a character y’ of 
H;/He, and we say that (H;, H2,;z’) is lifted from 
(Hi, Hs, xz); we say that X=—(H;,He,z7) and X’= 
(H1', He’, x’) are equivalent if there is an element s of [° 
such that H;’=sH;,s—! (i=1, 2) and such that y’ corre- 
sponds to x in the resulting isomorphism of H;/He2 with 
H,'/H2'. A mapping F of X¢g; into a multiplicative group 
will be called a D-function if it has the following proper- 
ties: F(X +X’)=F(X)F(X’) if X+X’ is defined; F(X)= 
F(X’) if either X’ is equivalent to X or induced by X or 
lifted from X. We have entirely similar notions if we 
start with some f-adic completion Q, of Q instead of Q 
itself; we then define a set Xp of triplets (Hi, He, x) and 
the notion of D-function on Z,y. For every closed sub- 
group H of T (in the global case) let k(H) be the fixed 
field of H; let X=(Ai, He, x) « Xg, and let p be a prime 
divisor of ky, ; by restricting x to the decomposition group 
of some place of ky, above p, we associate to X a class of 
equivalent elements X, of Xp (where # is the rational 
prime above p). 

To every X=(Hj, He, x), there is associated a number 
W(X), the Artin root number, which occurs in the func- 
tional equation of the Artin L-series relative to x. It is 
known that the function X--W(X) is a D-function on 
¥g:. On the other hand, it is known that, if one limits 
oneself to linear characters X (i.e. X=(H,, He, x) with x of 
degree 1), then W(X) may be represented as a product of 
numbers W,(X) associated to the various places of the 
fixed field of H;. The author investigates the problem of 
finding a similar representation for W(X) in the general 
case. He proves the following: let A be the factor group of 
the multiplicative group of complex numbers 40 by the 
group composed of +1; let W*(X) be the class of W(X) 
in A. Then one can define for each prime divisor p of Q a 
D-function Fy, on #, with values in A such that 
W*(X)=T[]» F(X»), theyproduct being extended over all 
prime divisors p of the fixed field associated to X and p 
denoting the prime divisor of Q above jp. Moreover, 
enough can be proved about the local functions Fy, to 
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obtain a proof of the Hasse conjecture which says that 
(Nf(X))*W(X) is an algebraic integer (where N/(X) is the 
absolute norm of the conductor of X) and to give a sh 

statement about the field generated by the number W(X). 
As for the methods, the essential problem is to extend to 
the whole of #, the functions Fy, which were already 
known for the linear characters. A large portion of this 
extension problem is solved in a purely group-theoretic 
manner; however, these methods do not suffice entirely, 
and the author has to complete them by making use of the 
fact that the function W(X)=[], F(X) is already ex- 
tended to the whole of 2g). C. Chevalley (Paris). 


Abhyankar, Shreeram. On the valuations centered in a 
local domain. Amer. J. Math. 78 (1956), 321-348. 
If » is the finite transcendence degree of the field K over 

its prime subfield P, the absolute dimension of K is 

defined to be » or +1, according as the characteristic 

p of P may be 0 or p=0 respectively. If K is the field 

of rational functions over a variety V and if m is the 

absolute dimension of K over P, it is said that V is an 
absolute »-dimensional variety. The author proves that 
the singularities of a curve lying on a non-singular 
absolute surface can be resolved by quadratic transfor- 
mations applied to the surface. The author denotes by 

(R, M) a local domain R with M as maximal ideal. If 

%1, ***, %, iS a minimal basis of M, and v a valuation of 

the quotient field K of R, having center M in R, if 

v(x1)Su(m), t=1, +--+, Ss, if A=Ri[xe/x, --+, %s/x1], 

P=AMMy, S=Ay and N=PS, then it is said that 

(S, N) is the first quadratic transform of R along v. One 

says that S is a quadratic transform of R if S is the mth 

quadratic transform of R along some valuation v of K 

with center on M. Let (R, M) be a two dimensional 

regular local domain; the author proves: i) If f is a non 
zero element of R, there exist a quadratic transform 

(R*, M*) of (R, M) and a basis x*, y* of M* such that 

f=x*4y*>d, where a and b are non-negative integers and 

d is a unit in R*. ii) If (R’, M’) is another regular two 

dimensional local domain, with a common quotient field 

K with R, such that RCR’; M’nAR=M;; then R’ isa 

quadratic transform of R. 

In the first part of the paper are obtained some gener- 
alizations of properties of valuations of a field K of finite 
transcendence degree over its prime field which give 
relations among the rational rank, the rank, the dimension 
of K and the dimension of the valuation relative to some 
local domain. P. Abellanas (Madrid). 


* Chatelet, Albert. Arithmétique et algébre modernes. 
Tome Second. Anneaux et corps - Calcul algébrique, 
idéaux et divisibilité. Presses Universitaires de France, 
Paris, 1956. vii+pp. 277-728. 1800 francs. 

This second volume [for v. 1, 1954, see MR 15, 773] is 
concerned mainly with commutative rings with unity. 
The first chapter is on the elementary theory of rings, 
modules, and algebras. In the second chapter, polynomial 
rings, bilinear operations, and matrices are discussed. 
The final chapter is on the structure theory of commu- 
tative rings. It has a discussion of radicals, Artin rings, 
Noetherean rings, prime and semi-prime ideals, and the 
decomposition of the ideals of a ring. R. E. Johnson. 


Bryant, S. J.; and Zemmer, J. L. A note on completely 
primary rings. Proc. Amer. Math. Soc. 8 (1957), 140- 

141. 

A completely primary ring A is a commutative ring 
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with identity whose radical (i.e., the ideal of nilpotent 
elements) is maximal. E. Snapper [Ann. of Math. (2) 
53 (1951), 207-234; MR 12, 584] showed that if A has 
characteristic 0, then A contains a field F isomorphic to 
A/N. The authors present an alternate proof of Snapper’s 
result, and show moreover that F can be chosen so that A 
is additively the direct sum of Fand N. M. Henriksen. 


Albert, A.A. A of ordered rings. Proc. Amer. 

Math. Soc. 8 (1957), 128-129. 

The author shows that if R is an ordered regular ring 
in the sense of O. Ore (i.e., every pair of nonzero elements 
has a common nonzero right multiple), then the quotient 
ring of R can be ordered in the natural way, and uses this 
to obtain a simple proof of a theorem of Wagner [Math. 
Ann. 113 (1936), 528-567]; namely, every ordered ring 
satisfying a nontrivial polynomial identity is commu- 
tative. M. Henriksen (Princeton, N.J.). 


Baxter, Willard E. Lie simplicity of a special class of 
associative rings. Proc. Amer. Math. Soc. 7 (1956), 
855-863 


The author extends the characterization of the Lie 
ideals of the commutator subgroup of a simple associative 
ring to cover the cases of characteristic 2 and 3, and 
thereby completing the cases left open by the reviewer 
[Duke Math. J. (1955), 471-476; MR 17, 577]. The theorem 
he proves can now be made to read: If A is a simple ring 
and if U is a proper Lie ideal of [A, A], then U is con- 
tained in the center of A except in the case where A is a 
4-dimensional algebra over a field of characteristic 2. He 
then uses these results to characterize the invariant sub- 
spaces of central simple finite dimensional algebras and 
from this obtains a simple proof of a result due to Hattori 
on invariant subrings in matrix rings. 

{Reviewer's note: Amitsur, in the paper reviewed 
above, using an argument similar to Baxter’s is able to 
characterize the invariant subrings of simple rings with 
an idempotent e1, e0 as central (except for certain 
exceptions) or the entire ring.} Note: (I) on page 860 
should read: wt—tu—utueT (not ¢7). 

I. N. Herstein (New Haven, Conn.). 


Amitsur, S. A. Invariant submodules of simple rings. 

Proc. Amer. Math. Soc. 7 (1956), 987-989. 

The reviewer had conjectured that if a subring of a 
simple ring was invariant under all automorphisms of the 
ring then the subring was either the full ring or was con- 
tained in the center of the ring. In this paper an example 
is given which shows that this conjecture, in its full 
generality, is false. The main point of the paper is to 
prove: if a simple ring A has an idempotent different from 
0 and | and if the ring is not 4dimensional over its 
center, a field of characteristic 2, then any invariant 
subspaces (under inner automoropisms) are either con- 
tained in the center of A or contain [A, A}; in particular 
the only invariant subalgebras are the center of A and A 
itself. The proof is to show that the invariant subspace is a 
Lie ideal relative to [A, A] and to invoke the structure of 
such Lie ideals as determined by the reviewer (and re- 
derived by the present author). [See Herstein, Duke Math. 
J. 22 (1955), 471-476; MR 17, 577; Hattori, Jap. J. Math. 
21 (1951), 121-129; MR 14, 529; see also the paper 
reviewed above.] J. N. Herstein (New Haven, Conn.). 


Herstein, I. N. Conjugates in division rings. Proc. 
Amer. Math. Soc. 7 (1956), 1021-1022. 
In this article a theorem is proved equivalent to the 





assertion that a non-central element of a division ring D 
possesses infinitely many conjugates (with respect to the 
center Z). This result is included in a corollary to a theo- 
rem of Hattori [J. Math. Soc. Japan 4 (1952), 205-217; 
MR 14, 723) when D has finite rank over Z. The present 
theorem which is valid for D of infinite rank is proved with 
the use of the Cartan-Brauer-Hua theorem on invariant 
subrings of division rings [Brauer, Bull. Amer. Math. Soc. 
55 (1949), 619-620; MR 10, 676]. One notes, however, that 
the application of this latter theorem may be eliminated 
entirely in a shortened version of the author’s proof: Let 
N be the cetralizer of 6 « D, and let N’, D’ be the groups 
of non-zero elements of N and D, respectively. If 6 has 
finitely many conjugates, then N’ has finite index in D’ 
(all of this as in the author’s proof). If N’ has only 
finitely many elements, then D’ is finite, so that D=Z by 
the Wedderburn theorem [Trans. Amer. Math. Soc. 
6 (1905), 349-352]. Otherwise, N’ has infinitely many 
elements so that N=D (as in the last paragraph of the 
author’s proof when Z is replaced by N, and a denotes an 
arbitrary element of D). Thus, 6«Z, completing the 
proof. The following corollary given in the article under 
review should be of universal interest: If a polynomial 
p(x) of degree (with coefficients in Z) has »+-1 roots in 
D, then (x) has infinitely many roots in D. 
C. C. Faith (East Lansing, Mich.). 


O’Meara,0.T. Basis structure of modules. Proc. Amer. 

Math. Soc. 7 (1956), 965-974. 

Let R be a Dedekind ring (integral domain in which 
classical ideal theory holds). Any finitely generated torsion 
free R-module M is a direct sum of ideals. Let us take the 
point of view that M is embedded in the quotient field of 
R. Then more can be said: for two such modules it is 
possible to choose simultaneous bases. This result fails 
for three or more modules, and the author is mainly 
concerned with finding conditions under which it survives. 
These are first stated for the case where R is a valuation 
ring, and then the global statement is that the conditions 
must hold at each prime ideal. I. Kaplansky. 


* Ramanathan, K.G. Units of fixed points in involutorial 
algebras. Proceedings of the international sympo- 
sium on algebraic number theory, Tokyo & Nikko, 
1955, pp. 103-106. Science Council of Japan, Tokyo, 
1956. 

Let A be a simple algebra of finite rank over the field 
of rational numbers, with an involutorial anti-auto- 
morphism * so that («+/)*=a*+/*, (af)*=—/*a*, 
(a)** =a. If &*=&, for é in A, é is called a fixed point of 
the involution. Let Q be an order in A relative to the 
rational integers. If w-! and u « Q, u is a unit of Q, and is 
said to be a unit of the fixed point & if w*éw—£. The set 
I'(é) of such w’s is called the unit group of &. The author 
outlines a proof of Theorem 1: If &=é*, or é=—é*, and 
the norm of é is 40, then I'(&) has a finite set of gener- 
ators. He states a second theorem asserting the finiteness 
of the non-euclidean “‘volume’’, i.e., the measure, of a 
fundamental region for ['(é), which is representable as a 
properly discontinuous group of transformations of a 
certain Riemannian space. [Cf. C. L. Siegel, Ann. of Math. 
(2) 44 (1943), 674-689; Math. Ann. 124 (1952), 364-387; 
MR 5, 228; 16, 801.] The author states that detailed 
proofs of the theorems are to appear later. R. Hull. 


McCoy, Neal H. Annihilators in polynomial rings. 
Amer. Math. Monthly 64 (1957), 28-29. 
If R is an associative ring and A a right ideal in 
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R{x1, «++, %n] whose right annihilator B is non-zero, then 
BAR+O. In particular, if R is commutative and / is a 
divisor of zero in R[x1, --+, x], then there is a non-zero 
c in R such that c/=0, as the author had shown earlier 
[McCoy, same Monthly 49 (1942), 286-295; MR 3, 262). 
W. R. Scott (Lawrence, Kan.). 


for differential 


Seidenberg, A. An elimination theory 
3 (1956), 


algebra. Univ. California Publ. Math. (N.S.) 

31-65. 

Let K be an ordinary differential field of characteristic 
p; let Fi, +--+, Fs, @ be elements of the differential 
polynomial ring K{Uj, ---, U,}. For =O an algorithm 
is given for deciding whether the system 


(1) F\=---=F,=0, GAO, 


has a solution in some extension of K. This algorithm 
is constructive in the strong sense that it employs only 
the differential field operations (and not factorizations). 
As an application, a constructive nullstellensatz is proved. 
If #0, in defining constructibility it turns out to be 
important to allow not only the field operations but also 
extractions of pth roots of pth powers in K{Uj, ---, Un}. 
Assuming that the field of constants Ko of K is K», the 
author again obtains a constructive nullstellensatz, and 
from this an elimination algorithm for (1). Even if 
Ko#K?, these results continue to hold (but with loss of 
constructivity) provided the word “‘solution”’ is inter- 
preted to mean “separable solution”. He also studies, 
from the constructive point of view, the question of 
reducing (1) to certain special kinds of such systems. 
When K is a partial differential field, the algorithm and 
nullstellensatz for =O are proved through the use of 
certain “maximal canonically reduced systems”, which 
are too complicated to describe here. Such a system has 
the property that if it has a solution when considered 
merely as a set of polynomials in the U’s and their de- 
rivatives, then it has a solution when considered as a set 
of differential polynomials; thus for such a system the 
classical algorithm for polynomial algebra is already an 
algorithm for differential algebra. As an application, a 
proof is given of a theorem on the extensibility of special- 
izations over differential fields, previously known only 
for ordinary differential fields [Ritt, Trans. Amer. Math. 
Soc. 48 (1940), 542-552, pp. 543-545; MR 2, 197]. 
Bounds on the number of steps in the algorithm are also 
studied. For 0, similar methods give a nullstellensatz 
and a decision method (but not an algorithm) for (1), 
valid for all solutions if Ko=K?, and for separable so- 
lutions in any case. A. Rosenfeld (New York, N.Y.). 


MacLane, Saunders. Slide and torsion products for 
modules. Univ. e Politec. Torino. Rend. Sem. Mat. 
15 (1955-56), 281-309. 

The author here gives a direct definition of the functor 
Tor,*(C, G) by generators and relations. To do this, he 
first introduces the general notion of the n-fold “‘slide 
product,” <C,#Q,G>, for a right module C, and left 
module G over a ring 2. <C, mQ, G> is defined to be the 
abelian group generated by elements <xo, %1, «++, Xn, Xn+> 
xgeC, x €Q, Xn41€G such that x9x%1;=0, x1%2=0, 
Xn-1%n=0, Xn%n+1=0 with the following relations: 


(XO, ***, M4, M41, °° *, Xn D= 
<Xo, ooo, 
*, M+H', ***, Xa D= 
<xo, re es ***, XnaD + (Xo, °°, Me, tee, 


x, VXi+1, ie Xn+D 


<Xo, ** 


Xn+D 
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whenever both sides are defined. 
For exact sequences, 0+A—B-—-C-0, of right Q- 
modules, connecting homomorphisms 


6n:<C, (n+1)Q, G>-><A, nQ, 


are defined, and it is shown that if every finitely generated 
left ideal of Q is principal, and every finitely generated 
left Q-module is a direct sum of cyclic modules, then 
{<C, nQ, G>; On} is an exact connected sequence of co- 
variant functors [in the sense of Cartan and Eilenberg, 
Homological algebra, Princeton, 1956; MR 17, 1040). 

The author then shows that if A is any ring, and 2Q is 
the ring of row- and column-finite infinite matrices over 
A, then Q satisfies the above-mentioned conditions. 
Letting A” be the direct sum of a denumerable number of 
copies of A, where A is a right (left) A-module, the author 
proves that 


Tor,“(A, G) &<A», nQ, Ge) <A, nQ’', G®> 


where {’ is the ring of all row-finite infinite matrices over 
A, and G® is the direct product of a denumerable number 
of copies of G. The above isomorphisms are natural. 

D. A. Buchsbaum (Providence, R.I.). 


Eilenberg, Samuel. Homological dimension and syzygies. 

Ann. of Math. (2) 64 (1956), 328-336. 

Let A=A°+A!+A2-+ --- be a graded ring. The radical 
N of A is defined as the intersection of all maximal 
homogeneous ideals in A. It is easily seen that N= 
N®+A1+ A2+ ---, where N® is the Jacobson radical of A®. 
Throughout the paper it is assumed that K=A®/N® is 
semi-simple and that each idempotent in K is the image 
of an idempotent in A®. Let ,.@ be the category of all 
graded (left) modules and homomorphisms of degree zero 
of such modules. A subcategory of ,.@ is said to be 
perfect if it satisfies the following axioms: 1) If A, Be # 
and a: A->B, then « e ; 2) ifa: A+B is an epimorphism 
and A « H#, then Be W; 3) Ac AH; 4) if Pisa projective 
module which is the direct sum of projective modules each 
of which is generated by a single homogeneous element 
and P/NP « #, then Pe #; 5) if Ae WM and NA=A, 
then A=0. 

Suppose # is a perfect subcategory of ,.@. An epi- 
morphism g: PA in .# is called minimal if P is projective 
and Ker gCNP. If we assume that in addition to the above 
five axioms, @ satisfies the sixth axiom that A « W and 
BCA implies that B « «#, then given any A « # one can 
construct in # a projective resolution 


dn a e 
-+—>X9—>Xa-1>° ++ ~X9>A--0 


of A such that Im d;,;CNX; for all s=0, 1, - - -. Projective 
resolutions of A which satisfy this condition are called 
minimal resolutions. It is shown that any two minimal 
resolutions of A are isomorphic and that any projective 
resolution Y of A is the direct sum of complexes X and W 
where X is a minimal resolution of A and W is a pro- 
jective resolution of the module 0. Using these notions the 
author proves that if each category ,.@ and .#, contains 
a perfect subcategory satisfying axiom 6 and » is an in- 
teger such that Tor,(K,K)40 and Torg+4;(K, K)=0, 
then 1.dim ,K=gl.dim ,4@=n=gl.dim &,=r1.dim, KX, 
where gl.dim ,.=sup 1.dim ,A for all A « ,.&. 

The paper concludes with a discussion of graded rings A 
for which the category 4 contains perfect subcategories 
satisfying axiom 6. The examples given are 1) A® is a left 
Noetherian ring and each A® i te Enieety — as a 
left A®-module; 2) N® is nilpotent. M. Auslander. 
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Henriksen, Melvin. On the ivalence of the ring, 
lattice, and i of continuous functions. Proc. 
Amer. Math. Soc. 7 (1956), 959-960. 

Shirota [Osaka Math. J. 4 (1952), 121-132; MR 14, 669] 
showed that a Q-space is determined by its lattice or by 
its multiplicative semigroup of continuous real functions. 
The author points out that this settles once for all 
the equivalence of the following three statements con- 
cerning two topological spaces: their rings (lattices, semi- 
groups) of continuous functions are isomorphic. 

I. Kaplansky (Princeton, N.J.). 


See also: Higgins, p. 559; McCarthy, p. 562; Carlitz 
and Uchiyama, p. 563; Jennings and Ree, p. 583; Strick- 
ler, p. 591; Gheorghiu, p. 594. 


Groups, Generalized Groups 
Heerema, Nickolas. Sums of normal endomorphisms. 

Trans. Amer. Math. Soc. 84 (1957), 137-143. 

Let G be a group with center Zg and commutator sub- 
group Cg. Let N, A, and E represent the sets of normal 
nilpotent endomorphisms, normal automorphisms and 
normal endomorphisms of G respectively. Finally, let 
Kg represent the system of mappings of G generated by 
the elements of E with respect to the usual sum and prod- 
uct of endomorphisms. It is well-known that, if G is 
commutative, then E is a ring with respect to sum and 
product. Fitting [Math. Ann. 107 (1932), 514-542] 
investigated the structure of E in the case of a non- 
abelian G. The author here studies Kg. The following 
are representative theorems: (1) Kg is a ring. (2) If 
aeA and Bek, then a—feE. If also fe A,then 
(2a—f)(G)CZg. If Be N and aeE, then a—fe E. If also 
aeN, then («—f)(G)CZg. (3) If G is non-commutative, 
satisfies both chain conditions, and has no non-trivial 
direct abelian factor, then N is a group with respect to 
addition; « « A and f« N implies a—fe A and «+f. A; 
ae A and fe A implies «—f « N; if G is indecomposable 
then Kg is generated by the identity map and N. (4) A 
normal mapping y on a non-abelian group G is a sum of 
normal endomorphisms each of which leaves Cg element- 
wise fixed if and only if y has the following properties: 
(1) »(x)—2yy(x) =a-myax, (II) y(xy) =y(x)y(y)[y—2x-*(xy)). 
(5) If G satisfies both chain conditions and is indecom- 
posable, y belongs to Kg if and only if y or —y satisfies 
relations I and II for some 20. R. L. San Soucie. 


P. J. Groups with multiple operators. Proc. 

London Math. Soc. (3) 6 (1956), 366-416. 

The groups with multiple operators form a class of 
abstract algebras which includes e.g. groups, rings, 
linear algebras, Lie and Jordan triple systems. The paper 
extends fundamental theorems of group-theory — in 
particular those about ascending and descending series 
and about direct decomposition — to this class of ab- 
stract algebras. For suitable definitions and after proper 
adaption of the proofs, the ents used in group- 
theory still hold in this wider field. Moreover, it appears 
that the associative law of group-composition plays a 
minor réle only and therefore most of the theory remains 
valid for loops with multiple operators. 

Let G be an additive (not necessarily commutative) 
group, a=(a1, ---, @,) an ordered set of elements of G; 
an operator w of weight m maps a-aweG with 
0-- -Ow=O0w—0. Every “group G with multiple operators” 





(Q-group) is closed for a set Q of operators w; every subset 
of G which is closed for +, —, and Q, is called an Q-sub- 
group of G. If in particular all ‘the operators are of weight 
1 (unary) and are endomorphisms, G is an ordinary group 

with operators ; if G is a ring, the multiplication is defined 
by a binary operator etc. Starting from a system X of 
indeterminates x; and applying repeatedly +, —, Q on 
the finitary subsets of X, one obtains the free Q-words 
f(x) over X; correspondingly /(x, y) for 2 systems X, Y of 
indeterminates. When the ha 7 seen identities of the 
theory of free groups are admitted, the words /(x) form 
the “free Q-group over X”’. By substituting a for x, one 
gets /(a) « G. Suppose that X and Y are distinct sets of 
indeterminates, a;« ACG, b;« BSG, then the subset of 
the elements /(a, b), for all the /(x, y) satisfying /(0, y)=0, 
is called the transform A324 of A by B. If in particular 
H is an Q-subgroup of G and H°cH, then H¢=H and is 
called an “ideal”. The ideals correspond to the normal 
subgroups of group-theory. The cosets of H form an 
Q-group G/H. If f(x, y) satisfies /(0, y)=/(x, 0)=0, the 
elements f(a, b) form an Q-subgroup [A, B)JC A®AB4A 
called the commutator Q-subgroup of A and B. If Gisa 
group, [G, G] is the ordinary commutator-group; if G is a 
ring, [A, B] is the Q-subgroup generated by the elements 
aby. The abelian groups, defined by [G, G]=0, coincide 
in the case of groups with the commutative groups and 
in the case of rings with the zero-rings. These notions are 
applied to generalise the theorems concerning the lattice 
of the normal subgroups of a group and their successive 
normal subgroups to the lattice of the ideals of G and the 
subideals of any order. Besides projectivity, ‘“Z-projec- 
tivity” is introduced in this lattice. Two serial factors 
K/H and K’/H'’ are called Z-projective if KAK'/HaH’ is 
a reduction of each of them. If G possess a composition- 
series and 2 composition-factors are projective, either 
they are Z-projective, or they are abelian. A mapping « 
of G into itself such that /(0,y)=O implies f(g, h)a= 
f(g, h), for all g,4«G, is necessarily an endomorphism 
and is said to be a normal endomorphism in generalisation 
of this notion in group-theory. The complement # of a 
normal endomorphism « is normal; «f=fa is a central 
endomorphism and [Ga, Gf|=0. With the help of these 
notions, the theory of group-decomposition is generalised 
to the Q-groups. F. W. Levi (Berlin). 


Abhyankar, Shreeram. On the finite factor groups of 
abelian groups of finite rational rank. Amer. J. 
Math. 79 (1957), 190-192. 

Theorem: If G is a torsion-free abelian group of rank n, 
then any finite homomorphic image of G is a direct sum 
of m or fewer cyclic groups. “A shorter proof is possible, 
based on the fact that any finitely generated subgroup of 
G can be generated by » elements, and that this property 
is preserved under homomorphism.” (Letter from the 
author to the reviewer.) In a previous paper [same J. 
78 (1956), 761-790; MR 18, 600) the author showed that 
Theorem Z (a conjectural form of the resolution problem 
due to Zariski) must be weakened at least so as to replace 
twofold crossings by s-fold crossings with sSdimension 
of the variety. The consequence of the above theorem is 
that as far as valuation-ramification eas is concerned 
this weakened form is satisfactory. I. Kaplansky. 


Stojakovi¢é, Mirko. Sur une relation d’ordre dans le 
groupe symétrique. Acad. Serbe Sci. Publ. Inst. 
Math. 10 (1956), 71-78. 

An order relation amongst the elements of S,, is defined 
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which facilitates the construction of the multiplication 


table. G. de B. Robinson (Toronto, Ont.). 

Osima, Masaru. Note on a paper by J. S. Frame and 
G. de B. Robinson. Math. J. Okayama Univ. 6 (1956), 
77-79. 


This paper gives an analysis of p-regular and p-singular 
Young diagrams on the basis of integers py=ay’ —a4+1’, 
pe=a,', where a’ is the number of nodes in the ith 
column of [a]. Clearly, [«] has no p-rows of equal length 
(i.e., is ~-regular) if and only if p<; [a] is p-singular in 
the contrary case when at least one p&p (note the mis- 
print in line 2 p. 78). Thus in the g-singular case we may 
set 

ps=Pi +pyP (OSpy™ <P), 

so that the p;)’s define a regular diagram [a], and [a] 
and [a )] have the same #-core. Moreover, [a] and any 
diagram [a)] define a unique [a] so that the basis of an 
induction is established and it follows easily that the 
number of #-regular diagrams in a block is equal to the 
number of modularly irreducible representations in the 
block. G. de B. Robinson (Toronto, Ont.). 


* Fischer, Emil. Einfiihrung in die geometrische Kristal- 
lographie. Akademie-Verlag, Berlin, 1956. viii+ 164 


pp. (12 plates). DM 23.00. 
After showing how crystals are measured, the author 
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describes the six crystal systems (which later become 
seven, when the trigonal system is subdivided into 
trigonal-rhombohedral and hexagonal). He illustrates 
each system by drawings of typical minerals and of the 
appropriate frame of coordinate axes. He then treats 
lattices, rational indices, zones, duality, and stereo- 
graphic projection. His analysis of the symmetry of the 
cube leads naturally to a general discussion of rotations, 
reflections, rotatory-reflections and rotatory-inversions. 
After proving that the only possible rotational symmetry- 
operations of a lattice are of periods 2, 3, 4, 6, he enume- 
rates the 32 crystal classes [cf. W. Barlow, Phil. Mag. 
(6), 1 (1901), 1-36; H. S. M. Coxeter, Regular polytopes, 
Methuen, London, 1948, pp. 53-55; MR 10, 261; G. Polya 
and B. Meyer, C. R. Acad. Sci. Paris 228 (1949), 28-30; 
MR 10, 281; H. Weyl, Symmetry, Princeton, 1952, pp. 
149-156; MR 14, 16]. He then shows how the 32 classes 
are distributed in the six or seven systems, and how the 
system and class of a given crystal can be recognized. The 
book is enlivened by excellent figures and tables, many 
exercises (with answers at the end), and a dozen photo- 
graphs of natural crystals. H. S. M. Coxeter. 


See also: Artin, p. 553; Petropavlovskaya, p. 555; 
Jennings and Ree, p. 583; Phillips, Rogers and Wilson, 
p. 605; Wilson, p. 605. 


THEORY OF NUMBERS 


General Theory of Numbers 


Carlitz, L. A note on the Staudt-Clausen theorem. 

Amer. Math. Monthly 64 (1957), 19-21. 

Put log{(1—e-*)/x}=E9_1 Rax®/n! so that Ra=B,/n, 
where B, is the mth Bernoulli number. Theorem. Let #* 
denote the highest power of the prime # dividing 2m. 
Then if p—1{2m, Rom is integral (mod #). If p—1|2m, 
then 


P”*1 Rom =p" (p—1)/2m (mod prt) (p23), 
and 
2°+1 Rom =2"/2m (mod 2°+1) (p=2, m=2). 


The proof is based upon the Staudt-Clausen theorem and 
related results. A. L. Whiteman. 


Hornfeck, Bernhard. Bemerkung zu meiner Note iiber 
vollkommene Zahlen. Arch. Math. 7 (1956), 273. 
The result of an earlier paper [Arch. Math. 6 (1955), 

442-443; MR 17, 460] is sharpened to show that 

lim sup V(x)/x#<1/(2+/5), where V(x) is the number of 

perfect numbers not exceeding +x. R. A. Rankin. 


Cohen, Eckford. Some totient functions. Duke Math. 
J. 23 (1956), 515-522. 

This is a sequel to two earlier papers of the author [same 
J. 16 (1949), 85-90; 22 (1955), 543-550; MR 10, 354; 
17, 238). It is mainly concerned with elementary identities 
involving the function ¢,(m), this being defined as the 
number of integers a with OSa<m* such that (a, *) has 
no kth power divisor (>1). H. Davenport (London). 


Schiffer, Juan Jorge. A result in elementary number 
theory. Nieuw Arch. Wisk. (3) 4 (1956), 118-123. 
The following result, which is related to earlier work on 

Diophantine equations and Bernoulli polynomials [Acta 





Math. 95 (1956), 155-189; MR 17, 1187], is proved: — 
Let » be a positive integer. Let 


t(p) 
n= 2 myp* (OSm,<P), 


where # is an odd prime, be the expression of m in the scale 
of p. Suppose that 


x Nip<p 


for every odd ~. Then is one of the numbers |, 2, 3, 4, 
6, 10, 12, 28, 30, 36. Indeed the result holds if # is re- 
stricted to the values 3, 5,7, 11,13. J. W. S. Cassels. 


Kazarinoff, Donat K. On Wallis’ formula. Edinburgh 
Math. Notes no. 40 (1956), 19-21. 
Wallis’ formula is usually written 


1-3-5+--(2n—1) _ 1 
2-4-6-+-(2m) = «/{a(m +8) 
In this note it is shown that }<0<}. 


Hall, Marshall, Jr. A survey of difference sets. Proc. 

Amer. Math. Soc. 7 (1956), 975-986. 

A set D of k distinct residues d;, de, ---, d_ modulo v 
is a difference set provided every residue 5340 (mod ») 
can be written in exactly 4 ways in the form d;—d;=0 
(mod v), with d;, d; in D. This paper makes a survey of all 
difference sets with parameters v, k, A, with & in the range 
3skS50. The parameters must satisfy A=k(k—1)/(v—1) 
and k may be restricted without loss of generality by 
k<v/2. There are then 268 choices of parameters for 
difference sets. Of these, 101 are excluded by the criterion 
of Chowla and Ryser for symmetrical designs. Of the 
remaining 167 choices, difference sets were found in 46 
cases. Of these 46 cases, in three there are two non-iso- 
morphic soluti nons and ione case, v=121, k=40, A=13, 





} (0<6<}; nm=1, 2, --). 
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there are four non-isomorphic solutions. In 109 cases, 
difference sets were shown not to exist, and in only 12 
cases the existence problem remains undecided. 

The survey utilizes hand computation, the electronic 
computer SWAC, and the extensive theory that has been 
developed for difference sets in recent years. The paper 
also contains two theorems that are new. The first is a 
generalization of the multiplier theorem. Let m, divide 
n=k—A and let (m1, v)=! and m,>A. Let ¢ be an integer 
such that for each prime divisor ~ of ;, there is a j such 
that ~/=¢ (mod v). Then ¢ is a multiplier of the difference 
set d;, dg, -- +, dy (mod v). The second of the theorems was 
suggested by computations involving difference sets of 


- the Hadamard variety, and characterizes a set of residues 


forming a difference set modulo a prime ~=6/+1 which 
includes the sextic residues as multipliers. H. J. Ryser. 


Straus, E. G.; and Swift, J. D. The representation of 
integers by certain rational forms. Amer. J. Math. 
78 (1956), 62-70. 

The authors consider the Diophantine equations 


(1) {(x)=z, where f(x) =N(x)/D(x) 


and N(x) and D(x) are polynomials in x=(x1, x2, -++, Xm) 
of degree no higher than 2 in each x; and the degree of 
D(x) is at least as great as that of N(x). If D(x) is the 
homogeneous polynomial consisting of the terms of 
highest degree of D(x) they call the locus D;(x)=0, the 
critical cone @. A conical neighborhood of @ is an open 
set of rays originating at the origin and containing ¢. A 
conjugate lattice point of (x1, %2, ---, Xn, 2) is obtained 
by replacing one x for which (1) is quadratic in x; by x;’ 
the conjugate of x; when all the other x; in (1) are con- 
sidered fixed. 

The authors prove: If every lattice point x satisfying (1) 
has a conjugate lattice point in the exterior of some 
conical neighborhood of the critical cone, then (1) has 
solutions for at most a finite number of z. The cases n=2 
and m=3 are considered in more detail and possible 
extensions indicated. B. W. Jones (Boulder, Colo.). 


Thébault, Victor. Sur des suites de Pell. Mathesis 65 

(1956), 390-395. 

The paper starts from the following known property of 
the Pell equation: If we form the two sequences 
Xnt1=2k%_t+1Xq-1, XO=1, H1=1 and Yay1=2¥n+ly¥a-1, 
yo=0, yi=1, then (xax, yex) yield all solutions of 

x*@—2y2=+1, 
and (xox, yee) all solutions of x2—2y2——1. Several 
relations between the x’s and y’s are established by 
elementary considerations, for example 


Ynti?—Vn2—2yn'Yasi=(—1)*; 
¥n+it%n=2ynt+1; Ya Vn+i—Yn-1"Yn+2=2°(—1)*-1 
(misprint in paper) ; 

Xn-1° Xn Xn+1* Xnt2t+4=(%n'Xn+1 +2: (—1)**4) 
(misprint in paper); etc. Similar types of relations are 
established for the sequences yasi1=pP-Yat+1-Yn-1, Pp a 
positive integer. For some reason the importance of this 


sequence for Pell’s equation (for suitably chosen #) is not 
mentioned. A. J. Kempner (Boulder, Colo.). 


Hampel, R. On the solution in natural numbers of the 
equation x"—y*®=1. Ann. Polon. Math. 3 (1956), 1-4. 
The author proves that the equations 


ne+e—(n+1)2=+41 
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with n22, «22, s21 are not solvable except in the trivial 
case n=2, a=2, s=1. The case with +1 on the right hand 
side is readily reduced to the solubility of 2*+*—3*=1, 
and it is then not difficult to see that the expansions of 3* 
and 2*+*—1 in the scale of 2 always fail to agree in the 
last three digits. The case with —1 on the right is more 
difficult, but the author disposes of it by showing that 
the representation of (m+-1)* in the scale of m cannot, 
except in the trivial case, have as many zero digits as 
n*+84.1. The paper concludes with a slight generalisation. 
H. Halberstam (Exeter). 


Schinzel, A. Sur l’équation x*—y'=1, od |x—y|=1. 

Ann. Polon. Math. 3 (1956), 5-6. 

The author gives a shorter proof of the theorem 
reviewed above by a method based on primitive roots and 
a result of B. A. Hausmann [Amer. Math. Monthly 48 
(1941), 482] which states that 2"+-1 for m>3 cannot be 
the power of an integer with exponent greater than 1. 

H. Halberstam (Exeter). 


Rotkiewicz, A. Sur l’équation x*—yt=a', ot |x—y|=a. 

Ann. Polon. Math. 3 (1956), 7-8. 

A theorem of G. D. Birkhoff and Vandiver [Ann. of 
Math. (2) 5 (1904), 173-180] states that if a, b, m are natu- 
ral numbers, a>), (a, b)=1, n>2, then a*—5® is divisible 
by at least one prime # such that / does not divide any of 
the integers a‘—br (y=1, 2, ---, m—1); the case a=2, 
b=1, m=6 provides the sole exception. From this the 
author concludes, by a very short and simple argument, 
that the equation x*—y*=a', where a is an integer, has no 
integer solutions x, y, z, ¢ greater than 1, other than 
x=3, y=2, z=2, t=3, such that |x—y|—a and (x, y)=1. 
If a=1, we arrive again at the theorem discussed in the 
preceding two reviews. H. Halberstam (Exeter). 


Ballantine, J. P. Integral approximate solutions of 
systems of linear equations. Amer. Math. Monthly 
63 (1956), 554-569. 

The author considers the solution of several types of the 
equation S}_; ayx%j=); ((=1, 2, ---, m). The equations to 
be solved are either exact, approximate, integral, least 
square or combinations of these. The author describes an 
approximate solution where the unknowns have integral 
value, i.e., type (#a) and similarly a type (lia). The latter 
signifies a type (ta) solution that is compared with other 
(ta) solutions and has the sum of the squares of its devi- 
ation a minimum. In order to obtain a type (Jia) solution, 
recourse is made to the quadratic form approach proposed 
originally by Minkowski. Applying the aforementioned 
method, the author deftly suggests and demonstrates the 
utility of this approach. The procedure is unique in that a 
computer can initiate and continue with the solution of 
the above mentioned types by following the procedure as 
outlined in the sample examples. It is not necessary for 
him to understand the necessary mathematical proofs. 

H. Saunders (Philadelphia, Pa.). 


Mouette, L. Sur la théorie des formes quadratiques 

binaires. Mathesis 65 (1956), 364-371. 

The author gives the usual definitions of equivalence 
of binary quadratic forms and, using the theory of com- 
position, points out certain obvious consequences of 
representations of numbers by forms of given determinant 
d. If h(d) denotes the class number and 


u'(d) or p’(a) =h(d)//\a| 
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according as d is negative or positive. He gives a table of 
values of these functions for square-free values of d from 
2 to 57, 1001 to 1055. He tabulates ¥ pw’ and > pw” over 
the first 100 values of d, the second 100, up to the four- 
teenth 100 and observes that the respective mean values 
seem to approach .754 and .997. (These results seem to be 
allied to Merten’s asymptotic value of > A(d).) He lists 
the determinants of positive forms having one and two 
classes in a genus; and the number having three and four 
classes presumably up to the limits of his table. 
B. W. Jones (Boulder, Colo.). 


McCarthy, Paul J. Representation by quadratic forms in 

valuation rings. Portugal. Math. 15 (1956), 1-7. 

Let K be a field which is complete with respect to a 
non-Archimedean valuation, and let R be the valuation 
ring of K with respect to this valuation. On the as- 
sumption that the residue class field of K is not of charac- 
teristic 2, the author uses results of the reviewer and W. 
H. Durfee to derive theorems on the representation of.a 
form g in m variables by a form / in” variables, with 
n=m. He shows that the classical results hold, that is: 
if f is a form of unit determinant in R, then f represents 
a number N in R if and only if it represents N in K. Also 
if f and g are two forms in R whose determinants are units 
in R, / represents g in R if and only if it represents g in 
K, for n=m. B. W. Jones (Boulder, Colo.). 


O’Meara, 0. T. Integral equivalence of quadratic forms 
in ramified local fields. Amer. J. Math. 79 (1957), 
157-186. 

The author considers the problem of finding a set of 
invariants of a quadratic form which completely charac- 
terizes an equivalence class. This has been accomplished 
by W. H. Durfee, B. W. Jones, and Gordon Pall over local 
fields in which 2 is a unit and over f-adic numbers. The 
author solved the problem for any local field in which 2 is 
a prime and for unitary forms in the ramified extensions 
of 2-adic numbers [same Amer. 77 (1955), 87-116; MR 16, 
680). This paper considers the remaining case-fields where 
2 is not a unit. Some simplifications of earlier proofs 
result. The invariants are too complex to give here. 


B. W. Jones (Boulder, Colo.). 


Piehler, Joachim. Zur Theorie der binaren kubischen 
Formen. Math. Ann. 132 (1956), 177-179. 
The author considers the primitive cubic form 


f=ax3+ bx®y+cxy?+dy3 


with integer coefficients whose g.c.d. is 1. He denotes by 
T the g.c.d. of the coefficients of its Hessian covariant 
form. For a prime # of the form 3n+1 and K the multi- 
plicative group of cubic residues mod #, the factor group 
R,/K is of order 3. When all numbers prime to # repre- 
sented by / lie in the same residue class of R,/K, { is said 
to have a character (mod ~). The author proves that / 
has a character (mod p) for p of the form 3n+1 if and 
only if ~ is a divisor of T. B. W.. Jones. 


McCarthy, Paul J. The existence of indefinite ternary 
genera of more than one class. Duke Math. J. 24 
(1957), 19-24. 

Let f be an indefinite ternary quadratic form whose 
matrix, A, has integral elements. In the classical notation, 
let Q be the g.c.d. of the two-rowed minor determinants 
of A and A is defined by |A|=2A. The author proves the 
following generalization of results of the reviewer and 
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Hadlock [Proc. Amer. Math. Soc. 4 (1953), 539-543; MR 
15, 106]. Theorem 1. Let Q=2#Q,2n and A=—2A;2z, 
where Q, and A, are odd and z is an odd prime. Let w and 
6 be both even and w+é622 if a=5 (mod 8), and 
@+624 if x=3 (mod 4). Then there are at least two 
properly primitive forms with properly primitive reci- 
procal forms, which have the given invariants and which 
are in the same genus but not the same class. 

Using related forms the author proves the same result 
for the same conditions as given above except that 
A=—2A;?2 with A; divisible by z. B. W. Jones. 


van der Waerden, B. L. Die Reduktionstheorie der posi- 

tiven quadratischen Formen. Acta Math. 96 (1956), 

265-309. 

This paper is a long-needed exposition, simplification, 
and unification of the reduction theory of positive 
quadratic forms, /(x1, x2, ---, Xn)= faxax;. Chief at- 
tention is given to two definitions of reduced form. First, 
Hermite called a form reduced if fy4;—=N,; where the N; are 
the “‘successive minima”’ of the form; that is, N; is the least 
positive value of /1; for all forms equivalent to /, Ne is the 
least positive value of f22 for all forms equivalent to f/ and 
having /11:=N, etc. Second, Minkowski called a form / 
reduced if the following condition holds: 


(D) feeSf(si, S2, +++, Sn) 


for all integers s;, ---, S_ with (sg, ---,S,)=1. The 
fundamental inequalities are the following for the Min- 
kowski reduced form 


(E) Anfisfe2***fnnSDa, 
and the following for the successive minima: 
(F) NiN2 =? *NaSunDn. 


After laying the basis for the reduction theory and 
proving inequality (F), the author sharpens Mahler's 
inequality, frx<6,Nx, to deduce inequality (E) with 
Remak’s coefficient. He gives proofs of the two “‘Finite- 
ness Theorems”’; For a given determinant, there is only a 
finite number of forms for which one or more equalities 
in (D) hold; there is only a finite number of integral 
transformations taking reduced forms into reduced forms. 
Special attention is given to binary, ternary, and quater- 
nary forms. 

In the second part of this paper, the author considers 
the geometrical phase of the reduction theory in which the 
set of reduced forms form a cell in the 4(n-+- 1) dimension- 
al space of positive quadratic forms. The space is covered 
by these cells with overlapping on the boundaries. 

The third part of the paper deals with ‘Extreme 
Forms” such that for each small variation of the variables 
which leaves fixed the first minimum, the discriminant 
increases. He proves the theorem of Korkine and Zolo- 
tareff: If f is an extreme form, the set of forms having its 
first minimum forms a linear subspace of the space of all 
forms of given discriminant. Again special attention is 
given to ternary and quaternary forms and a brief survey 
given of the results of Korkine, Zolotareff, Hofreiter, and 
Coxeter. B. W. Jones (Boulder, Colo.). 


Kneser, Martin. Klassenzahlen indefiniter quadratischer 
Formen in drei oder mehr Verinderlichen. Arch. 
Math. 7 (1956), 323-332. 

M. Eichler defined spinor genera and showed that a 
spinor genus of indefinite quadratic forms in more than 
two variables contains only one class (Quadratische For- 
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men und orthogonale Gruppen, Springer, Berlin, 1952; 
Math. Z. 55 (1952), 216-252; MR 14, 540]. Using a slightly 
different definition of genus from the classical one, the 
author shows that the number of spinor genera in a genus 
can be written as a certain group index. Roughly speaking, 
if the reduced determinant D of the form has only a few 
prime divisors to high powers, the number of genera in a 
spinor genus is small — in particular it is | if D has no 
cubic factors. More generally (and more precisely) if R is 
an indefinite space of dimension greater than 2 over the 
field of rational numbers, if the reduced determinant of the 
lattice is equal to [] p p*» with 


se<$n(n—1)+[4(n+1], sp<$n(n—1) 


for odd ~, the genus of K has but one class. 
B. W. Jones (Boulder, Colo.). 


See also: Ramanathan, p. 555; Erdés, p. 563. 


Analytic Theory of Numbers 


Tanaka, Minoru. On the number of prime factors of 

integers. Jap. J. Math. 25 (1955), 1-20 (1956). 

The author proves (among others) the following 
theorem: Let f(x) (1S#Sk) be a set of non-constant 
polynomials which are pairwise relatively prime. 
Assume that /;(x) is the product of 7% irreducible poly- 
nomials (multiple factors are counted only once). Let E be 
any Jordan measurable set in k dimensional space and 
V(n)=Spin 1. A(x; EZ) denotes the number of integers 
n<x for which the point (43(m), wo("), ---, ux()) belongs 
to E, where 





pales V (fan) —14 log log nm 





V (7% log log m) 
Then 
. A(x; BE) l & 


This generalizes previous results of Hardy-Ramanujan, 
Turan, Erdés-Kac, Delange and others [cf. also some recent 
results of Leveque, Trans. Amer. Math. Soc. 66 (1949), 
440-463; MR 11, 83; and Halberstam, J. London Math. 
Soc. 30 (1955), 43-53; 31 (1956), 1-14, 14-27; MR 16, 
569; 14, 461). 

The author discusses several interesting special cases of 
his theorem. P. Erdos. 


Erdés, P. On perfect and multiply perfect numbers. 
Ann. Mat. Pura Appl. (4) 42 (1956), 253-258. 
Let P(x) denote the number of perfect and multiply 
perfect numbers not exceeding x. Then it is shown that 


P(x) <xets/4 


for every e>O and for all sufficiently large x. The proof 
uses the fact that if o(m) is the sum of all the divisors of 
then 


lim sup o(n)/[n loglog n}=e° 


for Euler’s constant C so that o(m)<2n loglog m for m 
sufficiently large. The contributions of square-free and 
non square-free factors of m are considered separately. 
A second theorem with a similar proof states that there 
are less then x*-¢ perfect numbers not exceeding x for 
some constant c>O and for all x>xo. For the more 
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general case in which o(m) and » have a common factor 
the following result is stated without proof: The density 
of integers m for which o(n) and m have a greatest common 
divisor less than (loglog ”)* is an increasing function of a 
ranging between 0 and 1. D. H. Lehmer. 


Carlitz, L.; and Uchiyama, S. Bounds for exponential 

sums. Duke Math. J. 24 (1957), 37-41. 

Let k be the Galois field with g=* elements (# prime). 
The equation y?—y—F=0, where F « k[x] and is chosen 
such that the left hand side is absolutely irreducible, 
determines a cyclic extension Q=K(y) of K=k(x) of 
degree ~. The zeta function of Q can be written in the 
form (1—gq!-*)-1]]2-4 L(s, A“), where the L(s, A“) are 
polynomials >7—, /;X/ in X=q-* where r is the degree of 
the polynomial F. By the Riemann hypothesis the roots 
of these polynomials in X have absolute value g~ and it 
follows that |/;|<(r—1)g*. This inequality can be written 
in the form (¢ denotes the trace in k) ' 


| & exp 2nit(F(a)/plstr—l)¢ 
The same method gives also 
Pi exp 2nit(a-+-ca-!)/p|S2g* (x40, c0). 


These estimates are thus obtained from the Riemann 
hypothesis for function fields in a more elementary way 
than in Weil’s paper [Proc. Nat. Acad. Sci. U.S.A. 
34 (1948), 204-207; MR 10, 234]. The authors give also 
an application to some results by Uchiyama [Proc. Japan 
Acad. 31 (1955), 199-201 ; 32 (1956), 97-98; MR 17, 130, 
937}. H. D. Kloosterman (Leiden). 


Postnikov, A. G. On the generalization of one of the 
Hilbert problems. Dokl. Akad. Nauk SSSR (N.S.) 
107 (1956), 512-515. (Russian) 

Soit y un caractére modulo m, et posons L(x, s, y)= 
Lz=> z(n)x"n-*. L’auteur démontre le théoréme suivant: 
Entre differentes fonctions Lz, (modulo m) aucune 
relation de la forme 


ot ® est un polynome, n’est possible. Ce théoréme géné- 
ralise un theoréme d’Ostrowski correspondant aux fonc- 
tions du type é, et qui est une réponse a un des problémes 
posés par Hilbert au Congrés de Paris [voir Ostrowski, 
Math. Z. 8 (1920), 241-298]. L’auteur utilise plusieurs 
faits étables par Ostrowski dans le travail cité, ainsi que le 
lemme suivant: En posant L=L(s, y)= > z()n-*, la 
rélation ®(s, /,(s+hAz,y,-))=0, ob fx sont differentes 
fonctions L (modulo m) et ot hz,,,, sont des constantes, est 


impossible. S. Mandelbrojt (Paris). 
Rodosskii, K. A. On the exceptional zero. Izv. Akad. 
Nauk SSSR. Ser. Mat. 20 (1956), 667-672. (Russian) 


The author considers the real zeros of L-functions 
formed with real primitive residue characters modulo 
D>100. For fixed ¢ ¢ (0; 0.025] it is shown that there is at 
most one zero # of one exceptional L-function of this class 
which fails to satisfy 

1—f2min {e; 0-015 In-5 D- D-26¢}. 
A consequence is that, without exception, 


1—B2C(e) -D-3%, 
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effectively a result due to Siegel [see, e.g., S. Chowla, Ann. 
of Math. (2) 51 (1950), 120-122; 11, MR 420). 
F. V. Atkinson (Canberra). 


Marinina, S. F. Estimation of the number of irregular 
L-functions of a quadratic field. Ukrain. Mat. Z. 8 
(1956), 319-324. (Russian) 

Let K be an imaginary quadratic field of class number h 
and discriminant —d. Suppose that 


vs 
> 
It is shown that there is a constant c(e), depending only 
on ¢, with the following property: if Q is the number of 


L-functions over K having at least one zero in the region 
Asosl, |t—T|s}, then 


Q <c(e)(Tyh2dl/2)6+e—4)/ (24-1), 


The proof depends on weighted character sums, which 
were used earlier by K. A. Rodosskii [Ukrain. Mat. J. 
3 (1951), 399-403; MR 15, 202] and I. P. Kubilyus [Mat. 
Sb. N.S. 31(73) (1952), 507-542; MR 14, 847}. 

W. J. LeVeque (Ann Arbor, Mich.). 


e>0,2<A<I, —oo<T<oo, T,;=|T|+ 


Rodosskii, K. A. On non-residues and zeros of L- 
functions. Izv. Akad. Nauk SSSR. Ser. Mat. 20 
(1956), 303-306. (Russian) 

Let Nin(D, %) be the least positive non-residue of 
exponent & for prime modulus D. Let the function L(s, x), 
with non-principal character of exponent & for prime 
modulus D>Do, not vanish in the rectangle 


1— ¥in-!Dsosl, |t|Smin{e* In -1D, 1}, 
where ¥ ¢ [e, 4 In D]. Then 
Niain(D, k)<D4¥" ™ ¥, 


where Do and A are absolute positive constants. 
N. Levinson (Cambridge, Mass.). 


Hornfeck, Bernhard. Zur Struktur gewisser Primzahl- 
sitze. J. Reine Angew. Math. 196 (1956), 156-169. 
The author considers what properties of the sequence of 

prime numbers and other sequences are used in various 

density theorems, and, in the light of these results, 
generalizes them. Let T denote the set of all sequences 

W—{a), a2, ---} of positive integers such that (a;, a;)=1 

for all 147. It is shown that, if U « 7, dis a positive integer 

and A(x;0,d) is the number of a;« & for which ajax 

and a;+d«U, then, uniformly in d, 


] 
p> ’ (g square free). 
This result is used to show that 6*{&%+/(%8)}>0, where 
W « T and has density lying between positive multiples of 
x/log x, and where % has positive density. Here 6* denotes 
the upper asymptotic density and /(%) is the sequence 
(f(b1), {(2), «+ +), where b; « B and f is a polynomial with 
int coefficients and positive highest coefficient. This 
generalizes a result of Romanov, which is got by taking W 
to be the sequence of primes, 8 to be the sequence of non- 
negative integers and /(x) to be x”. Other results of 
Romanov, Prachar and Kai-Lai Chung are generalized. 
For example, it is shown that if & satisfies the conditions 
just stated, @ is an integer greater than unity, G* is a 
subset of {1, a, a?, a3, ---}, and $*=&+G*, then 
H*(x)>cxG*(x)/log x, for sufficiently large x, where 


A(%;0, d)<cy = 
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H*(x) is the number of members of §* which do not 
exceed x, and G*(x) is defined similarly. R.A. Rankin. 


See also: Dwork, p. 556; Ankeny, Brauer and Chowla, 
p. 565. 


Theory of Algebraic Numbers 


* Kubota, Tomio. Density in a family of abelian exten- 
sions. Proceedings of the international symposium 
on algebraic number theory, Tokyo & Nikko, 1955, pp. 
77-91. Science Council of Japan, Tokyo, 1956. 
Let A be a finite abelian group of order m. Let k be a 

finite algebraic number field, Q the algebraic closure of k 

and F the family of all abelian extensions K/k in Q such 

that the Galois group of K/k is isomorphic to A. The 
absolute norm of the conductor fx of such an extension 

K/k is denoted by N(fx). For any subfamily F, of F, 

it is proved that the sum } N(fx)-* taken over all K in F; 

converges for s>1 and defines a function f(s; F 1). If Foisa 

subfamily of F,, the limit of f(s; F2)f(s; Fi1)-1 for s>1 

(s>1) is then called the density of F2 in F; and is denoted 

by w(F2; F;). The properties of f(s; F1) and w(F2; F;) are 

studied for various subfamilies F;, F2 of F, and, among 
others, the following theorem is proved: Let m be an 
ideal of k and let p be a prime ideal of & dividing m and 
prime to 2. Let F; be the subfamily of all K in F such that 

/x is prime to m and Fg the subfamily of those K in F, 

such that p is completely decomposed in K. Then, 

w(Fe; Fy)=1/n. K. Iwasawa (Cambridge, Mass.). 


* Artin, Emil. Representatives of the connected com- 
ponent of the idéle class group. Proceedings of the 
international symposium on algebraic number theory, 
Tokyo & Nikko, 1955, pp. 51-54. Science Council of 
Japan, Tokyo, 1956. 

A direct description is given of the connected component 
of the identity in the idéle class group of an algebraic 
number field. Let 7; be the number of real infinite primes, 
rg the number of complex infinite primes of the algebraic 
number field K, and let r=r,+72—1. Let R denote the 
additive group of the real numbers, Z the additive group 
of the integers, Z+ the completion of Z with respect to the 
topology in which the ideals of Z constitute a fundamental 
system of neighborhoods of 0. Imbed Z in the direct sum 
R+Z*+ by the diagonal map, and let S=(R+-Z+)/Z. Then 
S is compact, connected, and infinitely and uniquely 
divisible. It is shown that the connected component 
of the idéle class group of K is isomorphic with the direct 
product of R, 7 copies of S, and 72 copies of R/Z. 

This isomorphism is obtained quite explicitly as follows: 
let U be the group of idéles of product formula value |! 
whose components at the finite primes are units and 
whose components at the real infinite primes are positive. 
The ordinary integral exponentiation in U is extended to 
an exponentiation with exponents in R+2Z+. For a real 
number ¢, let /;(¢) be the idéle whose component at the jth 
complex infinite prime is e?* and all whose other 
components are 1. Let ¢;, ---, é¢ be independent totally 
positive units of K. It is shown that an idéle of the form 
€1" + + +@p%f1(ti)- + -fr(tr,), with vg e R+Z+, is a principal 
idéle if and only if each vg and each ¢; is an ordinary 
integer, and that the connected component of the idéle 
class group is the direct product of R and the image of the 
group of the idéles of the above form. 

G. P. Hochschild (Princeton, N.J.). 
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Ankeny, N. C.; Brauer, R.; and Chowla, S. A note on 
the class-numbers of algebraic number fields. Amer. 
J. Math. 78 (1956), 51-61. 

It was shown by Landau [Nachr. Ges. Wiss. Gottingen. 
Math.-Phys. Kl. 1918, 79-97] that the class number A(F) 
of the algebraic number field F (of degree m) satisfies 
h(F) <c\d(F)|*\log d(F)|*-1, where d(F) is the discriminant, 
and c depends on # only. The present authors show that 
Landau’s estimate is quite sharp. They prove (i) if e, 71, re, 
n are given (e>0, m22, 71+-2re—=n, 7; and r2 are integers 
>0) then there exist infinitely many fields F, having 7; 
real and 2r2 imaginary conjugate fields, with 


h(F)>|d(F) |. 


The totally real case (rz=0) is obtained from equations 
of the type fn(%)=(%—41) - + - (%—@n-1)(x»—N)+1=0, 
where a}, -*~*, @,—1 are distinct fixed integers, and N is a 
sufficiently eee integer. The following lemma is applied 
to the discriminant g(N) of fw(x): (ii) Let g(x) be an in- 
teger-valued polynomial of degree s, such that the g.c.d. 
of the set {g(k)|k=0, +1, +2, ---} is 1. Let p20 be given, 
and let U be sufficiently large. Then there are at least 
cU(log log U)-* numbers N in the interval (U, 2U) such 
that g(N) has no prime factors <(log U)?; c does not 
depend on U. 

The authors use (ii) for showing that 


(iii) |4(Fn)|>(log N)P 


for infinitely many values of N (p and m are given; Fy is 
the field generated by the largest root of the equation 
fa(x)=0). Now (i) follows by a theorem of R. Brauer 
[Amer. J. Math. 69 (1947), 243-250; MR 8, 567] to the 
effect that h(F)R(F)>\d(F)|** (n and é>0 given, 
\d(F)| sufficiently large; R(F) is the regulator of F). The 
general case r72>0 is dealt with analogously. 
N. G. de Bruijn (Amsterdam). 


Godwin, H. J. Real quartic fields with small discriminant. 

J. London Math. Soc. 31 (1956), 478-485. 

A method is given for determining the totally real 
algebraic fields of degree 4 with discriminant A less than 
an assigned bound, and a table is given of all such fields 
with A<11664. This supplements the table given by 
Delone and Faddeev rh rudy Mat. Inst. Steklov. 11 
(1940); MR 2, 349] for A<8112. The method is based on 
simple considerations from the geometry of numbers, 
followed by a detailed analysis of cases. The author 
points out that there are two distinct fields of dis- 
criminant 16448, one generated by 4/(17+-44/2) and the 
other by x4— 10x8+-30%2—32x-+ 10= H. Davenport. 


Godwin, H. J. On wir! complex quartic fields with 
small —- Proc. Cambridge Philos. Soc. 53 
(1957), 

A iliial 4 theorem is proved on algebraic number fields 
of degree m having no (non-trivial) subfield. Applied to 
totally complex quartic fields K, along with some ele- 
mentary considerations, it implies the existence of a 
generating polynomial for K with coefficients bounded 
telative to the discriminant D of K. Thus, all K’s with 
DsA are given by a set of polynomials, tabulated by 
means of the bounds. The D’s of corresponding fields can 
beevaluated, and the identity or non-identity of two fields 
with the same D can be determined by the methods of the 
paper reviewed above. For A=1458, there are exactly 
17 D’s, and fields of the same D are identical. Each of the 
17 D’s is given in a table which also exhibits a polynomial 
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with a root 6 generating the field, such that 1, 0, 62, 6% isa 
basis. The author also tabulates earlier results of Delone 
and Faddeev [Trudy Mat. Inst. Steklov. 11 (1940); MR 
2, 349] on totally complex quartic fields with small 
discriminants having a quadratic subfield. 

R. Hull (Los Angeles, Calif.). 
Mahler, K. A remark on Siegel’s theorem on algebraic 

curves. Mathematika 2 (1955), 116-127. 

Siegel has proved that an irreducible curve f(x, y)=0, of 
genus 21, where / is a polynomial with algebraic coef- 
ficients, has only a finite number of points (x, y) satis- 
fying the following conditions: y is in some preassigned 
algebraic number field K, and, for some fixed integer 
j>0, jx is an integer in K. This theorem is generalized as 
follows: let f(x, y)=O be an arbitrary irreducible algebraic 
curve of genus 21 (the coefficients of / being complex 
numbers) ; let X be a finitely generated additive subgroup 
of the field C of complex numbers, and let Y be a.vector 
subspace of finite dimension of C (considered as a vector 
space over the field of rationals) ; then f(x, y)=O has only 
a finite number of points such that x« X, ye Y. The 
proof consists in reducing this statement to the statement 
of Siegel’s theorem by a suitable specialisation of the coef- 
ficients of f and of the generators of X and Y. 

C. Chevalley (Paris). 
Reiner, Irving; and Swift, J. D. Congruence su 

of matrix groups. Pacific J. Math. 6 (1955), 529-540. 

The author proves the following two theorems. 

1. Let G be the group of all 2x2 matrices e Me 
with elements a, b, c, d in the ring 9 of integers in an 
algebraic number field. For any ideal R in M let G(R) 
denote the subgroup of 9 defined by c=0 (mod ®). Then 
if H is a subgroup of G satisfying GOMN)CH HG(N) and M 
is prime to 6 then H=G(DN) for some DI® [for the special 
case of the ordinary modular group cf. Newman, Duke 
Math. J. 22 (1955), 25-32; MR 16, 801). 

2. Let r be a rational integer =>2 and let M, be the 
group of all yxr matrices (a;,;) (¢,7—1, 2, ---, 7), where 
the ay are rational integers. If m and m are positive 
integers let Cm and R, be the subgroups of M, defined by 
a4, =0 (mod m) (t=2, 3, «++, v) and ay=0 (mod ) 


(j=1, 2, , ¥—1) respectively. Then if H is a subgroup 
of M,; catislying 

(Cam™Ron)CHC(CanRa) 
and a, b, m, m are integers such that (am, bn)=1, then 


H=CamORgn where aja, B\d. H. D. Kloosterman. 
See also: Ramanathan, p. 557; Tanaka, p. 563; Tani- 
yama, p. 601; Deuring, p. 601. 


Geometry of Numbers 


Pipping, Nils. Approximation zweier reellen Zahlen 
durch rationale Zahlen mit gemeinsamem Nenner. 
Acta Acad. Abo. 21 (1957), no. 1, 17 pp. 

The author studies the problem to find algorithms 
containing a uence of integer-valued systems of 
numbers 7) ={7;); i=1, 2,3}, v=1, 2, --- with the 
property that this sequence will contain only relatively 
few elements but if possible all systems 7 with the 


property ; - - 
: . ee | 
bol min |S — se) 
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where u={u, >té2>ug>O0} is a set of real numbers. 

He investigates by studying some numerical examples 
the effectiveness of the algorithms of Térnqvist, Jacobi, 
Brun and Pipping for this purpose. The algorithm of 
Térnqvist gives often such especially good diophantine 
approximations 7;/T; to the numbers ™/u; but does not 
contain all such systems of integers. The branching 
algorithm of Pipping seems to give them all. Pipping 
tries to define an algorithm for which 


T; Ti 
=) 
is a decreasing sequence of 7, containing all especially 
good systems (71, 72, Ts) but he is not able to prove that 


his method always will be successful. In the numerical 
examples considered this is however the case. 


max 
tJ 








L. Torngqvist (Helsinki). 
Davenport, H. Note on i ities of distribution. 

Mathematika 3 (1956), 131-135. 

Roth [Mathematika 1 (1954), 73-79; MR 16, 575] has 
shown that there exists an absolute positive constant c 
with the following property: Let (xn, yx) (ISn<N) be N 
points in the unit square 0<*<1, OSy<1; and for 
Osé<1, OS <1 let S(E, y) denote the number of these in 
OS%n<&, OSyn<y. Then 


1fl 
J ; J * (S(E, 1) —Nén)*dfdn>c log N. 


Davenport shows that c cannot be replaced by any func- 
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tion of N tending to infinity with N. The counterexample 
makes use of the fractional parts of a real number with 
bounded partial quotients. It is shown that the corre- 
sponding result of Roth in three dimensions would 
similarly be the best possible if a problem of Littlewood 
about the existence of a pair of irrationals with certain 
properties has a positive solution. J. W. S. Cassels. 


Popken, J. Un théoréme sur les nombres transcendants. 
Bull. Soc. Math. Belg. 7 (1955), 124-130. 
Let F(z) be a polynomial with algebraic coefficients, 
which vanishes at zero but not identically. Let 7 be a 





rational number, and for »=1, 2, --- put 
l a” 
enemas (n+r)F (2) j 
F,=j{ "+r (Za "7 : 5 it nr, 


0 if n+r=0. 
Then the series 
co nn 
te)= & Fe — 
n=l n! 


defines an analytic function f. It is shown that for each 
algebraic number z different from the zeros of F, the 
function / is regular, and /()(z) is transcendental for 
k=0, 1, 2, ---. This theorem generalizes a result of the 
reviewer [Proc. Amer. Math. Soc. 2 (1951), 401-403; MR 
13, 16) dealing with the special case F(z)=z. 

W. J. LeVeque (Ann Arbor, Mich.). 


See also: Ballantine, p. 561; van der Waerden, p. 562; 
Bloh, p. 595. 


ANALYSIS 


Functions of Real Variables 


Goldberg, Richard R. Pseudo-multiplicative functions. 
Math. Mag. 30 (1957), 145-148. 
Elementary closure and rate-of-growth properties for 
non-decreasing, non-negative, real-valued functions / for 


which 
f(xy) Sh (x) f(y) 


for all x, y in the domain of /, this domain being a multi- 
plicative semi-group of non-negative reals. 
T. A. Botts (Charlottesville, Va.). 


Brunk, H. D.; Ewing, G. M.; and Utz, W. R. Some 
Helly theorems for monotone functions. Proc. Amer. 
Math. Soc. 7 (1956), 776-783. 

Let S denote a closed n-dimensional interval of the 
Euclidean n-space. A function F(x, x2, ---, %,) defined 
on S is called “‘monotone”’ by the authors if F is monotone 
nondecreasing in each %; (¢=1, 2, ---, m) and if the first 
and second differences of F are non-negative. The follow- 
ing theorem [of a type which was first treated by E. Helly, 
Akad. Wiss. Wien. S.-B. Ila. 121 (1912), 265-297] is 
proved by the authors: Let {Fg(x1, x2, ---, %q)} be a 
sequence of monotone functions on S with 


***, Xn)|SA (g=0, 1, 2, +++). 


There exists a sequence of integers ga<qi1<qe<-:+ anda 
monotone function F(x, x2, --+,%,) bounded by +A 
such that 


lim Fq,(%1, *2, ***, %¥n)=F (x1, x2, «++, %,) on S. 


|\Fq(x1, *2, 





For the proof of this result the following theorem is used: 
If F(x, x2, -**, Xm) is a monotone function on S, then 
there exists a set R of points of countably many (m—1)- 
spaces %=ajJ ((=1, 2, ---, ; 7=1, 2, ---) such that F is 
continuous at all points of S—R. As consequences of both 
these results, also theorems on extended real valued 
functions F (i.e. —coSF(x1, x2, ---, %,)S+-00) are stated. 
Finally, by means of a simple example in two variables, 
it is shown that the first mentioned theorem does not hold 
if the functions F, are only monotone in each of their 
variables. (Remark: Another generalization of Helly’s 
theorems has recently been given by O. M. Nikodym 
[Rend. Sem. Mat. Univ. Padova 24 (1955), 265-286; MR 
17, 594]; there the assumptions are stronger, namely for 
functions of » variables the differences up to the mth ones 
are supposed to be non-negative.) A. Rosenthal. 


Mikolas, Miklés. Construction des familles de fonctions 
partout continues non dérivables. Acta Sci. Math. 
Szeged 17 (1956), 49-62. 

The author derives new sufficient conditions under 
which /(x)= fo cep(ve(x)) is continuous and nowhere 
differentiable (c.n.d.). These conditions are of the follow- 
ing type. p(x) is convex (or concave) on segments, or ¢(%) 
satisfies a Lipschitz condition ; the vg; are integers and the 
cy and vz satisfy certain limit conditions. The theorems 
contain most of the known examples as special cases and 
improve many known results. For instance, the author 
finds that Weierstrass’ function > c* cos »*x is c.n.d. 
under the gonditions »>1, »°2=1+42, which are weaker 
than the known conditions. 

A. Heyting (Amsterdam). 
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See also: Eyraud, B: 551; Stein, p. 575; Feller, p. 575; 
Pi Calleja, p. 587; Kapuano, p. 589. 


Measure, Integration 


% McShane, Edward James. In " 
University Press, Princeton, N. J., 1944. 
printing 1957). viii+394 pp. $2.95. 
This book was reviewed in MR 6, 43. 


Princeton 
(Fourth 


Potts, D. H. Elementary integrals. Amer. Math. Month- 
ly 63 (1956), 545-554. 
The function y=¥/(x) is an algebraic function of x if it is 
defined by an irreducible relation 


aoy"+ary*"1+ ---+an=0, 


where ao, 41, ***, @, are polynomials in x and a9340. It is 
to be understood that y=/(x) where / is constructed from 
the three basic operations, algebraic, exponential, loga- 
rithmic. Algebraic implies the extraction of roots and 
the usual rational operations. Ostrowski’s method of field 
extension [Ritt, Integration in finite terms, Columbia 
Univ. Press, 1948; MR 9, 573) is used. If F is a differential 
field (F contains all constants; «, B«F implies «+, 
a-BeF;aeF, a’ ¢eF;aeF, |/ae F unless «=0) andéa 
piecewise differentiable function not in F then the class 
of rational functions of 6 with coefficients in F is a field. 
If it also is a differential field it is a simple extension of F. 
A simple extension of F(6;, ---,4,-1) is denoted by 
F(6;, ---,@,) and is called an extension of F. Eight 
theorems are proved, two of which are: 

Theorem 3. a, e™eF; eP*¢F, p=0, 1, ---n—1; 


Bo, ***, Bu-1¢ F; O=e*. Then there exists yo, --+, yn-1 
not all zero, « F such that 
[SE 60*|["S y20*] « F. 
k=O k=O 
Theorem 8. a, Be F, e™™¢F, n=1, 2, ---, y=e%B is 


elementary with respect to F, i.e. y is contained in an 
extension of F. Then there exists 6« F such that y= 
e*5+-constant. R. L. Jeffery (Kingston, Ont.). 


I'in, V. P. Generalization of an integral inequality. 
Uspehi Mat. Nauk (N.S.) 11 (1956), no. 4(70), 131-138. 
(Russian) 

The author generalizes the inequality of Hilbert-Riesz, 
which is the case »=m=1 of the following: Let p, ¢ be 
real numbers both >1 such that e+ 1/q>1, let msn be 
integers, let X be an n-dimensional Euclidean space and let 
Y be an m-dimensional subspace of X, let FA and qg’ be the 
conjugate indices of ~ and q (i.e., 1/p+-1/p’=1); if xe X 
and y « Y, let r=|x—-»|, the Euclidean distance between x 
and y, and let A=n/p’+-m/q’. Then there exists a constant 
K=K(m, n, p,q) such that for all f in L?(X) and g in 
Lay) 


J Xx¥ eig o) dxdysSK\\f\\z-cx)\Ig\lu"- 
An upper bound for the value of K is given. M. M. Day. 


Kunugi, Kinjiré6. Application de la méthode des espaces 
a la théorie de l’intégration. I. Proc. Japan 

Acad. 32 (1956), 215-220. 
Soit e l’ensemble des fonctions f(x) réelles finies en 
escalier, définies sur un intervalle donné [a, 6) (a<b) 
réel borné et fermé. La function f(x) est dite en 








MATHEMATICAL REVIEWS 567 


escalier si [a, 6] est réunion d’un nombre fini d’intervalles 
dans l’intérieur de chacun desquels /(x) est constante. 
L’A., au moyen de définitions convenables et en utilisant 
ses travaux antérieurs [mémes Proc. 30 (1954), 553-556, 
912-916; MR 17, 389), considére « comme un espace 
uniforme rangé ot il définit des suites fondamentales de 
voisinages. I] utilise ces moyens pour donner, pour des 
fonctions F(x) réelles, une définition de |’intégrale 
J? F(x)dx, définition plus longue que celle de Lebesgue. 
A. Appert (Angers). 


Pucci, Carlo. Alcune proprieta degli involucri. Atti 
Accad. Naz. Lincei. Rend. Cl. Sci. Fis. Mat. Nat. (8) 
20 (1956), 294-298. 

For a set X in E* denote, if p>0O, by X, the set of those 
points with distance less than p from X, and, if p<0, the 
set of those points whose distance from the complement of 
X is less than —p. By —r(X) we denote the greatest 
lower bound of the (non-positive) p for which X, is non- 
empty. If 0X is the boundary of X, then 


waX— lim Me., moX = lim oe 


are the upper and lower Minkowski measures of 0X. If 
they are equal we denote them by n0X. It is proved that 
p(X ,) exists for almost all p2>—r(X) and that for |@X|=0, 
where | | indicates Lebesgue measure, 


0 
Xi= f° wO(X bdo. 
H. Busemann (Los Angeles, Calif.). 


Functions of Complex Variables 


Bégel, Karl. Uber die Cauchy-Riemannschen Differential- 

gleichungen. Math. Nachr. 15 (1956), 87-88. 

The author shows that if the real and imaginary parts of 
the function /(z) satisfy the Cauchy-Riemann differential 
equations in a region B, then the set of points of the 
region at which /’(z) fails to exist is nowhere dense in B. 

P. Civin (Eugene, Oreg.). 


Ikoma, Kazuo. On Ahilfors’ discs theorem and its appli- 

cation. Téhoku Math. J. (2) 8 (1956), 101-107. 

The reviewer's theorem [Acta Soc. Sci. Fenn. (N.S.) 
2 (1933), no. 2] is extended to quasiconformal mappings 
(“pseudo-analytic” in the Japanese terminology) and 
a corresponding version of Bloch’s theorem is proved. The 
results are tied to the condition limz.o |/(z)|/|z|/*>0 
which is a natural restriction for the method, but not for 
the problem. L. Ahlfors (Cambridge, Mass.). 


Mel'nik, I. M. Limit values of an analytic function 


represented by a curvilinear integral. Soobst. Akad. 
Nauk Gruzin. SSR 17 (1956), 681-688. (Russian) 


The author considers the integral 
P(t, z) 
L Q(t, z) 


where P and Q are entire functions of z for every ¢ on the 
smooth curve L. He imposes conditions on Q which 
ensure that the equation Q(t, z(t))=0, te L, defines a set 
of non-intersecting, bounded curves {I} in the z-plane. 
He investigates the behavior of F(z) as z approaches a 
point w «I. By imposing a Hélder condition (in #) on P 
the problem is reduced to the known case of an integral of 





F(z)= 


dz, 
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Cauchy-type, F attains boundary values F+ and F—as z 
approaches from the left or from the right of I’. Their 
values can be written down explicitly. The author also 
gives sufficient conditions under which the formula 








dr [ P(r,o), P(t, t) 
J LO(r, w) | LR(r, 0)" * 0, w)Rr'h.) 
P(r, o)dr 
" [a I, Oe wRe | @aeD) 
olds . W.H. J. Fuchs. 


Jenkins, James A. Some new canonical mappings for 
multiply-connected domains. Ann. of Math. (2) 65 
(1957), 179-196. 

Using a continuity method the author derives some new 
canonical mappings of multiply-connected regions. 
Typical is the following: a region with boundaries C, 
+++, Cy, can be mapped, essentially uniquely, so that C; 
corresponds to an outer rectangle R; and each C; (¢>1) 
correspond to an inner rectangle R; with given ratio of the 
sides. The proof uses quasiconformal mappings and leans 
on Teichmiiller’s fundamental theorem. A more general 
setting is given in which the boundary lines are tra- 
jectories of a quadratic differential. The author promises 
to return with applications. L. Ahlfors. 


* Stoilow, S. Legons sur les principes topologiques de la 
théorie des fonctions analytiques. Deuxiéme édition, 
augmentée de notes sur les fonctions analytiques et 
leurs surfaces de Riemann. Gauthier-Villars, Paris, 
1956. xvi+194 pp. 1700 francs. 

This is a photographic reproduction of the first edition 
of 1938. The four notes that have been appended are 
reprints of later articles of the author. L. Ahlfors. 


Wirth, Eva Maria. Uber die Bestimmung des Typus einer 
Riemannschen Flache. Comment. Math. Helv. 31 
(1956), 90-107. 

Let /(x) denote a monotone increasing continuous 
piecewise analytic real-valued function on {x20}, satis- 
fying /(0)=0. Let Q denote the doubly-connected Rie- 
mann surface obtained from the strip {x >0; O<y<1} by 
identifying the points x and x+-/(x)+12, x>0. Q is con- 
formally equivalent to an annulus {1<|z|<R(<+00)}. 
Let » denote the mapping of the strip onto the annulus 
which satisfies w(0)=mw(¢)=1 and defines a univalent 
conformal map of 2 onto the annulus. For Isp<R an 
index n(p) is introduced which counts the essential 
number of intersections (in a sense made precise in the 
paper) of the image of the ray {x>0; y=0} with respect 
to w. 

Theorem: If /°(1+/?)-dx<oo and n(p)=O(1), then 
R<oo. It is shown that this theorem cannot be concluded 
from a type criterion given by Volkovyskii. M. Heins. 


Akutowicz, Edwin J. A qualitative characterization of 
Blaschke products in a half-plane. Amer. J. Math. 
78 (1956), 677-684. 

Let b(z) be a Blaschke product for the upper half 
plane. The author shows that 


[- (1-+2)-1 log |b(z)|\dx-—0 


as y>0-+-. Conversely let F(z) be regular for y>0,| F(z)|<1, 
and "2, (1-+*)-! log |F(z)|dx-+0 as y+0+. Then 


F(z) = etkzt+ic b(z), 


MATHEMATICAL REVIEWS 








where k(20) and c are real numbers, and O(z) is the 
Blaschke product over the zeros of F in the upper half 
plane. R. P. Boas, Jr. (Evanston, IIl.). 


Sunyer Balaguer, F. Asymptotic values of entire func- 
tions. Collect. Math. 8 (1955-1956), 187-211. (Span- 
ish) 

The first part of this paper contains the detailed proofs 
of results announced previously [(C. R. Acad. Sci. Paris 
237 (1953), 548-550; MR 15, 207]: for an entire function 
of finite order the number of asymptotic values can be 
estimated more closely than in the Denjoy-Carleman- 
Ahlfors theorem if something is said about how fast they 
are approached. In the second part similar results are 
obtained for functions of infinite order. 

R. P. Boas, Jr. (Evanston, IIl.). 


Robinson, R. M. A curious trigonometric identity. 
Amer. Math. Monthly 64 (1957), 83-85. 
The functions z, sin z and sinh z are essentially the only 
functions /(z) with the property that 


If(x+-4y)|=If(%) +4()|- 


Wasow, Wolfgang. Asymptotic development of the 
solution of Dirichlet’s problem at analytic corners. 
Duke Math. J. 24(1957), 47-56. 

Let u(x, y) be harmonic in a simply connected region 
whose boundary contains two analytic arcs L;, Lg with 
common endpoint P at which they form an interior angle 
ax with O<a<2, and suppose « is continuous on L;+L: 
and holomorphic on L;, Le, resp. Adapting techniques of 
H. Lewy [Univ. California Publ. Math. (N.S.) 1 (1950), 
247-280; MR 12, 691] and R. S. Lehman [Comm. Pure 
Appl. Math. 7 (1954), 393-439; MR 16, 296] the author 
obtains asymptotic expansions for u in the neighborhood 
of P. In particular, if 7 is the distance from P and m is an 
integer, u=+-u2 where, as r->0, all partials of u are 
O(1), and #2=O(r™ log 7) or O(r'/*) according as «=1/m or 
not; moreover the latter relations may be formally 
differentiated indefinitely. H. A. Antosiewicz. 


Zamorski, J. Equations satisfied by the extremal schlicht 
functions with a pole. Ann. Polon. Math. 3 (1956), 
41-45. 

Let = denote the class of functions 


1 
F(z)= — +biz+be2?+---, 


regular and schlicht for 0<|z|<1. Let Vy denote the pth 
coefficient region for this class of functions, the function F 
corresponding to the point of V», with coordinates 
(x1, V1, X2, ¥2, °**, Xp, Vp), Where by=x_+7yyx. Vp contains 
the origin and is connected and closed. Let 


E(x, V1, x2, v2, a Xp, Vp) 
be an arbitrary real-valued function, continuous together 
with its partial derivatives and satisfying 


jerad EP=¥ (5) +(5-)) >0 


throughout Vy. Let Ey=}(0E/0x,—10E/dy,), By=conju- 
gate of Ey. E has its extreme value on the boundary of V >». 

The author’s main theorem is that the function F(z), 
regular and schlicht for 0<|z|<1, whose coefficients give 
the extreme value of the function E, satisfies the equation 
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Formulae for each A, and By, are given in terms of the 
coefficients b, by means of the function E. 

The proof of the author’s theorem is based on analogous 
results of Schaeffer and Spencer [Coefficient regions for 
schlicht functions, Amer. Math. Soc. Colloq. Publ., 
v. 35 New York, 1950; MR 12, 326] for regular functions, 
with slight modifications to take care of the pole. {The 
reviewer wishes to point out that the variational formulae 
for the coefficients 6, obtained by the author were 
previously found by G. Springer [Trans. Amer. Math. 
Soc. 70 (1951), 421-450; MR 13, 24]. Also it should be 
noted that while the complete details of the author’s 
theorem may not have been previously published, they 
appear to have been known and used by Jenkins [Proc. 
Amer. Math. Soc. 4 (1953), 595-599; MR 15, 114].} 

It has been conjectured that the pth coefficient by of 
F(z) has a maximum modulus obtained by the schlicht 
function 


| 2 
—=fz(pt+l1)/2 (p+1)/2}2/(p+1) — — 
bp={z +2- } = + +1 


{see W. Wolibner, Studia Math. 11 (1949), 126-132; MR 
12, 16], and the conjecture has been verified for #=1 and 2 
[Golusin, Mat. Sb. N.S. 3(45) (1938), 321-330; Schiffer, 
Bull. Soc. Math. France 66 (1938), 48-55]. The author 
verifies that the function ¢y(z) satisfies the appropriate 
differential functional equation (1), thus providing 
support for the conjecture that |b)|<2/(6+1). {Un- 
fortunately, the author apparently was not aware that 
the conjecture has recently been shown to be false by 
Garabedian and Schiffer [Ann. of Math. (2) 61 (1955), 
116-136; MR 16, 579] who obtained the sharp bound 
\bs|S4$+e-* from an appropriate form of the author’s 
equation (1).} M.S. Robertson (New Brunswick, N.J.). 





ZP+-:- 


Walsh, J. L. Note on degree of approximation to analytic 
functions by rational functions with preassigned poles. 
Proc. Nat. Acad. Sci. U.S.A. 42 (1956), 927-930. 
Several theorems are proved relating to the degree of 

approximation to analytic functions / by rational func- 

tions with preassigned poles. Open sets and closed sets are 
considered whose boundary / consists of a finite number 
of disjoint analytic Jordan curves and /(?)(z) « L(p, «) for 

ze]. P. Davis (Washington, D.C.). 


Ronkin, L. I. On of an entire function of two 
complex variables. Mat. Sb. N.S. 39(81) (1956), 253- 
266. (Russian) 

Entire functions f(z, #) are considered for which there 
exist constants o; and og and an A. for any e>0 such that 
if(z, «)|SAe exp[(o1+e)|z|+(c2+e)|\|]. Moreover, if oy’ 
and o’g satisfy either o;’S01, o2'<o2 or else o;’<o, 
2'Soe, then there is a sequence (z,,%,) such that 
l2n|+|%_|—>co and |f(z_, #n)|2 exp(or'|zn|+o2'|%n|). With 
f= @ngz"u*/(n!k!) the related functions Yaq_yz-"—!u-*-1 
and > anxu*/(k!z™*+1) are considered and generalizations 
and extensions of results for entire functions of exponential 
type in one variable are obtained. N. Levinson. 


See also: Parodi, p. 554; Artemiadis, p. 575; Morimoto, 
p. 583; Rudin, p. 578. 
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Geometrical Analysis 


Frélicher, Alfred; and Nijenhuis, Albert. Theory of 
vector-valued differential forms. I. Derivations in 
the graded ring of differential forms. Nederl. Akad. 
Wetensch. Proc. Ser. A. 59=Indag. Math. 18 (1956), 
338-359. 

On appelle forme scalaire (resp. vectorielle) sur un A- 
module unitaire V, toute application multilinéaire 4 va- 
leurs dans A (resp. dans V). Si w et 2 sont des formes 
scalaires de degré p et g et si L et M sont des formes 
vectorielles de degré g et #, on définit les produits suivants 


(@ Ax)(m1, ***, Mp+g)= 
(1/(B!g!)) De O(Maas * * * Mary) (Mayysr ** "> Marpre) 
(@ AL)(u1, +++, Up+q)= 
(1/P!g!)) Dat O(tas* * tay) L(Yays» ***» Mapse) 
(@X*L)(u1, +++, Hp+q-1)= , 
(1/(O1(Q—1)!)) Dg O(L (tear, ***» Marg) Magsar ** *» Marpre-s) 
(MXL)(u1, ++, %p+q—1)= 
(1/(Pl(g— 1)!)) Xe +M(L(ta, °°, tae) tags» °° *» Mayses)- 


Les champs de vecteurs tangents (de classe infinie) a la 
variété X (de classe infinie) s’identifient aux dérivations 
de l’anneau F des fonctions réelles (de classe infinie) dé- 
finies sur X,,; leur ensemble constitue un F-module 71, a 
partir duquel on définit comme plus haut les modules 
T*¢ et V*@ de formes scalaires et vectorielles. Les Auteurs 
établissent soigneusement la concordance entre les défi- 
nitions globales et locales des notions précédentes. 

La somme directe T*=@,g7*¢ est un anneau extérieur 
dont les dérivations sont également de caractére local. 
Chacune d’elles est définie entiérement par son action 
sur 7*°—F-et sur 7*!. Il n’existe pas de dérivation non 
triviale de degré =—2, et toutes celles de degré —1 
s’annulent sur F. 

Toute dérivation D de degré =—1 qui s’annule sur F 
est de la forme Dw=wXL ot L est une forme vectorielle 
bien déterminée, et réciproquement, toute forme L définit 
de la sorte une dérivation (que l’on notera iz) qui s’annule 
sur F (dérivation de type t,). 

La différentielle extérieure est une dérivation de 7* qui 
n’est pas de type t,, mais bien de type d,, en appelant 
dérivation de type dy, toute dérivation D telle que 
Dd=(—1)'dD, ou r est le degré de D. 

Toute dérivation D de type d, est définie par son action 
sur F et correspond bijectivement a une forme vectorielle 
L telle que I’on ait 


Do=([L, wo) =dw XL+(—1)'d(@xL)= 
(tzd—(—1)?-1diz)m. 


En d'autres termes, on a dp=izd—(—1)?—diz. 

Toute dérivation de degré 7 est la somme d’une déri- 
vation de degré r de type #4 et d’une dérivation de degré 
r de type dy. 

Le crochet [D,*, Dg] =D,De—(—1)""D2D, est une 
nouvelle dérivation de degré 71+-r2 et, en particulier, le 
commutateur de deux dérivations de type d, est une 
dérivation de type d,, ce qui permet de définir le crochet 
[L, M] par la relation (dz, dy,)=dx, a) -Les propriétés des 
concommitants scalaires et vectoriels [L,m] et [L, M) 
sont étudiées systématiquement par les auteurs qui 
appliquent leur théorie pour donner une démonstration 
nouvelle d’un théoréme de Haantjes. G. Papy. 





Functions with Particular Properties 


Albertoni, Sergio. Sulla risoluzione del problema di 
Neumann per l’equazione Agu-+-ku=/ in un dominio 
con punti angolosi. Ist. Lombardo Sci. Lett. Rend. 
Cl. Sci. Mat. Nat. 90 (1956), 221-243. 

Let D be a bounded plane region of finite connectivity 
having a boundary [ with continuous curvature. Assume 
the function / satisfies a Hélder condition in D and that 
the function B is integrable and continuous almost 
everywhere on I’. The author [same Rend. (3) 18(87) 
(1954), 400-432; MR 17, 474] has given an account of the 
Fredholm theory as it applies to the equation Y2u—/2u—/ 
for the region D, where A is a complex number and the 
normal derivative of « on I is assigned the given values B. 
In the present paper this Neumann problem is treated 
along the same lines for a connected region but now the 
boundary of the region is permitted to consist of a finite 
number of arcs each having continuous curvature. The 
boundary curve is not permitted to have cuspidal points. 


F. G. Dressel (Durham, N.C.). 


Fet, A. L.; and Bodrecova, L. B. Functions with simple 
level curves. Mat. Sb. 38(80) (1956), 303-318. (Rus- 
sian) 

Consider a continuous real-valued function F with 
possible poles defined on an (open) domain D of the plane. 
In the author’s terminology a point of D is called ordinary 
if it has arbitrarily small neighborhoods intersecting every 
level set, F=const, in a simple open arc, otherwise it is 
called a critical point. If the critical points of F in D 
are isolated, then F is said to have simple level curves in 
D. In general this property has no relation to differen- 
tiability of the function; however, if the function is 
analytic then its level curves are simple if the singularities 
are isolated. Three types of critical points are distin- 
guished: (1) those at which the function takes the value 
+co (poles), (2) the relative extrema, and (3) all those 
which are neither of these (they are called saddle points). 
The main result of the paper is to establish that if a 
function F has simple level curves in D then for every 
point ~, F(p)=c, of D there is a neighborhood V , together 
with a homeomorphism hy of the unit disk of the xy-plane 
onto V» carrying the origin onto ~ such that for the 
composite function Fy’=F oh, we have F,’=x-+-c if p is 
an ordinary point, or (1) Fy’=+ In(x?+-y?), or (2) 
F,' =c+(x*+-y?), or (3) Fp’ =c+Re(x+1y)*, respectively 
according to the three types of singularities. Thus in 
particular it follows that a function F on D has as family 
of level curves a regular family, in the sense of W. Kaplan 
(Duke Math. J. 7 (1940), 154-195; MR 2, 322] if and only 
if it has simple level curves and is without critical points. 
Moreover such a function is pseudo-harmonic in D, in 
the sense of M. Morse [Topological methods in the theory 
of functions of a complex variable, Princeton, 1947; 
MR 9, 20) if and only if it has simple level curve and no 
relative extrema in D. These results are similar to those 
of Téki [Osaka Math. J. 3 (1951), 101-122; MR 13, 234). 

W. M. Boothby (Evanston, IIl.). 


Sabat, B. V. On mappings realizable as solutions of a 
Carleman system. Uspehi Mat. Nauk (N.S.) 11 (1956), 
no. 3(69), 203-206. (Russian) 

The author considers the elliptic system of first order 
partial differential equations 

(1) Ug—Vy=au+bv, uy+vz—cu+dv. 
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This system could also be written in the complex form 
w;=Aw+Buw, 


where w=u-++#v, and A, B are complex functions. He 
remarks that while certain properties of analytic functions 
have been extended to solutions of (1) by Carleman, 
Vekua and the reviewer, solutions of (1) do not have the 
geometric properties of analytic functions. This is illus- 
trated by constructing suitable counter-examples. {The 
reviewer remarks that if one associates with every so- 
lution w of (1) a function w=¢++%y so that w=¢F+y6, 
where F, G are two particular solutions of (1), then the 
function » is interior and quasi-conformal. For functions 
an extension of Riemann’s metric theorem is known to 
hold. [For more precise statements and references see 
Bers, Bull. Amer. Math. Soc. 62 (1956), 291-331; MR 18, 
470]}.} L. Bers (New York, N.Y.). 


See also: Wasow, p. 568; Schaffer, p. 576; Landkof, 
p. 579; Shiga, p. 584; Florian, p. 595. 


Special Functions 


Al-Salam, W. A. On a characterization of some orthog- 
onal functions. Amer. Math. Monthly 64 (1957), 
29-32. 

Put 


Ans(/) =/n®—fn+ifn—-1 D,(f) =fn'*—fn+1'fn-1' 


The reviewer (Bull. Calcutta Math. Soc. 46 (1954), 93-95; 
MR 16, 694) showed that Nanjundiah’s relation 


(1-29) Da(f)=N (n+ 1)An(/) 


characterizes the Legendre polynomials. The present 
paper contains the following results. 1. If {/,} is a sequence 
of polynomials such that foe=1, fj=* and 


Dalf)=An(/)+-(n—1)An-alf), 


then /,=—H,(x), the Hermite polynomial. 2. If fo=!, 
fi=x and A,(f)=2-2*-)(1—x?), then f,=T,(x), the 
Tchebycheff polynomial of the first kind. 3. If fo=1, 
fi=2x, A,(f)=1, then /,=—U,(x), the Tchebycheff 
polynomial of the second kind. 4. If Dya(/)=x?A,-1(f) and 
certain initial conditions are satisfied, then {/,=2x"J (x) or 
2x™I q(x). L. Carlitz (Durham, N.C.). 


Drazin, M. P. Another note on Hermite polynomials. 
Amer. Math. Monthly 64(1957), 89-91. — 
The author shows that the identity of Nielsen-Dhar- 
Feldheim 


Hm(2)Ha(*)=¥ 2! (™)(™ )Hm+n-2r(2), 


where H,(x) is the Hermite polynomial of degree », is a 
consequence of the obvious identity 


(1-+at)o(1-+aymentem (1— Yamin, 


L. Carlitz (Durham, N.C.). 


Dieulefait, Carlos E. On the zero sof the classical orthog- 
onal ials in the tic case. Rev. Un. 
Mat. Argentina 17 (1955), 25-27 (1956). (Spanish) 

_ Details of formal calculations, for Jacobi polynomials, 

indicated by the author in a previous paper [Giorn. Ist. 
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Ital. Attuari Shenae ae we, erry fl § 6(c), p. 46; 
MR 17, 962]. nd (Birmingham). 


Rodriguez Sanjuan, Antonio. Reduction of elliptic inte- 
grals to canonical forms in the real field. Rev. Acad. 
Ci. Madrid 50 (1956), 19-233. (Spanish) 

The author claims, apparently with justice, that the 
standard treatments of elliptic integrals of the third kind 
involve complex transformations of real integrals and 
are consequently unsatisfactory, if not completely useless, 
for practical purposes. He presents an alternative treat- 
ment using only real transformations, which is if anything 
simpler than the usual treatment, and makes various 
other contributions. Let y denote the square root of a real 
quartic polynomial, and consider the integral / R(x, y)ax, 
where R is a real rational function. The integral can be 
broken up into the integral of a rational function, plus 
a sum of integrals of the forms J;=/y-la'dx, J,;= 
| (x—h)-ty"dx, and Ly=/ (mx-+-n)(x®+2px+-9)-y—1dx 
with #2—q<0. The forms J, and J; are standard, but the 
author studies them in detail for the sake of completeness, 
and adds some complements to the standard theory. He 
then shows how one can express, in the real domain, L, in 
terms of elementary functions and integrals of the forms 
Ig and J;. He shows by examples that his formulas may 
lead to simpler transformations and simpler final formulas 
than Legendre’s method which is usually quoted. Finally 
he reduces the calculation of the elementary integral 
J R(x, (ax?+-bx+-c)4)dx to the evaluation of simple 
standard forms, again using only real transformations. 

R. P. Boas, Jr. (Evanston, IIl.). 


Roelcke, W. Analytische Fortsetzung der Eisenstein- 
reihen zu den parabolischen Spitzen von Grenzkreis- 
gruppen erster Art. Math. Ann. 132 (1956), 121-129. 
The author considers the Eisenstein-type series 


E(r, s)=> y*/2|\myr+me|-* (r=x+1y, y>0) 


summed over all parabolic cusps —me2/m, in a given 
equivalence class for a fuchsian group of first kind. [See 
Petersson, Acta Math. 80 (1948), 23-63; MR 10, 111.) 
He shows it can be extended analytically in Re s>1 with 
the exception of poles at s=2 and other s from 1 to 2. 
The method is to use the fact that E is an eigenfunction of 
y2V2u-+Au=0, with A=s(2—s)/4. To use the Hilbert space 
\If\l=/ \f|\*dxdy/y2 (over the fundamental domain), and to 
express « in terms of a resolvent, the author truncates E 
near the cusp points so as to remove terms of the Fourier 
series with the infinite behavior. [See the author’s 
dissertation. S.-B. Heidelberger Akad. Wiss. Math.-Nat. 
Kl. 1953/1955, 159-267 (1956). MR 18, 476.) The author 
refers to a less general proof using the Epstein zeta- 
function, and a more general proof of A. Selberg by an 
undisclosed method, each producing an extension to the 
whole s-plane. H. Cohn (St. Louis, Mo.). 


Rankin, R. A. The construction of automorphic forms 
from the derivatives of a given form. J. Indian Math. 
Soc. (N.S.) 20 (1956), 103-116. 

Let /(z) be a meromorphic automorphic form of arbi- 
trary dimension k, belonging to the horocyclic group I, 
with the multiptiers v. The author determines all poly- 
nomials P(/, f1, ---, fx) in f(z) and its first » derivatives 
(denoted by MET | ts), which are themselves auto- 
morphic forms, P« {I’, k’, v’'}. Using relatively simple 
tools, by skillful but straightforward computations the 
following results are obtained: A term A/fo%/)%---/ % 
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is said to be of degree r and weight s when r=}, a, 
s=}_1 joy. If P is automorphic then all its terms are of 
the same degree and weight. Define h,(z)=/,(z)/T'(k+-r)r! 
and, for any integer m2=2, set Yale) =(— 1)e lea the 
terms of the determinant ||ajy\| being a;;—7h; and, for 
122, ay=hy4+1 if i—-7+120, ay=0 otherwise. In case k 
is a non-positive integer, set k=1—N, g,-=/,T'(N—r)/r! 
and let ¢dm(z)=(—1)™~1|\by||, the terms by being defined 
as the ay’s, except that the g,’s now stand for the h,’s. 
With 62=g:hn+gohn+: the main result of the paper can 
be stated as follows: If & is not a non-positive integer, then 
f(z) and wm(z) (2Sm<n) form a basis for all automorphic 
forms that are rational functions of / and its first n 
derivatives. If k is a non-positive integer, then /, /) and 
zm (this is ym formed from Ay instead of fo) are auto- 
morphic for N21, m2=2, while 42 is automorphic for N22 
and ¢m for N23, 2Sm<N; these functions are poly- 
nomials in f and its first » derivatives and form a basis for 
all other such polynomials that are automorphic forms. 
Some examples are considered, where I is the full modular 
group. E. Grosswald (Philadelphia, Pa.). 


Myrberg, P. J. Uber automorphe Thetafunktionen bei 
Fuchsschen Gruppen vom Geschlecht null. Ann. Acad. 
Sci. Fenn. Ser. A. I. no. 223 (1956), 11 pp. 

Let [' be a fuchsian group with the principal circle 
\z|==1. The author defines automorphic theta functions to 
be functions g(z) which are regular in |z|<1 and satisfy 
equations g(Sz)=e*%s®)g(x) for all linear transformations 
S «QT. The exponents us(z) are supposed to be integral 
functions which can be represented as linear combinations 


N 
us(z)= z a, )u,(z)+-an41 
v= 


of a finite number of them. Since the case N=1 was 
studied earlier [same Ann. no. 111 (1952); MR 14, 262) the 
author now supposes N>1. For the sake of simplicity he 
takes N=2. Under some special assumptions (the genus 
of T' is supposed to be zero and I is supposed to be gener- 
ated by a finite number of elliptic linear transformations) 
he proves that any automorphic function belonging to 
the group [' can be represented as a quotient of two 
automorphic theta functions, each of which is a product 
of primitive automorphic theta functions (an automorphic 
theta function is termed primitive if it has exactly one 
simple zero in the fundamental domain of I). 
H. D. Kloosterman (Leiden). 


Myrberg, P. J. Sur les fonctions automorphes 4 multi- 
plicateurs exponentiels. J. Math. Pures Appl. (9) 
35 (1956), 261-275. 

Let G be a fuchsian group with the unit circle as its 
principal circle. Suppose that G contains no parabolic 
linear transformations and is generated by a finite number 
of elliptic and hyperbolic linear transformations. The 
author considers (meromorphic) automorphic theta func- 
tions having the property that 


(A) g(Sz) = eXs¥(#)+ 0g (2) 
for all S «eG, where u(z) is regular in |z|<1. Then 
(B) u(Sz)=asu(z)+Bs. 


He determines all functions «(z) and g(z) satisfying (B) 
and (A) respectively for all S«G. Any automorphic 
function belonging to G can, except for an exponential 
factor, be represented as a quotient of two products of 
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primitive automorphic theta functions (having exactly 
one simple zero in the fundamental domain of G). 
H. D. Kloosterman (Leiden). 


Sandham, H. F. A square and a product of hypergeo- 

metric functions. Quart. J. Math. Oxford Ser. (2) 

7 (1956), 153-154. 

The author gives elementary proofs of Orr’s theorem 
and of Clausen’s theorem. He shows that Orr’s theorem is 
a special case of Dougall’s summation theorem for the 
7F¢ hypergeometric series, and he then deduces Clausen’s 
theorem by a simple argument based on hypergeometric 
functions of third order. L. J. Slater. 


Saran, Santi. Transformations of hypergeometric func- 
tions of three variables. Bull. Calcutta Math. Soc. 
48 (1956), 9-23. 

The author defines five hypergeometric functions of 
three variables and he gives double or triple integrals 
representing them. From these integrals he finds ex- 
pansions of the triple hypergeometric functions in terms 
of Gauss functions thus 





, ‘ a — (4, m)(b2+-bs, m) 
F(a, , bi, be, bs; C1, C2 ,%, y, = 2, (1, m)(ce, m) 
x oF 1(a1+m, 61; C1; x)2F1(—m, bg; be+b3; 1—2/y)y™ 
and he deduces some new transformations of the functions, 
for example 


Fyy(41, 42’, by’, be; c1, C2’; x, y, 2)= 

(1 —x)-F y(cy —a1, ay’, by, bz 3€1,02; —x/(1—x),y,2/(1—x)). 
He also proves as special cases several results concerning 

hypergeometric functions of two variables. Some of these 

have already been given by Bailey [Generalized hyper- 

geometric series, Cambridge, 1935] or Appell and Kampé 

de Fériet [Fonctions hypergéométriques et hypersphé- 


riques, Gauthier-Villars, Paris, 1926], but others are new. 
There are several misprints in this paper. L. J. Slater. 


See also: Epstein and French, p. 602; Mushiake, p. 622. 


Sequences, Series, Summability 
Vutkovié, Viadeta. Mercersche Satze fiir nichtlinedre 


Mittel. Acad. Serbe Sci. Publ. Inst. Math. 10 (1956), 

79-84. 

Let x1, x2, --- be a sequence of positive numbers, and 
let X,, X2, --- be a sequence (determined by any process 


whatever) for which 


min x75 X,S max Xx, 
1sksn 1sksn 


lim inf x¢S lim inf X,<lim sup XS lim sup xq. 
Supposing that g+1, let 


Y¥n=(%n+GXn)/(1+9) (n=1, 2, ---). 


Then the hypothesis y,—»y implies the Mercerian con- 
clusion %,-»y provided g>—1 and the sequence Xj, 
Xe, --: is either (1) monotone or (2) such that for each 
n>Il the differences X,—Xy-, and y,—%, are both 
ent or both 0 or both negative. The last part of the 

ypothesis can be replaced by the hypothesis that, when 
n is sufficiently great, X, lies in the closed interval with 
endpoints at X,-; and y,; and this together with con- 
vergence of y», is enough to imply convergence of X, and 
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hence of x,. Unlike the classic Mercerian theorems, this 
theorem applies to the nonlinear geometric and harmonic 
means. R. P. Agnew (Ithaca, N.Y.). 


van Dantzig, D. Complément 4 un probléme de M. 
Karamata. Nieuw Arch. Wisk. (3) 4 (1956), 109-111. 
In a previous note {same Arch. (3) 3 (1955), 89-92; 

MR 17, 29] the author answered a question of Karamata 

by showing that a real sequence {x} which cheyed the 

restrictions |Ax,|S1/n, |? k-4xz|S1, for n=1, 2, 3, 

does not have to have a null subsequence ‘{en.} with 

z+1/n~% bounded. In the present note, he completes this 
by proving the following. Let {x,} be a real sequence such 
that lim |Av,|=0, |DP Aeve|S1, where kAp=d>0. Then, 

for any increasing sequence fon} (lim py=oco), there is a 

subsequence ead es to zero and such that 

Ne+1/NeSpr. R. C. Buck (Madison, Wis.). 


Gatti, Stefania. Su un limite a cui tendono alcune medie. 

Metron 18 (1956), no. 1-2, 107-112. 

Let %1, %2, -**, ¥n, *** be a sequence of positive num- 
bers with lim... ¥,=A. With C a real number not equal 
to O or 1, let E be defined by C2=n-157_, C%. It is 
proven that limy... C7=C. Next let [Gini, Metron 13 
(1938), no. 2, 3-22] 


Baa— bewet 1 Pixs?) 
yl), Pra(xee) 


in which le), P(x-?) is the sum of the (*) different 


products of pth powers of c the first » x’s and ch—dq+0. 
It is also shown that 
lim Baa—, 


n-oco 


C. C. Craig (Ann Arbor, Mich.). 





| (ep—dg)"* 


Goldberg, Karl. The formal power series for log e*e¥. 

Duke Math. J. 23 (1956), 13-21. 

We operate in the free associative ring with the gener- 
ators x and y over the field of rational numbers. The 
paper investigates the formal power series development 
of log e*e¥. The general term of the series is either of the 
form 


W,=W,(s1, $e, °**, Sm) =x*vy*s- e + (xVy)*, 


where $1S2°*-Sm 0 and (xVy)*=—2x%= if m is odd and 
yi= if m is even. Wy is defined similarly. Let cz= 
Cz(S1, Se, ***, Sm) be the coefficient of Wz, and cy= 
Cy(Si, ***, Sm) that of Wy. The essential results of the 
paper are the following theorems. Theorem |: 


Cz(S1, $2, Ser Sm) =(— 1)*-!c¢,= 
i) om (1 —t)™"G,,(t)- + -Gs,,(t)at, 
where n= D7; s;, m’ =[4m)], m”’ =[}(m—1)] and the poly- 
nomials G,(#) are defined by the recursion formula 
d 


Git NG (s=2 ,3, +++) 


and G;(¢)=1. Theorem 2: The generating function for the 
Cz is given by 


> z oa(s1. : 
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In particular one obtains for cz(si, s2) Theorem 3: 


where By is the Ath Bernoulli number. 
C. Loewner (Palo Alto, Calif.). 


Faulhaber, Gerhard. Adquivalenzsatze fir die Kreisver- 
fahren der Limitierungstheorie. Math. Z. 66 (1956), 
34-52. 

Das durch die Matrix 


; 
an,= (~) e-a—)"”® (n>0, v0; a>0) 


definierte Matrixverfahren Fg ist fiir a=} und fiir Folgen 
Sa=0(4/n) nach Hardy-Littlewood [vgl. etwa G. H. 
Hardy, Divergent series, Oxford, 1949, th. 151, p. 216; 
MR 11, 25] aquivalent mit dem Borel-Verfahren. Nach 
Hyslop [Proc. London Math. Soc. (2) 41 (1936), 243-256] 
bleibt dies sogar richtig fiir alle Folgen mit s,—O(n*) 
fir ein K>O. Der Verf. baut die Hyslopsche Beweis- 
methode aus und beweist damit fiir alle Folgen mit 
Sn=O(n*) die Aquivalenz von Fg (fiir jeweils ein a) mit 
den folgenden Verfahren: 1. Euler-Knopp E>», 2. Taylor- 
Verfahren T,, 


Any=(1—a) *+1/ . jer, O<a<l, ven, 


3. den von Meyer-Kénig [Math. Z. 52 (1949), 257-304; 
MR 11, 242] eingefiihrten Verfahren Sz, 


any=(1—f)*+1 ("1") & o<pcl. 


Der Beweis erfolgt durch eine sorgfaltige Entwicklung 
der Matrixelemente a», dieser Verfahren in der Umgebung 
der Stelle y=»(m) fiir die ay, (bei festem m) maximal wird. 
Ahnliche Untersuchungen werden fiir das von Meyer-K6nig 
fibid. 56 (1952), 179-205; MR 14, 265) eingefiihrte Taylor- 
sche Verfahren fiir Funktionen 

pnt 





Ty's= _ tme—dt s(t) dt 


n!| 
durchgefiihrt. Insbesondere ergibt sich die Aquivalenz 
von T, (0<a<1) mit Ty’ (6>=(1—«)/a>0) fiir Folgen mit 
Sn=O(n¥), falls s(t)—sp, nSt<n+-1 gesetzt wird. 

A. Peyerimhoff (Giessen). 


Petersen, Gordon M. Inclusion between limitation me- 

thods. Math. Z. 65 (1956), 494-496. 

Fiir zwei Limitierungsverfahren A und B bedeute 
BDA, dass jede beschrankte A-limitierbare Folge auch 
B-limitierbar ist, wahrend eine beschrankte B-limitier- 
bare, aber nicht A-limitierbare Folge existiert (strikte 
Inklusion). Verf. gibt einen neuen Beweis fiir einen Satz 
von A. Brudno [C. R. (Dokl.) Acad. Sci. URSS (N.S.) 
43 (1944), 183-185; Mat. Sb. N.S. 16(58) (1945), 191-247; 
MR 6, 150; 7, 12]: Sind A und B permanente Matrix- 
verfahren mit BDA, so gibt esein permanentes Verfahren 
C mit BDCDA. Der Beweis wird erbracht durch Kon- 
struktion einer Teilmatrix A’ von A mit A’DA (diese Be- 
dingung fehlt im Lemma auf S. 494 — andernfalls ware 
A’=A trivialerweise méglich), die aber nicht alle B- 
limitierbaren Folgen limitiert. Die Matrix C wird aus den 
Zeilen von A’ und B zusammengesetzt. (Im Beweis oben 
auf S. 495 muss lim inft,!=1 durch lim inf t,!=—v<s 
ersetzt werden.) A. Peyerimhof} (Giessen). 
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Ramanujan, M. S. Theorems on the product of quasi- 
Hausdorff and Abel transforms. Math. Z. 65 (1956), 
442-447. 

Die Arbeit liefert einen neuen Beitrag zu dem von 
Szdsz [Proc. Amer. Math. Soc. 3 (1952), 257-263; Ann. 
Soc. Polon. Math. 25 (1952), 75-84; MR 13, 835; 15, 26), 
Pati [Proc. Nat. Inst. Sci. India 20 (1954), 348-351; MR 
16, 124] und Rajagopal [J. Indian Math. Soc. (N.S.) 
18 (1954), 89-105; MR 16, 691] behandelten Fragekreis, 
wann fiir permanente Summierungsverfahren A und B 
die Beziehung ABDA gilt. Die Giiltigkeit dieser Bezie- 
hung wird nachgewiesen fiir A=Abelverfahren, B=quasi 
Hausdorffverfahren (in der Reihen-Reihen Form erklart 


durch die Matrix (” )ar-mun, v=n, n+1, ---, wo {un} 


eine regulare Momentfolge ist), falls nur Reihen mit be- 
schrankten Teilsummen zur Summation zugelassen wer- 
den. A. Peyerimhoff (Giessen). 


Rajagopal, C. T. A note on the oscillation of Riesz, 
Euler, and Ingham means. Quart. J. Math. Oxford 
Ser. (2) 7 (1956), 64-75. 

Neuer Beweis fiir den folgenden, von W. B. Pennington 
[J. London Math. Soc. 27 (1952), 199-206; MR 13, 738] 
und dem Verf. [Amer. J. Math. 69 (1947), 371-378, 851-— 
852; 76 (1954), 252-258; MR 9, 26, 278; 15, 522] bewiese- 
nen Satz: Existiert 


or(x)= Are) = = ; (x—wu)?-! A (u) du 


fiir alle r>0O und x>0 (o0{x)=A(x), reell) und ist 
Jen int = gang, =* emai) 


so ist sogar 6-—o,=s fiir alle geniigend grossen 7. [Der 
entsprechende Satz fiir Cesaroverfahren stammt von J. 
E. Littlewood, J. London Math. Soc. 10 (1935), 309-310.] 
Zum Beweis wird gezeigt (Theorem 1,), dass fiir geniigend 
grosse 7 


or(y)= rer J » e-*¥A,(u)du 


fiir y>O absolut konvergiert und limy.+9 ¢r(y)=s ist. 
Daraus wird durch einen Taubersatz die Behaupt 
abgeleitet. In einem weiteren Beweis (Theoreme | und 2 
wird mit der Karamataschen Methode direkt die Kon- 
vergenz von o,(x) (x->co) bewiesen. Ein analoges Ergeb- 
nis wird fiir Eulerverfahren hergeleitet; dem Laplace- 
integral entspricht dabei das Borelverfahren [das Er- 
gebnis stammt im wesentlichen von W. Meyer Kénig und 
K. Zeller, Math. Z. 59 (1953), 200-205; MR 15, 305}. Ein 
weiteres Ergebnis iiber Inghamsche Mittel wird mit der 
Karamataschen Methode abgeleitet. A. Peyerimhoff. 


Bojani¢é, Ranko. Quelques problémes de sommation. 
Bull. Soc. Math. Phys. Macédoine 6 (1955), 9-17. 
(Serbo-Croatian. French summary) 

Soit y—a=—c%_+(1—c)x_-1, c40, et c#1. On sait que la 
convergence de la suite {y,} entraine celle de {xq} si 
Re {c}>}. V. Vudkovi¢ [Acad. Serbe Sci. Publ. Inst. 
Math. 8 (1955), 53-58; MR 17, 961] a montré que ce ré- 
sultat reste valable si l’on remplace la convergence par 
la sommabilité (N,,). L’auteur donne d’abord une 
simple démonstration de ce fait et ensuite, pour le pro- 
cédé d’Euler il démontre que (E, g) lim y,=« entraine 
(E, q) lim x_=a, si Refc}>1/(2\¢+1)), g réel, A—1, tandis 
que pour le procédé de Borel le résultat correspondant 
subsiste si Re{c}>0. M. Tomié (Beograd). 
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See also: Thebault, p. 561; 
p. 610; Ford, p. 626. 





Butzer, p. 585; BoZelov, 


Approximations, Orthogonal Functions 


Mauersberger, Peter. Die “Neumannsche Methode” zur 
Approximation einer durch Beobachtungen gegebenen 
Funktion und ihr Zusammenhang mit der mechanischen 

tur nach Gauss-Jacobi. Z. Angew. Math. Mech. 
36 (1956), 372-376. (English, French and Russian 
summaries) 
Orthogonal polynomials applied to interpolation in n 

variables. P. Davis (Washington, D.C.). 


Zidkov,G. V. Remark on Bernstein polynomials. Grod- 
nenskii Gos. Ped. Inst. Ué. Zap. 1(1955), 31-33. 
(Russian) 

Denoting by B,(x) the mth degree Bernstein polynomial 
approximating /(x), assumed continuously differentiable 
in [0, 1] it is known that B,’(x)-/'(x) as n-+co [see, e.g., 
G. G. Lorentz, Bernstein polynomials, Univ. of Toronto 
Press, 1953; MR 15, 217]. The present author sharpens 
this to |B,'(x)—/’(x)|<C(3/4n)*¥?, postulating that /’(x) 
satisfies |/’(x,)—/’(xe)|SC|x1—x2|*, where O0<as1, C>O. 

F. V. Atkinson (Canberra). 


See also: Walsh, p. 569; Al-Salam, p. 570; Drazin, 
p. 570; Rudin, p. 587. 


Trigonometric Series and Integrals 


Aljantié, S.; Bojani¢é, R.; et Tomi¢é, M. Sur le com- 
portement asymptotique au voisinage de zéro des séries 
trigonométriques de sinus a coefficients monotones. 
Acad. Serbe Sci. Publ. Inst. Math. 10 (1956), 101-120. 
The authors generalize known results connecting the 

asymptotic behavior of the coefficients of a sine series 

with the behavior of its sum in a neighborhood of 0. 

Let L(x) be a positive continuous slowly increasing 

function (L(tx)/L(x)—>1 as x->co). Let g(x)=> A, sin nx 

with A, | 0. (1) If 0<a<2, A>0, then 


x)~AtAn|T'(a)}esc fo x*-1L(1/x) 


implies A,~An-*L(n) ; the converse is true, and holds for 
1<a<2 if it is merely assumed that A,>0. (2) If A>0 
and {A,} is convex, then Ag~AL(m) implies g(x)~ 
Ax-1L(1/x); the converse is true without the extra 
hypothesis on Ay. R. P. Boas, Jr. (Evanston, IIl.). 


Tomié, M. Sur la sommation de la série de Fourier 
d'une fonction continue avec le module de continuité 
donné. Acad. Serbe Sci. Publ. Inst. Math. 10 (1956), 
19-36. 

The author gives some conditions under which a 
triangular matrix sums the Fourier series of every func- 
tion with a given modulus of continuity , generalizing 
results of an earlier paper [same Publ. 8 (1955), 23-32; 
MR 17, 963). Applications: 


(1) Sn(%+an) +5n(%—a@n) >2/(x) 
uniformly, if and only if 


k(n) 
2n-+1 + shes o{ 1 /ao(1/m)} 


with h(n) odd and bounded. (2) If w(8)=0O(1/log(1/8)) 
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the Fourier series of / converges uniformly, provided the 
Fourier coefficients cy satisfy |c,|SF(n)/n with F’(x)>0, 
F(n)=o(log n), F(n)~F(n+1). The author also corrects 
the proof of a theorem of the paper cited above on quasi 
convex uniform convergence factors [cf. the following 
review]. R. P. Boas, Jr. (Evanston, Ii.). 


Bojani¢, R. On uniform convergence of Fourier series. 
Acad. Serbe Sci. Publ. Inst. Math. 10 (1956), 153-158. 
Let A(é) be the partial sums of 349+ Sf A, cos vt; let 

Q(t) be continuous, decrease monotonically to 0 as ¢ | 0, 

and satisfy Q(0)=0, Q(«+y)sSQ(x*)+Q(y). Then the 

conditions 


fri >> A,(é)\dt=O(n) and Q(1/n) [™\Aq()\dt=041) 
v=0 0 


are necessary and sufficient for the sequence {A,}, acting 
as a sequence of multipliers, to carry the Fourier series of 
any function whose modulus of continuity is Q into a 
uniformly convergent series. This generalizes one of the 
theorems of Tomi¢ in the paper reviewed above. 

R. P. Boas, Jr. (Evanston, II). 


van der Corput, J. G. On the transformation of certain 
trigonometricsums. J. Analyse Math. 4 (1955/56), 236- 
245. 
The author considers sums of the forms 


= exp(2nipn)(n—B)@ sin-™(x(yn-+c)), 


n in (a,b) 
2 exp(2nipn)(n—B)® cos x(qn-+-c) sin-™(x(nn-+-c)), 

n in (a. 

where a, 6 integers, c, », p, 8 real numbers, m small 
positive integer, Q20 small integer, A=O or 1 for A=0 
and a<b, n=a+1/2, a+3/2, ---, b—1/2, A=1 and a<b, 
n=a,a+1, ---, 6. The first and the last term in the sum 
has to be taken with the factor 1/2. It is shown that if 
either |p/y| is a small positive integer or p/n, an+c and 
by-+-c are integers these sums can be represented non 
trivially as a linear combination of elementary sums. A 
sum is elementary if either |b—a| small or p an integer 
because then the sums can be easily evaluated explicitly 
or asymptotically by means of the Euler Maclaurin sum 
formula. One sees immediately that these sums can be 
represented by a linear combination of sums of the form 


5% exp(2zipn)(n—f)9%,,(@(x(yn-+c)) (u=0 or 1), 


n in (a, 
where fo @(x)=d@(cosec x)/dx@; {1 @(x)=d@(cot x)/dx#. 


Then the result follows from the identity 
(2s)-« oad  exp(2ni(Byn+Cn-+ Be)) 


x (n—B)%,,(x(nm-+e)—= & (¥) (2i)-H(A—Bye* 


x Zo expand nt Acie B) 9, («(nn-+c)) 


n in (a, 
my £) @-*e—pe-* 


x Zw exp(2ni(byn-+on-+bC))(n—B)thy™ (a(yn-+c)) 


— 3 ($e O° Fe peat ty 


X (n—B) af, (x(yn+-C)) 


where a, 6, c, A, B, C, n, B, are arbitrary real numbers 
such that b—a, B—A are integers g, Q arbitrary integers 
20. If 4m+c=integer, we replace the corresponding 
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terms in this relation (and correspondingly in the original 
sums) by a finite expression L where 


L=lim[exp(2x1Bt)},@ (x(yn+1))—P(1/(¢—c))}, 


here P(x) is the polynomial given by the principal part 
of the Laurent expansion of the first term at c. 
U. W. Hochstrasser (Washington, D.C.). 


Hirokawa, Hiroshi. On the Cesaro summability of 
Fourier series. K6odai Math. Sem. Rep. 7 (1955), 79- 
82. 

Von C. Loo [Trans. Amer. Math. Soc. 56 (1944), 508- 
518; MR 6, 126] wurde bewiesen: Fiir Fourierreihen 
p(t) ~=xP an cos nt (a9p=0) folgt fiir «>0 aus 

("— 7+ *)a,—0(n9/logn) (n->00) 
van 


n—v 


die Beziehung : 
boss = Tee Jolt—H)*v(H)du—o(te"4)(t-20). 


Fiir diesen Sachverhalt wird ein neuer Beweis angegeben ; 
ausserdem wird gezeigt, dass auch 1— <a<0O zulassig ist, 
falls noch S52, |ay|/y>=O(n-) gilt fir 0<d<1, «+6>0. 
Zum Beweis fiir «>0O wird ¢q+1*(t)=/§ (#2—u*)*p(u)du 
direkt abgeschiitzt — dabei wird eine Abschatzung von 
G. Sunouchi [Téhoku Math. J. (2) 5 (1953), 198-210; 
MR 15, 788] iiber Integrale der Form 


J ; uB(t2—u2)o-1 cos nu du 


verwendet. Das Ergebnis folgt schliesslich daraus, dass 
nach K. Chandrasekharan und O. Szasz [Amer. J. Math. 
70 (1948), 709-729; MR 10, 369] da+1*(f)=o(f*=*1) die 
Beziehung ¢.+1(t)=o(é*+1) nach sich zieht. {Die Arbeit 
enthalt emige Druckfehler; auf S. 80 muss in der Ab- 
schatzung von J," die 5¥_, durch S47 *! ersetzt werden.} 
A. Peyerimhoff (Giessen). 


Artémiadis, Nicolas K. Quelques théorémes sur les 
transformées de Fourier et sur les coefficients des 
fonctions typiquement réelles. C. R. Acad. Sci. Paris 
244 (1957), 544-547. 

The author restates and generalizes an inequality for 
Fourier transforms that he gave in an earlier note 
(same C. R. 240 (1955), 1500-1502; MR 16, 817] and 
applies it to obtain some inequalities for the coefficients 
of typically-real power series in the unit disk. If the power 
series is F(z)=z+Dfa_2", and P(r)=Diyar® is a 
polynomial with certain properties, he defines 


Be) =4 E apr? 


for n—1<xSn, B(x)=B(—x); and B,(x)=yo for |x|S1; 
yar™ for n<xSn+1 (n=1, 2, ---, Rk); O for larger x; By 
even. He then applies one of his inequalities for Fourier 
transforms to £*B,, where B, is the Fourier transform 
of #1. By specializing the polynomial he obtains inequa- 
lities like the following: 


2+-de—@y—1— 441+ }(4,-2—@y+2) 20; 
if F(r)~A/(1—r), then 
|\A+4(a,-2—@,+2)+4,41—@,-1|SA +2—ag. 


In a similar Me he obtains an inequality for the coef- 
ficients of univalent star-shaped functions. 
R. P. Boas, Jr. (Evanston, Iil.). 
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Integral Transforms 


* Munyennernii, fin. [Mikusinskii, Yan.] Oneparopnoe 
uewienenue. [Operational calculus.] Translation 
from the Polish by A. I. Plesner. Izdat. Inostr. Lit., 
Moscow, 1956. 366 pp. 15.25 rubles. 

The original was reviewed in MR 16, 243. 


Stein, Elias M. Interpolation of linear operators. Trans. 

Amer. Math. Soc. 83 (1956), 482-492. 

Let T;, be an analytic family of linear transformations 
of simple functions on one measure space M to measurable 
functions on a second measure space N. Let us assume that 
for every pair of simple functions ¢ in M and y in N 
®(z)=/w (T24)y dn is analytic for O0< Re z<1 and continu- 
ous for O0< Re z<1, and that ® does not grow too rapidly 
in this strip. If ||T¢yfllaSAo(y)IIfllpy \IZ1+4yflleSA1(y)Iifllp. 
for every simple function / in M where 1S, p2, 91, 
gzSoo, then ||T¢f\lgSA(@|if\lp, where O<t<l,- I/g= 
(1—#)/qi+t/ge, 1/p=(1—#)/p1+t/p2. [For a related result 
see Hirschman, J. Analyse Math. 2 (1953), 209-218; MR 
15, 295, 1139.] Let Ey, be m dimensional Euclidean 
space, and let x=(x,, ---, %n), €=(&1, ---, &n), x-&= 
xi1+-+'+%n&n. Let f(x) «L(Eq), 


F()=(2a)-™2 [| et ty(x)de, 
and let 
Sa)=[ _ al! —(eURIPMEP (eae. 


As an application of his interpolation theorem the author 
proves that 1<p<2, 6>[(2/p)—1]x, where x=—}(n—1), 
then ||Sp/|/pSA|l/\|, where A depends upon and # and S 
but not upon R. The remainder of the paper is devoted to 
a generalization of Paley’s inequalities for a uniformly 
bounded orthonormal set of functions. 

I. I. Hirschman (St. Louis, Mo.). 


See also: Il’in, p. 567; Tanimura, p. 581; Papoulis, 
p. 602. 


Ordinary Differential Equations 


* Feller, William. On generalized Sturm-Liouville oper- 
ators. Proceedings of the conference on differential 
equations (dedicated to A. Weinstein), pp. 251-270. 
University of Maryland Book Store, College Park, Md., 
1956. 

The author continues his study of the generalized 
Sturm-Liouville operators [Ann. of Math. (2) 61 (1955), 
90-105; Comm. Pure Appl. Math. 8 (1955), 203-216; 
MR 16, 824, 927]. He again considers the class of non- 
trivial linear operators Q whose domain and range are 
in the space of continuous functions and which are of 
local character and have the minimum property. 

The work of the previous papers is greatly reduced by 
assuming Q to be regular in the sense that there are two 
linearly independent solutions of Qw=O in the neigh- 
borhood of each point. It is shown that there exist 
strictly increasing functions s(x) and m/(x), s_ being 
continuous, such that if w(x) is any non-vanishing (real 
or complex) solution of Qw=0, the operator Q has the 


representation 
a= Lda[wro{L)] 
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Here D,», and D, are generalized derivatives with respect 
to m and s respectively. 

Using this representation, the Weyl limit point limit- 
circle classification and relayed existence theorems are 
developed in a Hilbert space whose norm is / f(x)?dm(x) 
so that Q is self-adjoint in this space. 

The following typographical errors were noted: (a) in 
(5.3) the inequality is reversed ; (b) in (7.11) and (7.19) the 
lower limits of the first integrals should be s rather than 
So; (c) the inequality two lines below (9.3) should be 
OF (é)20. H. Weinberger (College Park, Md.). 


Utz, W. R. Boundedness and periodicity of solutions of 
the generalized Liénard equation. Ann. Mat. Pura 
Appl. (4) 42 (1956), 313-324. 

The author considers equations of the form 
#4-4(x, #)-+9(x)=e(2), 

which have been studied extensively [for summaries, see, 

e.g., M. L. Cartwright, E. T. Copson and J. Greig, Ad- 

vancement Sci. 6 (1949), no. 21; MR 11, 32, and G. 

Sansone, Atti 4° Congresso Un. Mat. Ital., Taormina, 

1951, v. 1, Edizioni Cremonese, Roma, 1953, pp. 186-217; 

MR 15, 32}. He proves: (i) If e(f)=0, and G(x) =/F g(u)du 

exists for every finite x and oo with |z|, and if 

d(x, %)=f(%) where uf(u)=0 for all wu or (x, %)=/f(x)z% 

where /(u)=0 for all w, in either case f(u) being integrable 

over every finite interval, then all solutions are bounded 
as too. (ii) If e(#)340, and g(x) =x, and if 4(x, #) satisfies 
the latter hypotheses, the same conclusion holds provided 
there exists one solution that is bounded as too. The 
author also obtains results on the behavior of solutions as 
t-+co under conditions in general too weak to ensure 

boundedness and he extends a theorem of McHarg [J. 

London Math. Soc. 22 (1947), 83-85; MR 9, 435] on the 

existence of an infinity of periodic solutions when e(¢) =0. 

All proofs depend on considerations of the integrated 

equation or of positive definite gauge functions. 

H. A. Antosiewicz (Washington, D.C.). 


Pipes, Louis A. Stability of periodic time-varying systems. 

Math. Mag. 30 (1956), 71-80. 

The author describes two methods for discussing the 
behavior of the solutions of the equation x’’—F(t)x=0 
where F(t) is a periodic function of ¢. One method involves 
a matrix multiplication technique described by the author 
in a previous paper [J. Appl. Phys. 24 (1953), 902-910; 
MR 15, 128) and the other is an approximate method 
originally given by Lord Rayleigh [Phil. Mag. (5) 24 
(1887), 145-159]. These methods are illustrated for the 
problem of the “inverted pendulum.” J. K. Hale. 


Lehrer, Y. Note on simultaneous linear differential 
equations with constant coefficients. Proc. Cambridge 
Philos. Soc. 53 (1957), 257-258. 

The author writes the solution of the differential 
system 


U’+cU=V, U(0)=Up 


(where U, V are column vectors and c is a square constant 
matrix of special form) as 


U="S cH{fe(—U0+ |" te(0)Vad}, 


where the /, form a fundamental system of solutions of 
the equation 


2) +- Dy _y2™—-D) 4. coe +poz=0, 
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subject to the initial conditions 
fi (O)-0=de (7, =O, ---, m—1), 

and the polynomial 

P(A) =A" +-Pm—1A™-14+- +++ +h 


is the characteristic polynomial of c. W. J. Coles. 
Hartman, Philip. Self-adjoint, non-oscillatory systems of 
ordinary, second order, linear differential equations. 

Duke Math. J. 24(1957), 25-35. 

A differential equation x’’+/(é)x=0 is called non- 
oscillatory on OSt<co if no (non-trivial) solution has 
arbitrarily large zeros. This notion is generalized to a 
self-adjoint system of equations x’’+F(t)x=0 in which * 
is a vector and F(t) is a continuous Hermitian matrix on 
Ost<oo. Results concerning solutions of this system 
(and, more generally, of the system (Px’)'+Fx=0 in 
which P(t) is a continuous Hermitian positive definite 
matrix), analogous to known facts concerning solutions 
in the particular cases that F(t) is a scalar or a real 
Hermitian non-positive definite matrix, are obtained. 

C. R. Putnam (Lafayette, Ind.). 


Bellman, Richard. Notes on matrix theory. X. A 
problem in control. Quart. Appl. Math. 14 (1957), 
417-419. 

Let A and B be xn constant matrices, and let an 
n-dimensional vector (x 1 matrix) x be determined by 
the equations dx/dt=Ax, x(0)=c. In this note it is shown 
that if the characteristic roots of A have negative real 
parts, the integral 


I («, Ba)dt 


can be evaluated without having to solve the differential 
equation explicitly. The result is of value in the theory 
of control processes. L. A. MacColl. 


Bellman, Richard. Notes on control processes. I. On 
the minimum of maximum deviation. Quart. Appl. 
Math. 14 (1957), 419-423. 

Let x be a vector function of ¢ defined by the equations 
dx/dt=(x, y), x(0)=c, where y is a given vector function 
of ¢ and c is a constant vector. Also let z be a fixed vector 
function of ¢. It is assumed that the vector space is norm- 
ed; and it is required to determine y so as to minimize 
the quantity maxo<:<r ||x—z||. The author describes, 
rather too concisely, a procedure by which the required 
y can be found, by solving a non-linear partial differential 
equation or a recurrence relation. L. A. MacColl. 


Schiffer, Juan Jorge. Analytische Parameterabhingig- 
keit der fastperiodischen von nichtlinearen 
Differentialgleichungen. Rend. Circ. Mat. Palermo (2) 
5 (1956), 204-236. 

Let B be the space of m by m matrices whose elements 
are real-valued uniformly almost periodic (u.a.p.) func- 
tions of the real variable ¢. If ||A||=supy,:,-; ||A%|| where 
\|x|| is the Euclidean norm of the vector x « R® (real, »- 
dimensional, linear space), then |A(é)|=sup; ||A(é)|| is a 
norm on B. Consider the space }imx» (7) of matrices of 
the form A(t, 4)=S% A;(é)A* such that SP jAd(t)p*<0o, 
where the A; B. A(t, u) is said to be a u.a.p. function 
of ¢ uniformly analytically dependent (u.a.d.) on yw in an 
(open) interval J if for every yo ¢ I there is an r=r(yo) >0 
such that B(t, 4)=A(t, wo+A) € Smxan (7). The principal 
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result of this paper is concerned with the equation 








( +i, plt, ))=0, 


where f(x,y) is analytic in (x, y)«R®xR™ in some 
suitable region and P(t, A) € Simx1 (7). Let xo(#) be a u.a.p. 
solution of (1) for A=0 and suppose 


p H + 2 Heol), ple, d)2+-9(=0 
(f(x, y)/ex being the Jacobian matrix) possesses for 


4=0 at least one bounded solution for #20 for every 
bounded continuous g(#) or at least one bounded solution 


| for #0 for every bounded continuous ¢(¢). Then there 


exists an r9>O and x(t, A) € Snx1 (vo) which is a solution 
of (1) for |A|/Sro such that x(t, 0)—xo(¢). Also if p(t, a) is 
u.a.d. on A in J, if (1) possesses exactly one u.a.p. solution 
x(t, 4) for each A J and if the solutions of (2) satisfy the 
above boundedness conditions for each Ae J, then x(é, 4) 


| isu.a.d. on Ain J. The author also obtains some results 
' relating the Fourier exponents of x(¢, 4) and p(t, A). 


C. E. Langenhop (Ames, Iowa). 


Géransson, K.; and Hansson, L. An experimental inves- 
tigation of subharmonic oscillations in a nonlinear 
system. Kungl. Tekn. Hégsk: Handl. Stockholm no. 
97 (1956), 16 pp. 

The results of Lundquist [Quart. Appl. Math. 13 
(1955), 305-310; MR 17, 369] are verified experimentally 
for small perturbations from the linear. Experimental 
results for the strong non-linear case are also given. 

N. Levinson (Cambridge, Mass.). 


Faure, Robert. Sur certaines solutions périodiques d’équa- 
tions différentielles non linéaires. Cas des vibrations 
forcées. Influence de la fréquence. Ann. Mat. Pura 
Appl. (4) 42 (1956), 165-188. 

Theorem. Consider (1) y’’+/(y)y’+Ay=e(¢), where e(#) 
is periodic of period T=2n/w, e(t)=> ane™*, ao=0, 
E |an|=<oo, and f(y) is an analytic function with 
{(0)40. For a given » and for 7 sufficiently small, the 
equation (1) possesses a periodic soiution of period T and 
the solution, together with its first and second derivatives, 
has absolutely convergent Fourier series. The solution 
and its first derivative approach zero as 7->0. For any », 
there always exists a periodic solution of period T pro- 
vided that w is sufficiently large and the solution together 
with its first derivative approach zero as w->oo. The 
author proves the above theorem by rewriting (1) as 
y"+ay'+ky=e(t)+e(y)y’, g(y)=a—f(y), a=f(0) 40. De- 
fining functions “, by the recurrence relation 


tn’ +atn’ +kug=e(t)+¢(Un-1)Un-1', 


he shows that the functions “, converge to a periodic so- 
lution of (1) provided that a certain inequality involving 
7 and @ is satisfied. A similar theorem is given for the 
equation y”’ +/(y)y’+g(y)=e(¢), but it is more difficult to 
form the recurrence relation for the functions #,. The 
paper also contains some analogous theorems for differ- 
ential difference equations. J. K. Hale. 


Reissig, Rolf. Uber die Stabilitat erz er Bewe- 

. Wiss. Z. Humboldt-Univ. Berlin. Math.- 

Nat. Reihe 5 (1955/56), 103-105. (Russian, English 
and French summaries) 

When examining stationary movements one must also 

be interested in their stability, for only stable movements 


MATHEMATICAL REVIEWS 












577 


are realizable. Extreme stability is then evident when the 
course of movement considered will withstand all dis- 
turbances. Using the methods of E. Trefftz [Math. 
Ann. 95 (1925), 307-312], the author shows that periodic 
excitement of an extremely stable system always leads 
to the same forced vibration. J. K. Hale. 


Manaresi, Gabriella. Sopra alcune limitazioni per |’am- 
piezza delle oscillazioni non-lineari. Atti Accad. Sci. 
Ist. Bologna. Cl. Sci. Fis. Rend. (11) 2 (1954-55), 
184-189. 

The author considers the equation 


(1) #+F(x)+ao%x=0, 


where F (x)= /$/(x)dx, f(x) is symmetric and negative for 
|x| <6, 6>0O and /(x)=a>0 otherwise. Then there exists 
an A such that F(h)=F(—h)=0. Following the method 
of S. Mizohata and M. Yamaguti (Mem. Coll. Sci. Univ. 
Tokyo. Ser. A, Math. 27 (1952), 109-113; MR 14, 874] the 
author obtains bounds for the free oscillation of (1) which 
are improvements of some estimates obtained by E. 
Cartan [Ann. Postes 2 Téléphone 14 (1925), 
1196-1207]. J. K. Hale (St. Paul, Minn.). 


Sansone, G.; e Conti, R. Determinazione dell’integrale 
positivo minimo nell’equazione di M. Hukuhara. Rev. 
Un. Mat. Argentina 17 (1955), 213-216 (1956). 
Consider the equation (1) xy’=Ay*+B(x), where 

A>0, k>1 are constants, and B(x) is a continuous func- 

tion in OS%S%o, (x9>0), B(O)=0; B(x)>0 for 0<xSxp. 

Assume that (1) has a solution y(x) with the properties 

(2) y(x)>0 for 0<x<xo and limg..o, y(x)=0. M. Huku- 

hara [Proc. Phys.-Math. Soc. Japan (3) 21 (1939), 183- 

190) has given a necessary and sufficient condition that 

(1) have a solution with the properties (2). The authors 

show that the set of all solutions (2) has a minimum and 

give a method of successive approximations for calcu- 
lating this minimum. J. K. Hale (St. Paul, Minn.). 


See also: Seidenberg, p. 568; Zubov, p. 578; Bellman, 
p. 582. 


Partial Differential Equations 


* Sneddon, Ian N. Elements of partial differential equa- 
tions. McGraw-Hill Book Company, Inc., New York- 
Toronto-London, 1957. ix+327 pp. $7.50. 

In the author’s own words: “The aim of this book is to 
present the elements of the theory of partial differential 
equations in a form suitable for the use of students and 
research workers whose main interest in the subject lies 
in finding solutions of particular equations rather than 
in the general theory’. An attempt has been made to 
touch upon subjects from the entire field of partial 
differential equations. There are six chapters in all. 
Chapter 1 is introductory in character and deals with 
ordinary differential equations in more than two inde- 
pendent variables. Of special interest here is the treatment 
of Pfaffian differential forms, Carathéodory’s theorem on 
integrability, and its application to thermodynamics. 
Partial differential equations of the first order occupy 
chapter 2. Among the subjects covered are Cauchy's 
problem for first order equations, linear and nonlinear 
equations, Cauchy’s method of characteristics, Lagrange’s 
and Charpit’s methods, and applications, for example to 
stochastic processes and to birth and death processes in 
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bacteria. Chapter 3 is concerned with a preliminary 
discussion of second (and higher) order equations, 
preparatory to the last three chapters, which consider in 
more detail the three main types of second order equa- 
tions. One finds a treatment of linear partial differential 
equations with constant coefficients, canonical forms for 
second order equations, characteristics of equations in 
two and three independent variables, Riemann’s method 
of integration, and integral transforms. Chapter 4 deals 
with Laplace’s equation, the prototype of the elliptic 
second order linear partial differential equations. The 
Dirichlet, Neumann and mixed boundary value problems 
are dealt with, Green’s functions, Kelvin’s inversion 
theorem, and allied topics. The typical hyperbolic 
equation, the wave equation, constitutes the subject 
matter of chapter 5. One, two, and three space dimensions 
are considered; the Riemann-Volterra solution of the one 
dimensional equation, and Helmholtz’, Weber’s and 
Kirchhoff’s general solutions in two and three dimensions. 
There is a brief introduction to Marcel Riesz’ method of 
solution, based on Riesz’ generalization of the Riemann- 
Liouville integral. The concluding chapter 6 has the heat 
equation, the typical parabolic equation, as its topic. 
There is an appendix on systems of surfaces, meant to 
provide a brief outline of some of the properties of sys- 
tems of surfaces used in chapter 2. The use of this book as 
a text is facilitated by the presence of a large number of 
problems, together with the solution of all odd numbered 
ones. J. B. Diaz (Cambridge, Mass.). 


Prodi, Giovanni. Sul primo problema al contorno per 
equazioni a derivate parziali ellittiche o paraboliche, 
con secondo membro illimitato sulla frontiera. Ist. 
Lombardo Sci. Lett. Rend. Cl. Sci. Mat. Nat. 90 (1956), 
189-208. 

Let A denote a domain in the xy-plane and FA its 
boundary. For a point P in A let the minimum distance 
between P and FA be indicated by 4(P). The coefficients 
of the elliptic operator 


L(u) =AUgz+ 2bugy+Cuyy+dug+ euy+gu 
(ac—b?>0, g<0) 


are assumed continuous functions of (x, y) on AU FA. It 
is also assumed that on each closed subset of A these 
coefficients as well as another function f=/(P) satisfy 
Hdlder conditions. Under relatively light restrictions on 
the boundary of A the author proves that the Dirichlet 
problem 


L(u)=f on A, u=0 on FA 


admits a unique solution u(x, y) of class C2 on A and 
C® on the closure of A provided there exist positive con- 
stants K and w<2 such that |/(P)|S.K(d(P))-. 

Similar reults are obtained relative to the first boundary 
problem for the parabolic equation L(u)—u=/(P, ?). 
Here the coefficients a, b, ---, g may depend on ¢ 
(OStST) as well as (x, y) and the function / must satisfy 
a restriction of the type (|/(P, )|SK{(6(P))-*+t-+4}. 
{Related results on the parabolic equation 


U=Uee+ F(x, t, u, bz) 


may be found in the author’s papers in same Rend. (3) 
17(86) (1953), 3-26, 27-47; MR 16, 259. Condition He in 
the review of this paper is misprinted. It should read: 
““Heg) For each interval —vSwsv there exists a constant 
Ky such that |F(x, t, u, uz)|SKof{(p(x, t))y+|uz|7}, where 
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y is a positive constant less than 2.’} 
F. G. Dressel (Durham, N.C.). 


* Transactions of the Symposium on Partial Differential 
Equations held at the University of California, at 
Berkeley, June 20-July 1, 1955. Sponsored by Office 
of Naval Research, Univ. of California, Berkeley, 
Calif., Univ. of Kansas, Lawrence, Kan., and Amer. 
Math. Soc.; Editorial Committee, N. Aronszajn — A. 
Douglis — C. B. Morrey, Jr. Interscience Publishers, 
Inc., New York, 1956. vi+334 pp. $6.50. 

This book is a reprint of Comm. Pure Appl. Math. IX, 

3 (1956), whose 28 articles are being currently reviewed 

in MR. 


Zubov, V. I. Representation of solutions of systems of 
differential equations in the neighborhood of a si 
point. Dokl. Akad. Nauk SSSR (N.S.) 109 (1956), 
1095-1097. (Russian) 

The author considers a system of partial differential 

L. of the form 


(1) SACS paltiat X44 St 


2, 7 
Eanlthet Seaeia (j=1, ---, k,) 
where 
X;= > ps™ ery Mg>My»***> x) (t)x™ - + *X_ Mn+ zymi- - + zyme 
Lm + ime d 
(s=1, ---,n), 
Z;= zr Qytm: ~~ M»Mrs"**> Me) (t)¢™- ++ KgMn+ZyM- ++ zpMe 
Lewt+ ines 


(j=1, ---, 2). 
The functions 


Par(t), q(t), 7er(t), 


P,mrmn, — m»)(t), Qy™ — IM, My»***» M2) (t) 
(s, /=1, 


are assumed real, continuous, and bounded for ‘20. The 
author states that if suitable relations hold between the 
{ps1} and the {gi}, there will exist holomorphic functions 
24(x1, +++, Xm, t, C1, -**, Cp) (J=1, +--+, 2) depending on £ 
arbitrary constants, which are solutions of (1) in a region 
of the form |xs|Sxo(t) 40, #20, |co/Sco. These functions 
appear as infinite sums of homogeneous forms in 4%, 

*, %, with coefficients depending on ¢ and on the ¢y, 


+n; 4, 9,=1, °**, Ry 


oot, Cp. 
This result is applied to a system of ordinary differential 
era 


(2) AY >» Psi(2) Vit+Ps(z) (z)z+ Yo(z, y1, ***, Yn) 
(s=1, ---, #), 
where 
Y,= paimmrm,) zmMyM - *Yn™e, 


m+mi+---+maz2 
and pu, Ps, Pysm~m) (s,i=1, +--+, m) are real, 
continuous, and bounded for 0<z<1. The author states 


that under suitable restrictions on the {f.:}, (2) admits a 
family of solutions of the form 


£ ans 
y= ¥ R,memy~mg)(2)2"" } ee Cy™cg™- ° “cpm 
m+ m2zi 
- (s=1, tee, n) 


convergent for |z|<zo, \ce|Sco, o=1, ---, 8B. R. Finn. 
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Foias, Ciprian ; Gussi, George; et Poenaru, Valentin. Une 
méthode directe dans |’étude des équations aux dérivées 

partielles hyperboliques, quasilinéaires en deux varia- 

bles. Math. Nachr. 15 (1956), 89-116. 

The article deals with the initial value problem (on 


t=0) for the (semi-linear) hyperbolic system 
oy 
ot 


it being assumed that the proper values of the matrix 
(ay) are real and distinct. The coefficients ay(t, x), 
f(t, x, #) are continuous and satisfy additional conditions, 
to be elaborated below, but need not be differentiable. 
Concerning each function aj;(t, x)=a(t, x), it is assumed 
that 


+ 3 ault 1) Ht =H %, Uy, °**, tn) (G=1,2,---, n) 


lim sup |A-l{a(t, x+-h)—a(t, x)}|SRk@), 
lim sup |h-Y{a(t-+h, x)—a(t, x)}|S1() (h-0), 


where (#), /(#) are summable. Concerning the set of func- 
tions f;(t, x, u, +++, U,)=—f,(t, x, u), it is assumed that 
\fi(t, x, wu) —fi(t, x, v)|SKy(t)w(>S |we—ve|), where the K;(t) 
are summable and w/(z) is a positive non-decreasive func- 
tion such that for any 7>0, /§ dz/w(z)=-+-0o. In this 
context it is proved that if the initial value problem has 
a C! solution, then that solution is unique. When the 
matrix (a) is diagonal, more specific results can be ob- 
tained. Let ay(t, x)=A,(t, x)dy, with A,(¢, x) continuous 
and such that d&/dt=A,(t, &(¢)) has a unique solution 
x=&;(t, to, xo) passing through each point (fo, xo). By 
integrating the sth equation along the corresponding 
characteristic curve x=&;(t, to, xo), the hyperbolic differ- 
ential system is replaced, in the familiar manner, by a 
system of integral equations. A continuous solution 
u(t, x), «++, Um(t, x) of the integral system is termed a 
generalized solution of the differential system. Such a so- 
lution is shown to be a generalized solution also in the 
sense of Soboleff. Under the conditions described con- 
cerning the functions f;(t, x, 1), it is proved that the 
Cauchy problem has (locally) a unique generalized so- 
lution, and that the solution varies continuously with the 
initial data. There are also some theorems regarding 
continuation of solutions and behavior in the large. 


R. W. McKelvey (Boulder, Colo.). 


Hersch, Joseph. Une équation aux différences pour le 
calcul approché des fréquences propres d’une membrane 
(méthode récurrente). C. R. Acad. Sci. Paris 243 
(1956), 1475-1478. 

The approximation of the eigenvalues of a membrane is 
considered, where the differential equation 


Au+Au=0 
is approximated by the finite difference eigenvalue 
equation 
Lq{u] =A nu(xo, yo) —u(xo+h, yo) —u(xo—A, yo) 
l /3 l V3 
—u(xo+5h, yo+¥=h)—ulxo+sh, yo— Yh) 
1 3 l 3 
Meo} 0 928)-foe 9) 


on a grid consisting of equilateral triangles of side h. The 
classical approximation A, to A is obtained by setting 


An=6—}Agh?. 


The author uses an argument concerning the change of 
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the finite difference equation when the grid is refined to 
suggest approximating A by A defined by 
An=2+4 cos ($h4/(31)). 


A different argument suggests approximating A by i 
defined by 

An=6Jo(hvV/A). 
These expressions differ only by terms of O(h®). It appears 
to the reviewer that the last two definitions give an 
improvement over the first one because La[u]+-Au-+ Au is 


O(A*) rather than O(h?). Thus, it seems that one could use 
any A* defined by 


An=6—P*h?-+ fyd*2h4+0(h9). 


The author shows by several numerical examples that 
his method substantially improves the approximation of 
the lowest eigenvalue. He remarks that the method 
probably does not give good results for higher eigen- 
values. H. F. Weinberger (College Park, Md.). 


Landkof, N.S. Some new properties of the set of irregular 
points for the generalized Dirichlet problem. Har’kov. 
Gos. Univ. Ué. Zap. 29=Zap. Mat. Otd. Fiz.-Mat. 
Fak. i Har’kov. Mat. ObSé. (4) 21 (1949), 145-163. 
(Russian) 

Let Q be a bounded region in 3-dimensional space and 
let F be the boundary of 2. The author gives examples to 
show that the set of irregular boundary points of F 
relative to Q may comprise a linear continuum and that 
the points of such a continuum may be accessible from 
outside Q. A region Q is said to be of type (I) if every 
open Jordan arc on F is accessible from outside by a 
Jordan surface. The main result of the paper is the theorem 
that if Q is a region of type (I) and L a plane Jordan curve 
lying on F, then the irregular points of L relative to Q 
form a set of second category. M. G. Arsove. 


Stampacchia, Guido. 
zioni di tipo ellittico del secondo ordine. 

5 (1956), 3-24. 

Sia D un dominio limitato dello spazio Si) e sia 

FD=F,D+F2D, 
dove F,;D ed F2D sono due varieta (n—1) dimensionali 
dotate di normale lipschitziana e rappresentabili, ognuna, 
mediante un numero finito di rappresentazioni para- 
metriche locali x4—=24(&1, &2, «++, &,-1). Sia inoltre W 
una varieta regolare (n—1)-dimensionale che divida D in 
due domini D, e De, e sia W-D=X. 

Si considera il problema consistente nel determinare due 
funzioni # (x), #9(x), definite rispettivamente in D; e Dg, e 
tali che “,(x) sia soluzione, in D,—FD,, dell’equazione 
ellittica autoaggiunta. 


» 0S Ous 
(1) E,(us) = 2 Xs yg” Oxy =Cytet+f, (S=1, 2) 


Su un problema relativo alle equa- 
Ricerche Mat. 





e verifichi lé condizioni al contorno: 
uUs=—a, per x€ F\D-FDs, 


(2) at oust, per x « F2D-FD, 

& 
essendo « una funzione definita su F71D, pe Bf due fun- 
zioni definite su F#2D, », la conormale orientata verso 
linterno di D,, ed avendo posto 


o =D ary cos (m, xj)Ou9/Ox4. 
s ij 
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Alle funzioni «; ed “2 si prescrivono poi le condizioni di 
raccordo: 
du, dug 
(3) —— dy, °# dvs 
Servendosi dei metodi del Calcolo delle Variazioni, ed in 
ipotesi molto generali sui coefficienti e sui dati al con- 
torno, |’A. stabilisce il teorema di esistenza ed unicita di 
una soluzione generalizzata (uw, #2), assolutamente con- 
tinua con le sue derivate prime rispetto alle singole va- 
riabili x;, per quasi tutte le (n—1)-ple (x1, ---, %¢-1, 441, 
*, X,), dotata di derivate seconde di quadrato somma- 
bile, e verificante quasi evunque la (1) e le (2). Quanto 
alle(3) esse sono verificate nel senso che le tracce di “; ed 
2 su = sono eguali mentre, detta S(xo, p) l'ipersfera di 
centro x9 e€ raggio p e posto S(xo, p)-Ds=Ss(xo, p) riesce: 


. du, dug 

I — — da)= 

in (/ dv, es | dv2 dc) , 
S1(20,@) S1(ze,e) 


per ogni %9 « £—=X- FD. 

Nell’ultima parte del lavoro i risultati ottenuti vengono 
perfezionati in quanto si studia il tipo di regolarita della 
soluzione, in dipendenza della classe dei coefficienti e dei 
dati al contorno, e si precisa come, di conseguenza, le 
condizioni al contorno e qualle di raccordo sono verificate. 

C. Miranda (Napoli). 





Temple, G. Generalized functions and Dirichlet’s prin- 
ciple. Proc. Roy. Soc. London. Ser. A. 235 (1956), 
444-453. 

L’auteur décrit la méthode de résolution du probléme 
de Dirichlet par le théoréme de projection, utilisant les 
distributions [cas particulier des méthodes de J. L. Lions, 
Acta Math. 94 (1955), 13-153; MR 17, 745). 

L. Schwartz (Paris). 


Foias, Ciprian; Gussi, Gheorghe; et Poenaru, Valentin. 
Une méthode directe dans l’etude du probléme de 
Cauchy pour les équations aux dérivées partielles, 
hyperboliques, du second ordre, 4 deux variables. 
Rev. Math. Pures Appl. 1 (1956), no. 2, 61-98. 

The authors reexamine the initial value problem for 
Cu=f(x, y, 4, Uz, Uy), Where Qu=uzzg—Uyy, by a method 
comparable to that of Cauchy-Peano for y’=/(x, y). They 
consider systematically a more general problem which 
replaces (uw by a limit of second differences, which may 
exist when “zz and “yy, do not. These preliminary ideas 
go back to P. Montel [Ann. Sci. Ecole Norm. Sup. (3) 
24 (1907), 233-334, Ch. IT). 

Paralleling the developments for y’=/(x, y) they arrive 
at local existence theorems, uniqueness theorems com- 
parable to L. Tonelli [Atti Accad. Naz. Lincei. Rend. Cl. 
Sci. Fis. Mat. Nat. (6) 1 (1925), 272-277], a criterion for 
continuation comparable to A. Wintner [Amer. J. Math. 
67 (1945), 227-284; MR 6, 225] and some results regarding 
the continuous dependence of « upon the initial data and 
upon f. R. W. McKelvey (Boulder, Colo.). 


Baratta, Maria Antonietta. Sopra un problema cilindrico 
non lineare di propagazione del calore. Riv. Mat. 
Univ. Parma 6 (1955), 389-398. 

Let R; and Rez be the surfaces of two coaxial cylinders 
of radii a, b (0<a<b). S; will be used to denote the 
domain interior to R, while S2 will denote the domain 
between R; and Re. Use is made of the Laplace transform 
to treat the following boundary value problem. Find 


MATHEMATICAL REVIEWS 








two functions U®=—U(s, t), i=1, 2, which satisfy the 
conditions: 


Ure +121U © =U, in S; for t>0; 
(*) U(r, 0)=0 in S;; U,2(b, t)=C, t>0; 
kU, (a, )=C,T()+-G(@), t>0. 


Here C, C;, &i are constants, T and G are known functions 
of their argument, and ®(#)=U® (a+, t)—U®(a_, ¥). 
Since the boundary conditions involve the difference of 
the unknown functions U™ and U®) on the surface R; 
there is a question whether there exists a solution of the 
system (*). As in an earlier paper the author [Boll. Un. 
Mat. Ital. (3) 11 (1956), 427-431; MR 18, 358] shows that 
(*) will have a solution if ®(#) satisfies a nonlinear Volterra 
integral equation of the type 
t G(D(r 
o()=n()+ [, GOO) 


- Valt—r) o(t—r)dr. 
The functions » and o are independent of ®. 
F. G. Dressel (Durham, N.C.). 


Fage,M.K. Solution of the Cauchy problem by increasing 
the number of independent variables. Dokl. Akad. 





Nauk SSSR (N.S.) 108 (1956), 1022-1025. (Russian) 
Consider 
O"F O"F 
(1) gn) + bal*) a + 
n—1l o*kF n—1 okF 
2 *) OE ~ Zz Pee, x) ak =H(w, 2), 


where w=u-+-iv varies in a domain G, x real varies in 
A=[a, 6), —co<a<bS+00; ge, px, H are continuous in 
the pair (w, x), one-valued and analytic in w, g,+0, 
Pn>O; by making a change of variables, it may be as- 
sumed that pa=1, gn=(—1)*-!. Let Po=(wo, xo) be any 
point, x9>0, and Bp, be the regular pyramid with vertex 
Po, whose edges form 45° with the w-plane and whose base 
is a regular n-gon Wp,. A point Po Is called accessible if 
W p,CG ; the set of accessible points is denoted by po. Theo- 
rem A: Let /;(w),i=0, 1, ---,m—1, be given regular functi- 
ons in G; then there is a unique solution of (1) such that F 
and o*F/dx*, k=1, ---, m, are continuous in €9UG, regular 
in the intersection of €p with any plane x=const and such 
that ofF(w, 0)/dxt=/,(w), i=0, 1, ---, n—1. Theorem B: 
The value of F at Po may be calculated by means of 
integrals depending on the values taken by the /; and 
their derivatives in Wp, (Riemann formula). The proofs 
are based on the transition to real variables, the (in 
general not one-one) change of variables being 


n nm 
w=wo— > her, x=xXo— F kk, 
‘m1 i=1 


e being the mth roots of unity; this leads to a type of 
equations considered before by the author [same Dokl. 
108 (1956), 780-783; MR 18, 214). J. L. Massera. 


Browder, Felix E. Parabolic systems of differential equa- 
tions with tim dent coefficients. Proc. Nat. 
Acad. Sci. U.S.A. 42 (1956), 914-917. 

Soit D=A(t)+0B(t)/et un opérateur différentiel dans 
un ouvert G de Rz* x R;, A(t) et B(t) étant des opérateurs 
différentiels en x, d’ordre 2m et 2s<2m—2. L’A. donne 
d’abord un théoréme d’existence des solutions faibles de 
l’équation Du=T dans G. Il y a un lapsus p. 915: C n'est 
pas compact. Le th. 1, avec B positif, résulte de Lions, 
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C. R. Acad. Sci. Paris 242 (1956), 3028-3030 [MR 18, 130]. 

Dans le cas B(t)=1, l’A. donne une méthode élégante 
pour montrer la régularité des solutions de Du=T. 

Sous des hypothéses convenables sur la frontiére de G, 
!’A. montre l’existence et l’unicité du ,,premier’’ probléme 
aux limites pour D dans G; la méthode consiste a trans- 
former localement G en un ouvert cylindrique et appliquer 
le théoréme de Hille-Yosida. (Autre méthode dans Lions, 
loc. cit). J. L. Lions (Lawrence, Kan.). 


Cai, I. P. Special solutions of the equation of Lamé in 
elliptic coordinates. Akad. Nauk Uzbek. SSR. Trudy 
Inst. Mat. Meh. 16 (1955), 113-120. (Russian) 


Tanimura, Masayoshi. On the solution of some mixed 
boundary problems. II. Factorization of the kernel by 
contour integrals. Tech. Rep. Osaka Univ. 5 (1955), 
337-348. 

Part I was reviewed in MR 17, 629. The method de- 
scribed there is now extended to plates and cylinders of 
infinite cross section. 


Tanimura, Masayoshi. On the solution of some mixed 
boundary problems. III. Problems of a partial inter- 
val for symmetrical kernels. Tech. Rep. Osaka Univ. 
6 (1956), 63-74. 

For parts I and II see above. In this part (see author’s 
summary) a solution is presented for the problem of 
finding two functions U(x) and W(x) whose Laplace 
transforms V(g) and ®(g) are related by an equation 
¥(q)=A(g)P(g) with a given symmetric kernel &(g) 
analytic at the origin, when one of them is given in an 
interval |x| <a>Oand the other outside that interval. 


See also: Seidenberg, p. 558; Wasow, p. 568; Alber- 
toni, p. 570; Penzlin, p. 584; Friedman, p. 584; Citla- 
nadze, p. 586; Nehari, p. 602; Misztal, p. 603; Manfredi, 
p. 603; Savin, p. 609; Sokolov, p. 609; Teodorescu, p. 
613; van der Linden, p. 614; Crank, p. 616; Wolska, 
p. 618. 


Difference Equations, Functional Equations 


Verblunsky, S. On a class of differential-difference equa- 
tions. Proc. London Math. Soc. (3) 6 (1956), 355-365. 
The author considers the differential-difference equa- 

tion 


ES koal(t-+he)=e(), 
p=0¢=0 

where O=/ho<hi<-+-<h,, the complex constants k 

satisfy the conditions D7 9 |Rpg/?>0, g=0, ---, m an 

Lp~o |Amgl2>0, and g(é) is given continuous and of 
unded variation in every finite interval. A solution of 

this equation is defined for all values of ¢ by its values on 

any interval of length hy, say (0, A,). Let 


F() aa S, x, tage 


and let the zeros of F(z), all supposed simple, be enumerated 
mM a sequence with nondecreasing absolute value. The 
author proves the following theorems: 1) A solution f(t) 
continuous and of bounded variation on any finite interval 
and with m continuous derivatives is represented (with 
specific exceptions) by a series, uniformly convergent on 
every finite interval, of the form S72, u,(¢) where u;(t)= 
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with, +1 Cr(t)e* and the c,(t) are defined explicitly in terms 
of g(t), f(é) on (0, hy), the z,’s and the kyg’s. 2) If the set 
of distances between pairs of zeros of F(z) has a positive 
greatest lower bound, the series S25" c,(#)e* converges 
uniformly on any finite interval. 3) If f(#) is con- 
tinuous and of bounded variation with m derivatives of 
bounded variation on (0, A»), there exists a series repre- 
sentation for /(¢) similar to that mentioned under 1) which 
converges boundedly to /(¢) in the open interval (0, h,). 
References are given to earlier works of Hilb, Leont’ev, 
Wright, and Langer. P. E. Guenther (Cleveland, Ohio). 


Ghermanescu, Michel. Equations fonctionnelles linéaires 
a argument fonctionnel »-périodique. C. R. Acad. Sci. 
Paris 243 (1956), 1593-1595. 

The author states two theorems on the existence of 
solutions of functional equations 


dof +aif'+ >> -+4n-1/"-!=0 or g(M), 


where /*(M) is defined as /(0,(M)); here g and 6 are given 
functions, 6,(M)=6(0,-1(M)), and 6,(M)=M. 
R. P. Boas, Jr. (Evanston, II1.). 


Ghermanescu, Michel. Equations fonctionnelles linéaires 
a argument fonctionnel n-périodique. C. R. Acad. 
Sci. Paris 244 (1957), 543-544. 

Continuation of the paper reviewed above. The author 
states six more theorems on the existence and properties 
of solutions of linear functional equations. 


R. P. Boas, Jr. (Evanston, II1.). 


Integral and Integrodifferential Equations 


Adonc, M. T. Application of the method of degenerate 
kernels to non-linear in ifferential equations. 
Akad. Nauk AzerbaidZan. SSR. Dokl. 11 (1955), 833- 
838. (Russian. Azerbaijani summary) 

The author considers non-linear integrodifferential 
equations 


(1) U@)=af* TEx, y, UO), UO), +++, Vr)ldy, 


where the integrand can be expressed in the form 
r(x, y, U(y), U'(y), ok UM(y)) 


a i) Kt, f(t, y, Uly), U'(y), +++, U(y))dt. 


Under appropriate smoothness conditions on the kernel 
K(s, ¢) and the natural continuity and Lipschitz conditions 
on the function /, the author shows that (1) has a unique 
solution when |A| is sufficiently small. 

The method used is to approximate to K by partial 
sums of the expansion 


s _Pa(s) yal?) 
K(s, t) Py Ai 
in terms of singular functions and singular values of K, to 
solve (1) when K is replaced by one of the resulting 
degenerate kernels, and then use an equicontinuity 
argument to prove the existence of a sequence of functions 
coverging to a solution of (1). Uniqueness is derived from 
the Lipschitz conditions by the usual type of argument. 


F. Smithies (Cambridge, England). 


582 


Robinson, Lewis Bayard. A functional equation with 
double integrals. Rev. Ci., Lima 57 (1955), 94-99. 
The author, extending an earlier work [Math. Mag. 23 

(1950), 183-188; MR 12, 416], considers the functional 

equation 

(I) w(x, vy) =f(%, vy) +A/P/P" Nu(x, y1)d Y1dX1, 


where 
se - l l ) 
I+x’ I+y’ I+a,’ 1+y;7’ 


aX1=d (75), €¥=< (55). 


and with / and N finite at infinity. It is stated that (I) 
can be solved by the Fredholm process for x, y real, after 
which one can pass to the complex domain by a suc- 
cessive approximation method. I. M. Sheffer. 





N=N( 


* Korobeinikov, B. P. On the integral equations of 
unsteady adiabatic gas motion. Translated by Morris 
D. Friedman, 572 California St., Newtonville 60, 
Mass., 1956. 6 pp. 

Translated from Dokl. Akad. Nauk SSSR (N.S.) 104 

(1955), 509-512. The original Russian article was re- 

viewed in MR 17, 1150. 


See also: Albertoni, p. 570; Baratta, p. 580; Mikusiriski, 
p. 585. 
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Calculus of Variations 


Bellman, Richard. On a class of variational problems, 
Quart. Appl. Math. 14 (1957), 353-359. 
The paper is concerned with minimization of functionals 
of the form, 


TE 
J(a)=[) & Fax —b(, ft, 


over all functions x(¢) satisfying given initial conditions 
x(t) =c; (¢=0, ---, K—1). Such problems when conside- 
ring engineering control problems or in inventory studies. 

The general solution for the discrete analogue of this 
problem is sketched quickly making use of a recurrence 
relation. The remainder of the paper considers in more 
detail cases where the functions F; have the form, 
a,(t)[x*-) —b,(t)}?. In the discrete case (with integrals 
replaced by sums and derivatives by differences of 
corresponding orders), the solution can be found by a 
remarkably simple finite algorithm. In the continuous 
case, the principle of optimality leads finally to solution 
of a system of ordinary nonlinear differential equations. 


K. J. Arrow (Palo Alto, Calif.). 


See also: Stampacchia, p. 579; Adams, p. 603. 
Berk, 623. 


TOPOLOGICAL ALGEBRAIC STRUCTURES 


Topological Groups 


GluSkov, V.M. Locally bicompact groups with a minimal 
condition for closed subgroups. Ukrain. Mat. Z. 8 
1956), 135-139. (Russian) 
rnikov [Mat. Sb. N.S. 7(49) (1940), 35-64, 539-548; 
MR 2, 5, 126) has investigated abstract locally solvable 
groups (that is, groups such that every finitely generated 
subgroup is solvable) with a minimal condition. The 
author generalizes his results by considering locally 
compact groups G with a minimal condition for closed 
subgroups. He shows that: (Th. 2) Such a group G is an 
extension of a compact Lie group with a discrete factor 
group; (Th. 3) If G is locally solvable, it is an extension 
of a finite product of 1-dimensional tori and discrete 
quasi-cyclic groups (groups of type #”) with a finite 
solvable factor group; (Th. 4) If G is locally nilpotent, 
it has a finite ascending central series and is an extension 
of a finite product of 1-dimensional tori and discrete 
quasi-cyclic groups with a finite nilpotent factor group; 
all toroidal subgroups belong to the center of G. 


J. L. Tits (Brussels). 


Shiga, Kéji. Representations of a co group on a 
Banach space. J. Math. Soc. Japan 7 (1955), 224~248. 
The author treats the connections between six different 

regularity conditions on a bounded representation of a 

compact group by linear operators on a Banach space, 

ranging from no condition at all to strong continuity. In 
the latter case the representation is completely de- 
composable in a certain sense into finite-dimensional 

ones. A typical special case of the main result is that a 

weakly continuous representation induces a strongly 

continuous representation in the second conjugate of the 








representation space in the canonical manner. For unitary 
representations on a Hilbert space or for separable groups 
the author’s results are known to hold, more generally, 
for locally compact groups. A new proof of the complete 
reducibility of a continuous unitary representation on 
Hilbert space is given. J. E. Segal (Chicago, IIl.). 


Tomita, Minoru. Harmonic analysis on locally compact 
groups. Math. J. Okayama Univ. 5 (1956), 133-193. 
Functions on a separable locally compact group G are 

analyzed in a generally somewhat familiar manner in 
terms of a dual space of elementary positive definite 
functions on G. The Fourier transform of a function on G 
is defined as the function on E corresponding to it in the 
obvious manner. To some extent it is possible to trans- 
form in the reverse direction. However, the theory is 
complicated by the fact that there is no unique measure 
on E associated with this type of harmonic analysis, and 
in fact integration over E requires special study because 
in general E is merely completely regular. 

For an abelian group, E can be identified with the 
character group, and the author’s results specialize to 
variants of the well-known extensions of the Plancherel 
and Bochner theorems. For a compact group, E contains 
for each irreducible unitary representation equivalence 
class of dimension 7 a subset homeomorphic with complex 
projective r-space, so that the corresponding special- 
izations of the author’s results are less readily stated. 

In part the paper consists of reformulations of e+ 
sentially well-known material dealing with the pure state 
space of operator algebras, maximal abelian operator 
algebras, decomposition theory, etc. The proof in con- 
nection with Theorem 18 that a right convolution on L2(6) 
be a self-adjoint element of L2(G) is a self-adjoint — 
glosses over the difficulty. I. E. Segal. 
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Tsuji, Kazé. Harmonic analysis on locally compact 
groups. Bull. Kyushu Inst. Tech. (Math., Nat. Sci.) 
no. 2 (1956), 16-32. 

The main results of this paper resemble those of the 
paper reviewed above. The Fourier transform of a func- 
tion on a locally compact group G is the naturally corre- 
sponding function on the space E of elementary positive 
definite functions, and the main point is to extend the 
theorems of Bochner and Plancherel in terms of this 
definition. For Bochner’s theorem, this type of extension 
is well-known for separable groups, and while the author 
asserts it for inseparable groups, his proof depends on 
the use of Tomita’s reduction theory, in which the proof 
of elementarity almost everywhere tacitly assumes the 
measurability of a certain function. The extension of 
the Plancherel theorem applies to non-unimodular 
groups, unlike the extension that depends on the factorial 
decomposition of the ring of operators determined by the 
group, which requires unimodularity. Another difference 
is that the former extension does not effectively reduce to 
the Peter-Weyl theorem on specialization to the case of a 
compact group. However the author’s approach could be 
specialized to a fairly short treatment of the abelian case. 


I. E. Segal (Chicago, Iil.). 


Eberlein, W. F. The point spectrum of weakly almost 
periodic functions. Michigan Math. J. 3 (1955-1956), 
137-139. 

A weakly almost periodic (w.a.p.) function x on a 
locally compact abelian group 5 determines its formal 
Fourier series Daeg. @(A)(t, A), where a(A) = M,[x(s)(—s, A)]. 
It is shown that this Fourier series is the Fourier series of 
an almost periodic function on G and thus every w.a.p. 
function x on } is uniquely expressible as a sum %1+%2 
of an almost periodic function x; and a function x2 with 
M((\xe|?)=0. Also, for an w.a.p. function x, a character A is 
in the uniform span of the translates of x if and only if 
a(a) 40. N. Dunford (New Haven, Conn.). 


See also: Ramanathan, p. 557; Shiga, p. 582; Butzer, 
p. 585; Freudenthal, p. 591; Shibata, p. 627. 
Lie Groups and Algebras 


Prin- 
(Third 


* Chevalley, Claude. Theory of Lie groups. I. 
ceton University Press, Princeton, N. J., 1946. 
rinting 1957). xi+217 pp. $2.75. 
is book was reviewed in MR 7, 412. 


Morimoto, Akihiko. Structures complexes invariantes 
sur les groupes de Lie semi-simples. C. R. Acad. Sci. 
Paris 242 (1956), 1101-1103. 

Let G be a connected even-dimensional real Lie group, 
and let the Lie algebra g of G be reductive, i.e. the direct 
sum of a semi-simple and an abelian algebra. Then, there 
exists infinitely many left-invariant complex analytic 
structures on G, such that the group of all right trans- 
lations which are analytic automorphisms has a Cartan 
subalgebra of g as Lie algebra. In the non-abelian case, 
there can be other left- but not right-invariant complex 
structures on G than those; for instance, GL(2m, R) has 
left-invariant complex structures such that the group of 
all right translations which are analytic is isomorphic 
with GL(n, C). J. L. Tits (Brussels). 
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Dieudonné, Jean. On a theorem of Lazard. Amer. J. 

Math. 78 (1956), 675-676. 

Let G be a formal Lie group of dimension one over a 
field K of characteristic p>0. In a previous paper [same 
J. 77 (1955), 218-244; MR 16, 789} the author, among 
other results, used his theory of hyperalgebras to prove 
that G is abelian except in a special case. This notecompletes 
the proof by treating that case. M. Lazard [C. R. Acad. 
Sci. Paris 239 (1954), 942-945; MR 16, 219] has shown, 
by a direct method, the abelian property of G when K isa 
commutative ring with an identity and without nil- 
potent element. H. C. Wang (New York, N.Y.). 


Karpelevit, F. I. On the stratification of homogeneous 
spaces. Uspehi Mat. Nauk (N.S.) 11 (1956), no. 3(69), 
131-138. (Russian) 

The author proves that a homogeneous space G/H, 
where G and H are both semi-simple connected Lie 
groups may be homogeneously fibered by euclidean fibers 
over a base K/P, where K and P are maximal compact 
subgroups of G and H respectively. The concept of homo- 
geneous fibering as defined by the author is essentially 
the covariant fibering introduced by Mostow in a similar 
situation. {It seems to the reviewer that the author’s 
result is contained in a more general result of Mostow 
[Amer. J. Math. 77 (1955), 247-278; MR 16, 795}}. 

W. T. van Est (Leiden). 


Drinfel’d, G. I. On measure in Lie groups. Har’kov. 
Gos. Univ. Ué. Zap. 29=Zap. Mat. Otd. Fiz.-Mat. 
Fak. i Har’kov. Mat. Ob&St. (4) 21 (1949), 47-57. 
(Russian) 

The author establishes a necessary and sufficient 
condition in order that a Lie group G operating in a 
manifold M of dimension » leaves invariant a differential 
n-form in M. In case M=G/H, H connected Lie subgroup, 
this is precisely the well-known condition that H acts asa 
unimodular linear group in the tangent space to M=G/H 
at the point H. In case M=G/H is the euclidean plane, 
the existence of an invariant 2-form is investigated for 
various G’s. W. T. van Est (Leiden). 


Jennings, S. A.; and Ree, Rimhak. On a family of Lie 
algebras of characteristic . Trans. Amer. Math. Soc. 
84 (1957), 192-207. 

Let G be a direct sum of cyclic groups of prime order 
p, and let A be the group algebra of G over an alge- 
braically closed field ® of characteristic ~. Let Do, Du, 
--+, Dm be commuting derivations of A (operating on the 
left) such that: i) 5 f¢D;—0, f¢e A, implies all f,—0; 
ii) Dyf=O for all ¢ implies fe®; iii) Dif—Agf for all ¢ 
(4 « ®) implies either /=0 or f is a unit in A. Let apo, a, 
-+*, dme A be such that Dyay=Dya; for all ¢, 7, and let 
L(D,, a4) be the set of all derivations of A of the form 
XDi, where ¥ Dift= TX afi. Each L(Dj, a) is a Lie 
algebra, and the authors study the Lie algebras so ob- 
tained. These algebras generalize several classes con- 
sidered by Albert and Frank [Univ. e Politec. Torino. 
Rend. Sem. Mat. 14 (1954-55), 117-139; MR 18, 52). In 
every case, the D; can be chosen to be a principal system, 
i.e., Dif « ® for all ¢ implies / « ®. This is assumed in the 
sequel. The algebra L(D,;, a) is said to be of type I if there 
is a non-zero 6 « A such that D,b=a,b for all +; otherwise 
L is of type II. This property is independent of the prin- 
cipal system used to define it. Let F, be the family of 
those L(D;, a;) for which all a; « ®, Fo the family of those 
-of the form L(D,,0), upon suitable choice of {D,}. If 
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Le Fo, its derived algebra L’ is simple of dimension 
m(p*—1), lam<n. If Fy, Fy respectively, denote the 
classes of types I, II, if 1<m<n, and if L « Fe(F1—Fo), 
then L’ is again simple of dimension m(p*—1). If m=1, 
a>1l, p>2, Le Fen(F;—Fo), then L” is simple of 
dimension ~*—2. If 1<m<xn, or if l=m<n and p>2, 
each Le F.-\Fy is simple of dimension mp*. A brief 
discussion is included of the relation of the simple algebras 
so obtained to those of Albert and Frank. G. Seligman. 





See also: Baxter, p. 557; Amitsur, p. 557; Freudenthal, 
p. 591; Ishihara, p. 599; Obata, p. 599. 


Topological Vector Spaces 


Shiga, Kéji. Bounded representations on a topological 
vector and weak almost periodicity. Jap. J. 
Math. 25 (1955), 21-35 (1956). 

The author, observing that the theory of almost- 
periodic (AP) complex-valued functions on a group G can 
be interpreted as a theory of bounded representations of 
G, presents an analogous interpretation of the Bochner- 
v. Neumann theory of AP functions with values in a 
convex topological vector space L. (However, v. Neu- 
mann’s countability restriction for L is first abandoned.) 
A number of propositions are shown to be equivalent 
and eventually to be true). One of these is as follows. Let 

be as above, with the property that the closed-convex 

hull of each totally bounded set is compact. Let G act 
in L in such a way that orbits are totally bounded. Then 
L is completely decomposable. Another theorem gives 
sufficient conditions that L should have “sufficiently 
many” composition series. A composition series is a system 
of closed subspaces invariant under G, well-ordered by 
inclusion (ending in (0)) where the quotients L»/Zq,; are 
finite-dimensional. R. Arens (Los Angeles, Calif.). 


Henstock, R. Linear and bilinear functions with domain 
contained in a real countably infinite dimensional space. 
Proc. London Math. Soc. (3) 6 (1956), 481-500. 

Let (m) be the space of bounded real sequences, and Q 
the ball consisting of those x={x,} with ||x||IS4. Regarding 
Q as the Cartesian product of the intervals [—4, 4], give 
it the usual product measure. In a preceding paper [Proc. 
London Math. Soc. (3) 5 (1955), 238-256; MR 17, 176], 
the author obtained the following results. Let J be a 
linear functional with domain MC(m). Then, if MnQ has 

itive measure, its measure is 1, and J may be defined 

a.e. in Q by J(x)= > cere, where > czy?<00. Conversely, 

if 5 cy2<00, then > cyx, converges for a.e. x in Q. The 

object of the present paper is to extend these consider- 
ations to bilinear functions. Let A(x, y) be a bilinear 
function defined on MxM, and positive semi-definite. 

Then, if MQ has positive measure, there is a matrix 

[anx} such that > |@mn|<oo and such that for a.e. x in 

M, A(x, x)= Gnetn%x. Conversely, if [agg] obeys 

Gnzr=O, (Ank)*SGnn@ex, 4nk=—Gnz, then > ane%_X%~ Con- 

verges for a.e. x in M. Similar results are obtained in 

which the behavior of A and J are studied on the hyper- 

plane H=M-+-y. If A(x+-y, x+-y) is defined for a.e. x in Q, 

then it is defined for x=0 and 


A(x+y, X+9)== Gne*nxe+ > Carn+Aly, y), 


where [an] and c, obey appropriate conditions. {These 
results have close connections with certain classical 
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theorems in the theory of probability. In particular,, 






theorem 4 could have been established in a sharper form 
by appeal to the law of the iterated logarithm.} 
R. C. Buck (Madison, Wis.). 


Penzlin, Fritz. Distributionentheoretische Behandlung 
von Anfangswertproblemen relativistischer Wellenglei- 
chungen. Wiss. Z. Friedrich-Schiller-Univ. Jena 5 
(1955/56), 137-149. 

Exposé résumé de la théorie des distributions, d’aprés 
la méthode de H. K6nig [Math. Nach. 9 (1953), 129-148; 
MR 14, 1072}. Convolution, intégration et dérivation 
d’ordre non entier, distributions de Riesz pour les équa- 
tions d’ondes, équation de Klein-Gordon, problémes de 
Cauchy, équation des champs en mécanique quantique, 

L. Schwartz (Paris). 


Ehrenpreis, Leon. On the theory of kernels of Schwartz. 

Proc. Amer. Math. Soc. 7 (1956), 713-718. 

Le ,,théoréme des noyaux”’ [Schwartz, Proc. Internat. 
Congress Math., Cambridge, Mass., 1950, v. 1, Amer. 
Math. Soc., Providence, R.I., 1952, pp. 220-230; J. 
Analyse Math. 4 (1954/55), 88-148, voir p. 143; MR 13, 
562; 18, 220] exprime qu'il y a isomorphisme topologique 
entre l’espace Dz,’ des distributions sur X'x Y™ et 
l’espace ] =2#(Dy; Dz’) des applications linéaires conti- 
nues de J, dans Z,’, muni de la topologie de la conver- 
gence bornée. L’auteur donne ici de ce théoréme une dé- 
monstration trés élémentaire. On a trivialement 9; y'CJ; 
ceci exprime que tout noyau T;z,y « Dz,’ définit une ap- 
plication linéaire continue v—>/y= Tz, yv(y)dy de Dy dans 
9,'; dautre part l’injection de Dz,,’ dans J est triviale- 
ment continue. La topologie de zy’ est celle de la con- 
vergence uniforme sur les parties bornées de Dz, y; celle 
de J est identique a celle de la convergence uniforme sur 
les produits tensoriels Az@Ay de parties bornées de F, et 
Dy respectivement. Mais le développement en série de 
Fourier (x, ¥)=Xin,p @n,p CXP(2in(nx+py)) des fonc- 
tions périodique de x, y, permet de montrer que toute 
partie bornée de Dz, est contenue dans |’enveloppe 
convexe fermée d’un produit Az@Ay. Donc la topologie 
de Dz,y’ est identique a la topologie induite par /. Mais 
9z,y' est complet, donc il est fermé dans J. D’autre part, 
si T-+T*p est une régularisation (p « Jz), l’application 
v—L/(v)*p est continue de Dy dans &;, quelle que soit 
Le J; et quand p tend vers 6 dans &,’, cette application 
tend vers L dans J; comme toute application linéaire 
continue de Dy, dans &, se représente aisément par un 
noyau, toute Le J est adhérente 4 Dz y’, donc Dz,’ est 
dense dans J et fermé, et par suite identique a J. 

L. Schwariz (Paris). 


* Friedman, B. An abstract formulation of the method of 
separation of variables. Pr ings of the conference 
on differential equations (dedicated to A. Weinstein), 
pp. 209-226. University of Maryland Book Store, 
College Park, Md., 1956. 

Let Aj, ---, Ap and Bj, ---, Br be self-adjoint oper- 
ators in the Hilbert spaces H, and Hg respectively and 
let L be a self adjoint operator in the product H;@H2 
which has the form L=A,@B,+---+Ap@Bpr. Let the 
operators Aj, ---, Ag have a common spectral repre- 
sentation, i.e., for some self adjoint spectral resolution E, 
there are real Borel functions a, ---, ag such that 
Ayu=/ a4(A)E(dd)u for every u in the intersection of the 
domains of A,. Conditions under which the operator L 
has an everywhere defined inverse are given and the 
inverse is explicitly represented in terms of an integral 
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involving E. In case R=2 and L=A@I/2+-1,;@B where 
I;, Ig are the identity operators in H,, H2 respectively, 
an alternate form is given which expresses the inverse of 
L by a contour integral involving the resolvents of A and 
—B. The results constitute an abstract formulation of a 
method for solving certain partial differential boundary 
value problems which is more general than the method of 
separation of variables. A number of interesting illus- 
trations are given. N. Dunford (New Haven, Conn.). 


Butzer, P. L. Halbgruppen von linearen Operatoren und 
eine Anwendung in der Approximationstheorie. J. 
Reine Angew. Math. 197 (1957), 112-120. 

Let T; (20) be a uniformly bounded strongly continu- 
ous one-parameter family of operators on a Banach space 
with To=J. The author treats the approximation of 
Tx by tdependent linear combinations of the T4/q*, 
for OSisn. A fairly typical result is that 


lim {5 ( i xe —t)®*T jn fx=T x 


uniformly for 0<#<1, which the author points out can 
also be derived by the methods of Hille [Proc. Nat. Acad. 
Sci. U.S.A. 28 (1942), 421-424; MR 4, 163], and which 
reduces for suitable specialization to a proof of the 
Weierstrass approximation theorem by means of the 
Bernstein polynomials, and thereby extends the list of 
proofs of the theorem by essentially semi-group methods. 
A number of more refined results, which however are not 
easily summarized, are obtained concerning the indicated 
approximation problem. J. E. Segal (Chicago, IIl.). 


Butzer, Paul L. Sur la théorie des demi-groupes et classes 
de saturation de certaines intégrales singuliéres. C. R. 
Acad. Sci. Paris 243 (1956), 1473-1475. 

The notion of a class of saturation related to a process 
of summation as introduced by Favard [Ann. Mat. Pura 
Appl. (4) 29 (1949), 259-291; MR 11, 669] is extended to 
a semigroup of operators on a Banach space X. If A is 
the infinitesimal generator of the semigroup {7(€)}, £=0, 
then for x in the domain of A, ||7(é)x—x\|Sé\|Ax/|. If X is 
weakly complete a result of Hille [Functional analysis and 
semi-groups, Amer. Math. Soc. Colloq. Publ., v. 31, New 
York, 1948; MR 9, 594] is complemented by showing that 
{T(é)} is saturated and that the set of non-invariant x 
in the domain of A is the class of saturation of {7(&)}. 
Applications are stated to certain summability processes. 

P. Civin (Eugene, Ore.). 


Mikusitiski, J. Le calcul opérationnel d’intervalle fini. 

Studia Math. 15 (1956), 225-251. 

Dans divers travaux antérieurs, l’auteur a étudié le 
corps des fractions de l’anneau de convolution des fonc- 
tions continues sur la demi-droite 420 (bibliographie 
donnée dans l'article). Il remplace ici la demi-droite par 
lintervalle fini O<t<T. Soit Cr l’espace vectoriel des 
fonctions continues sur l’intervalle O<t<T, considéré 
comme algébre pour la convolution 


t 
fe=feg, avec feg(t)= [° f(r)g(t—r)ar. 
Cr a des diviseurs de 0, a savoir les fonctions nulles au 


voisinage de t=O; soit Cy* l'ensemble des éléments qui 
ne sont diviseurs de 0. Alors Ar sera l’anneau des 


_ fractions de Cy; tout élément de Az se représente comme 


quotient a/b, ae Cr, be Cr*. L’auteur étudie en détail 
Valgébre Av: diviseurs de 0, solutions d’équation algé- 
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briques, d’équations différentielles (dans un sens facile 4 
préciser). Tout élément s’écrit sous la forme h%a, od a n’est 
pas diviseur de 0, et ot: A* est la ,,masse unité”’ au point 
a, OSa<T. L’exponentielle exp(Aw) est définie comme la 
solution de |’équation différentielle x’(4)=wx(4), prenant 
la valeur unité pour A=0 (l’unité est ici la mesure de 
Dirac) ; si une telle solution existe, elle est unique; w est 
dit logarithme droit (resp. gauche, resp. bilatére) si 
exp(Aw) existe pour A220 (resp. pour ASO, resp. pour 4 
quelconque). 

Par exemple —s* (s=dérivée de la mesure de Dirac) 
est logarithme bilatéral pour a<1, logarithme droit 
pour a=1, est n’est pas logarithme pour «>1. L’auteur 
généralise de nombreux résultats de travaux antérieurs, 
et montre comment ce formalisme, de maniement trés 
commode, a des applications 4 la théorie des équations 
aux dérivées partielles 4 coefficients constants; l'étude 
de l’exponentielle définie plus haut permet de discuter les 
problémes d’existence, d’unicité, d’indépendance linéaire. 
(au sens de la convolution). Signalons un lapsus: page 233, 
il est écrit que la série 





se. . 
I—sy At ay + eos 


converge vers exp(—s*4) pour «<1; c’est évidemment 
a<0 qu'il faut lire. L. Schwartz (Paris). 


Tsuji, Kaz6. N*-algebras and finite class groups. Bull. 
Kyushu Inst. Tech. (Math., Nat. Sci.) no. 1 (1955), 
1-9. 

An N*-algebra is defined by the author as a complete 
normed *-algebra over the complex field with a center- 
valued trace. The main result is that for such an algebra 
with a unit there exists a canonical correspondence be- 
tween (a) the maximal two-sided ideals, (b) the extreme 
numerical-valued traces, (c) the maximal ideals of the 
center. Applications are made to group algebras. 

I. E. Segal (Chicago, Iil.). 


See also: Ptak, p. 554; Feller, p. 575; Bellman, p. 576; 
Temple, p. 580; Rudin, p. 587; Bendat and Sherman, 
p. 588; Kordnyi, p. 588; Sz.-Nagy, p. 588; Chong, p. 
588; Ogasawara and Maeda, p. 589; Maeda, p. 589; 
Sherman, p. 625. 


Banach Spaces, Banach Algebras 


Finkelstein, David. On relations between commutators. 

Comm. Pure Appl. Math. 8 (1955), 245-250. 

Let A; be the free associative ring of any number of 
generators x, y, --* over the field of real or complex 
numbers. The elements which can be derived from x, y, + - - 
by addition, multiplication by scalars and forming the 
Lie bracket of two elements represent the Lie subring L 
of A;. The paper contains new characterizations of the 
elements of L implying in particular Friedrich’s criterion 
first proved by Magnus [same Comm. 7 (1954), 649-673; 
MR 16, 790}. The derivations employ a calculus in the 
algebra Ag of transformations in A; generated from the 
left transformations f—fu and right transformations 
j—>ju, « being a fixed and / a variable element of A}. 
Calling these transformation « and w’ respectively and 
setting w—u’=Aw, the following formula is essential: 





_ tx, ¥, Dae Meg ay. 


Af(x, y, +++) Ox 
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Here a derivative, e.g. 0//0x represents the transformation 
which transforms an element ¢ of A, into the element 
appearing as coefficient of ¢ in the expansion of 


f(x+et, y,°° +) 


with respect to e. The fundamental criterion for a Lie- 
element /(x, y, ---) of A, can now be expressed in the 
following way: / is a Lie-element if and only if 


Af(x, y, -+*)=f(Ax, Ay, ---). 


Application of this formula leads to a representation of 
log e*e¥ bringing into evidence the Baker-Hausdorff 
theorem that it belongs to L. C. Loewner. 
Schwartz, J. Two perturbation formulae. Comm. Pure 

Appl. Math. 8 (1955), 371-376. 

The author proves the following theorem. If S, N are 
commuting operators, / analytic in D, including o(S), the 
spectrum of S, and every point within a distance of o(S) 
not greater than e; if o(N) is within a distance less than ¢ 
from the origin, then / is analytic on o(S+N) and, 
{(S+N)= x0 f™(S)N*/n!, where the series converges 
in the uniform topology. The proof is straightforward. 
For noncommuting operators a corresponding formula is 
unknown. However the following is proved: Let f/ be 
analytic in D, containing o(7), T bounded. Then /f(S), 
according to the preceding is defined in a neighborhood 
U of T and f(S) has a Fréchet derivative d/(7)/dT. If 
g(z1, 22)=((e1)—f(e2))/(z1—z2), then df(T)/4T=g(°T, IT), 
where rT denotes right and /T left multiplication by T. 
This theorem is due to Finkelstein {see the paper re- 
viewed above] but this is the first rigorous proof and 
interpretation of the formula. From 


lim—{R(E; S+T)—RE, T]}=RE, SRE, 7), 
IR(E; T)=R(é; [T) and rR(E; T)=R(E; rT) we get 
djdef(T+eS)=(2xs)1[ #(@)R(E; IT)REE, rT)Sas 
and hence 
ay(T)laT=(2ni)-*[_HE)R(E; ITVR(G; rT. 
Taking C; surrounding o(7), but inside C, we get 
R(E; IT) = (2s) f(e—E)R(E; Tbs 


which helps to finish the proof. Frantisek Wolf. 


Weiss, Guido. A note on Orlicz spaces. Portugal. 

Math. 15 (1956), 35-47. 

The author gives a new approach to the theory of 
Orlicz spaces, starting from their introduction by means 
of a norm, and eliminating the need for the introduction 
of the conjugate in the sense of Young. It is shown that 
for any non-decreasing real-valued convex function ¢ 
defined on the positive real line and vanishing at 0, the 
closure under positive scalar multiplication of the class 
of all measurable functions f on the (arbitrary) measure 
space M such that /y $(|/|)¢u<oo, where yu is the measure 
on M, is a Banach space Ly relative to an explicitly given 
norm. Conjugate spaces are treated briefly. The author 
points out how his approach may be adapted to give a 
natural generalization of the H», spaces of holomorphic 
functions in the unit disc to Hy spaces. I. E. Segal. 
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Citlanadze, E.S. On a certain class of non-linear integral 
equations. Akad. Nauk Gruzin. SSR. Trudy Thbiliss. 
Mat. Inst. Razmadze 22 (1956), 227-236. (Russian) 
Let F be a functional on a Banach space E, L=grad F 

the gradient of F, i.e. (Lx, h) is the strong differential 

coefficient of F(x+-th) at t=O, and let @ be a functional 
on E whose gradient is homogeneous. Then the existence 

of eigenvalues of Lx=ALgx is demonstrated, under a 

rather complicated set of conditions, by a method which 

combines discussion of the categories of sets, in the 

Lyusternik-Schnirelman sense, with a method of a 

proximation to proper vectors. J. L. B. Cooper. 


Calderén, A. P.; and Zygmund, A. A note on the inter- 
polation of sublinear operations. Amer. J. Math. 78 
(1956), 282-288. 

Let (a1, 81), (a2, 82) be two points of the square 
OSaS!1, OSf<1. Let R be a measure space and let T be 
simultaneously a bounded operator from LY to LVA 
and from L/% to LA: defined on R and having the 
following properties, (a) if f=/;+/2 and T/;, Tfe are 
defined, then 7f is defined, (b) if Tf is defined T(hf) is 
defined for any scalar k, (c) \|Tfi+Tfa\/S\|Tf1\\+||Tfell, 
(d) \|7(Af)\|=|A| -\|T P|. Let ||Z\\a—My for T considered as 
an operator from LY¥™% to LVA, and ||T\|p=Me for T 
considered as an operator from L¥% to LVA. Then if 
Ost<S1, a=(l—t)ai+tae, B=(1—t)Bi1+tBe, T is also a 
bounded operator from L¥« to LV with norm Ms 
M,“-9M¢. This is a generalization of a theorem of M. 
Riesz [Acta Math. 49 (1927), 465-497] who proved the 
result for bounded linear operators. R. E. Fullerton. 


Foias, Ciprian. Elementi completamente continui e quasi 
completamente continui di un’algebra di Banach. Atti 
Accad. Naz. Lincei. Rend. Cl. Sci. Fis. Mat. Nat. (8) 
20 (1956), 155-160. 

The author defines completely continuous elements 
of a Banach algebra B by analogy with certain phenom- 
ena in the ring of operators over Hilbert space. Starting 
with elements 7 «B which have the property (xjy)?= 
fy(yx)xjy, for arbitrary x, y « B, where f; is linear over B, 
and which correspond to transformations in Hilbert 
space of rank 1, he considers the set K of finite sums 
jit+::*+jn (transformations of finite rank), and the 
closure K of the latter (the set of completely continuous 
elements). For these he proves four theorems (the last 
one on quasi-completely continuous elements) of a func- 
tion theoretic nature, analogous to certain expansions in 
the Fredholm theory. For example (writing (e—Ax)—!= 
e+AQ(A, x)), if x « K then Q(A, x) is rational and the coef- 
ficients of the principal parts at each pole belong to K. 
Q « K for each A in the resolvent set of x. E.R. Lorch. 


Civin, Paul; and Yood, Bertram. Regular Banach alge- 
bras with a countable space of maximal ideals. 
Proc. Amer. Math. Soc. 7 (1956), 1005-1010. 

Let B be a complex commutative Banach algebra and 
let M be its space of regular maximal ideals. Assume (i) 
B is regular and (ii) M is countable. If A is a subalgebra 
of B, call A “non-determining” if the ring of functions 
on M representing A under the Gelfand mapping is not 
dense in the ring of functions on M representing B. The 
authors prove: Theorem. Let A be a proper closed sub- 
algebra of B which is maximal, i.e. such that there exists 
no closed subalgebra of B lying properly between A and 
B. Assume that A is non-determining. Then either A is a 
maximal regular ideal of B or there exist distinct points 
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m, and mg in Mt such that A consists of all x in B with 
x(m,)=x(me). Corollary. If S is a countable compact 
Hausdorff space and C(S) is the algebra of all continuous 
complex functions on S, then C(S) contains no maximal 
proper closed subalgebra which separates points on S 
and contains constants. The authors also prove the 
following: Theorem. Let B be as above. Then the set Bo of 
functions £ on I with x in B which vanish outside some 
compact set of Mt is dense in C(M). Furthermore, an 
ideal J of B is contained in a regular maximal ideal if and 
only if J is non-determining. J. Wermer. 


Rudin, Walter. Subalgebras of of continuous 
functions. Proc. Amer. Math. Soc. 7 (1956), 825-830. 
Let X be a compact Hausdorff space and C(X) the 

space of all complex-valued continuous functions on X. 

A proper closed subalgebra of C(X) is maximal if no 

closed subalgebra of C(X) lies properly between it and 

the whole space. Let K be the Cantor set. The author 

proves the existence of a maximal subalgebra in C(K) 

which separates points on K and contains constants. If £ 

is any compact plane set, let Ag denote the algebra of al. 
continuous functions on E which can be extended to be 

continuous on the whole plane and analytic outside E, 

including co. For a certain totally disconnected set E, 

the author shows, by use of Zorn’s Lemma, that Ag is 

contained in a maximal subalgebra of C(Z). It is not 
known whether Ag is itself maximal. Since the Cantor 
set is homeomorphic to E, the existence of a maximal 
subalgebra in C(K) follows. If now X is an arbit 

compact space and Xo is a closed subset of C(X) and Bo 
is a maximal subalgebra of C(Xo), then the class of 
functions in C(X) whose restriction to Xo lies in Bo 
forms a maximal subalgebra of C(X). It follows from the 
preceding that if X is any space having a subset homeo- 
morphic to K, then C(X) contains a maximal subalgebra 
separating points on X. Let next J be a Jordan arc in the 
space C® of m complex variables 2z;, ---, z,, and write 

P(J) for the class of functions on J which are uniformly 

approximable on J by polynomials in the 4%. Walsh has 

shown that if mn=1, P(J)=C(J) for every arc J. The 

reviewer [Ann of Math. (2) 62 (1955), 269-270; MR 17, 

255] has exhibited an arc J in C* for which P(J)4C(J), 

making use of an algebra Ag as defined above with E a 

Jordan arc in the plane having positive plane measure. 

The author closes the remaining gap by proving the 

existence of an arc J in C2 with P(jJ)C(/). His con- 

struction is based on an algebra Ag with E totally dis- 
connected which first yields a totally disconnected perfect 
set in C2 on which not every continuous function is 
approximable by polynomials. The desired arc is then 
obtained by threading an arc through this totally dis- 
connected set. In the positive direction, the author 
proves the following result on approximation by poly- 
nomials: Theorem. Let K be a compact set in the space 
of one complex and m real variables z, ¢:, ---, ta. Denote 
by K; the set of z with (z, ¢) in K, where t=(t;, ---, tn). 

Assume K; does not separate the z-plane for any ¢. 

Suppose / is in C(K) and set f;(z)=/(z, 2 If for each ¢, fr 

is analytic at every interior point of Kz, then / can be 

uniformly approximated on K by polynomials in z, 

hh, +++, by. J. Wermer (Princeton, N.J.). 


Harazov, D. F. On finding of eigenvalues and the 
approximation of solutions of functional equations in 
Banach . Akad. Nauk Gruzin. SSR. Trudy Tbi- 
liss. Mat. Inst. Razmadze 22 (1956), 237-250. (Russian) 

Let H(A) be an operator on a Banach space to itself, 
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analytic and completely continuous in a circle in the plane 
of the complex variable 4. Let G,(4) be a sequence of 
finite-dimensionally valued operators, approximating to 
H(A) uniformly in the circle and analytic in the circle: 
if the space has a countable basis, the G, may be poly- 
nomials in A. The relations between solutions of the equa- 
tions (1) x—H(A)x=0 and (2) x—H(4)x=y, and equations 
(3) x—G,y(A)x=0, (4) x—G,(A)x=yy are discussed. For a 
point Ap to be a proper value of (1) it is necessary and 
sufficient that it is a limit of a sequence of proper values 
of (3) ; if it is a regular value of (2) with solution x it must 
be a regular value of (4) for all large enough m, and x is a 
limit of the solutions of (4) with any sequence y,->y. 
In a space in which the unit sphere is weakly compact, 
if A, is a sequence of eigenvalues of (3) with corresponding 
eigenvectors x», and if A,—>Apo, then {x,} has as limiting 
point an eigenvalue of (1) for the eigenvalue do. Finally, 
the equations (3) and (4) are replaced by finite systems of 
simultaneous algebraic equations, and the relationships 
with the solutions of these are discussed; the bearing of 
this on the convergence of Galerkin’s method is worked 
out. J. L. B. Cooper (Cardiff). 


Krabbe, G. L. Abelian rings and of operators on 

ly. Proc. Amer. Math. Soc. 7 (1956), 783-790. 

A correspondence is established between the set M of 
bounded measurable complex valued functions on 
[—z, x] and a set of infinite matrices in the following 
manner. The matrix Ay corresponds to the function A (6) 
if Ay=(aq,,)=(@n_,), where the a, are Fourier coefficiets 
in the exponential form of the Fourier series corre- 
sponding to A(@). It is shown that for any p>1, Ay is a 
bounded linear operator over /» and in case the functions 
involved are in the ring $ of functions of bounded 
variation over [—z, 2], the correspondence is an algebraic 
isomorphism between 8 and $y such that if A(6) has an 
inverse in § then Ay —! is a bounded linear operator on /». 
If the functions involved are continuous on [—z, 2] then 
SUP-—z<0<a A(0)=||Ay||. In this case the spectrum of Ay 
is a connected subset of the image of [—z, x] under A. 
If A is analytic o (A x) is the entire image of [—z, a] under 
A and the point spectrum of Ay is void except in the 
trivial case of a constant A. R. E. Fullerton. 


Pi Calleja, Pedro. The normal-derivative numbers of 
vectorial functions. Rev. Un. Mat. Argentina 17 
(1955), 161-172 (1956). (Spanish) 

Let f(x) be a function of the real variable x having 
values in a real normed linear space and define 


Naf(x)= lim int YO—/O)I 


yt ly—| 


The following theorem is typical of those proven by the 
author. Let /(x) be continuous on the interval [a, b}] and 
g(x) a real valued function of the real variable x continu- 
ous and increasing on [a, 6]. Suppose in [a, 6), 


(*) Nif(x)SD+g(x) 


with the possible exception of a denumerable set of points. 
Then |\f(5)—/(a)\|S¢(6)—g(a) if both members of (*) are 
not infinite. Similar results are obtained for N*/(x), 
N-}(x) and N-/(x) which are defined by analogy with 
N(x). These theorems are related to older results. of 
Scheeffer [Acta Math. 5 (1884), 183-194, 279-296] and 
Dini [Fondamenti per la teoria delle funzioni di variabili 
reali, Nistri, Pisa, 1878]. V. F. Cowling (Lexington, Ky.). 
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See also: Shiga, p. 582; Hongo, p. 588. 


Hilbert Space 


Hongo, Eishi. A note on the commutor of certain oper- 
ator algebras. Bull. Kyushu Inst. Tech. (Math., Nat. 
Sci.) no. 1 (1955), 19-22. 

A left * algebra A is a complex associative algebra 
which has an inner product and a continuous * operation 
for which (xy, z)=(y, x*z) for all x, y, z in A, the map 
yxy is continuous, and the set of all xy is dense. This is a 
cota of Dixmier’s “quasi-unitary algebras”. 

e “commutation theorem” is proven for A: If H is the 
completion of A, and L and R are the weak closures of 
the sets of bounded linear operators on H which are 
extensions of, respectively, left multiplications and right 
multiplications in A, then any bounded linear operator 
on H which commutes with all of L is in R. 

J. Feldman (New York, N.Y.). 


Bendat, Julius; and Sherman, Seymour. Monotone and 
convex operator functions. Trans. Amer. Math. Soc. 
79 (1955), 58-71. 

Let /(x) be a real valued function of the real variable x 
defined in an interval (a,b) and X a real symmetric 
matrix of order m with all eigenvalues in (a, 6). Then, by 
definition, {(X) is the symmetric matrix of order » with 
the same eigenvectors as X, but real eigenvalue A re- 
placed by /(A). The function /(x) is monotone of order » if 
ASB implies /(A)</(B). An inequality ASB means that 
B—A is the matrix of a non-negative quadratic form. 
The monotone functions of order » can be characterized 
by difference or differential inequalities [see Léwner, 
Math. Z. 38 (1934), 177-216; Dobsch, ibid. 43 (1937), 
353-388}. In particular the functions monotone of 
arbitrarily high order in (a, 6) form the class of analytic 
functions in (a,b) which can be analytically continued 
into the whole upper halfplane and map the latter into 
itself. 

In the first part of the paper the authors use Ham- 
burger’s moment problem to give a new proof of the 
above described characterization of functions monotone 
of abritrarily high order. They further show that if 
instead of finite matrices X operators in Hilbert space are 
considered and /(X) is defined in the usual fashion, 
monotonicity of the operator function /(X) means the 
same as monotonicity of arbitrarily high finite order. 

In the second part of the paper convex operator func- 
tions are considered. /(X) is convex if 


{{(1+-)A+tB)S(1—2)f(A)+#7(B). 


F. Kraus gave in his dissertation [see Math. Z. 41 (1936), 
18-42] necessary and sufficient conditions for convexity 
of order m. Using his results the authors derive a very 
simple characterization of functions which are convex of 
arbitrarily high order. The difference quotient 


(/{(%) —f(%o))/(x—x0) 


must be monotone of arbitrarily high order for some xo 
from (a, 6) and this is also sufficient. Remark: The last 
two lines on p. 69 should read --~- necessarily the qua- 
dratic function 


[ite L(%0) (5 x6) 4 Les) (x—x0)?. 


f(x)=1(%0)+ 


C. Loewner oh Alto, Calif.). 
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Koranyi, A. On a theorem of Léwner and its connections 
with resolvents of selfadjoint transformations. Acta 
Sci. Math. Szeged 17 (1956), 63-70. 

Léwner [Math. Z. 38 (1934), 177-216] proved the follow- 
ing theorem. The class of all monotone functions of self 
adjoint operators on a Hilbert space with spectra on 
(—1, 1) is identical with the class Cp of all real valued 
continuously derivable functions on (—1, 1) which are 


positive definite in the sense that if x1, x2, --+, %, are 
points of (—1, 1) and «1, a, «++, a, are complex numbers 
=/f'(x) and 


then SPj_1 (x4, xs)os%j20, where (x, x) 
R(x, y)=G@)—1y))/(a—y) for xy. It is known also 
(Bendat and Sherman, Trans. Am. Math. Soc., 79 (1955) 
pp. 58-71) that the class Cp is identical with the class C; 
of functions representable in the form 


He)=1(0)+ |, x(1—tx) Adu 


with bounded non-decreasing y(t). The first theorem of 
the present paper gives a new and elegant proof of the 
quivalence of Cp and C; by using Hilbert space methods. 
oy suitable alterations of the proof of the first theorem 
the author arrives at the proof of his second theorem 
which states that if JT; is a one parameter family of 
bounded symmetric operators defined on (—1,1) toa 
Hilbert space # then necessary and sufficient conditions 
that there exist a larger Hilbert space #127 and a self 
adjoint operator A such that Tz,—P1Q,! where Q;'= 
x([—xA)- and P! is the projection of #1 onto # are 
(a) Tz has a weakly continuous weak derivative T;,’, 
(b) To=0, To’=I, (c) for any finite system of pone 
{xs}C(—1, 1) and elements {fje3#?, i=1, 2, ---, 0; 
Lhe1 (K(x, x)fify)20 where K(x, x)= Tz’, K(x, 9) = 
(Tz—Ty)/(x—y) if xy. R. E. Fullerton. 


Sz.-Nagy, Béla. Remarks to the preceding paper of A. 
Koranyi. Acta Sci. Math. Szeged 17 (1956), 71-75. 
The two results of the paper reviewed above are gener- 

alized by replacing the assumption of continuous differ- 

entiability of f and T, by the respective hypotheses that 

f is continuous and derivable almost everywhere on 

(—1,1) and that T, is weakly continuous and weakly 

derivable almost everywhere on (—1, 1). The author 

shows that the conclusions of Kordnyi are still valid 
under these weaker hypotheses. R. E. Fullerton. 


Chong, F. Common eigenvectors of commuting operators. 

Austral. J. Sci. 19 (1956), 9-10. 

A proof, simpler than previous ones, is given for the 
theorem that two commuting normal operators on a 
Hilbert space have a complete orthonormal set of eigen- 
vectors in common, so that, in particular, two commuting 
normal matrices can be simultaneously diagonalized by 
the same unitary similarity transformation. 


Kramer, Vernon A. Asymptotic inverse series. Proc. 
Amer. Math. Soc. 7 (1956), 429-437. 
Let H; (i20) be positive operators in Hilbert space and 
let Ho=J. Then the inverse of the operator 


A(t) =Ho+tHi+He2+--- (OStst), 


(it is assumed that the domain of H(to) is dense), has a 
formal expansion H (t)-!\=A9+tA 1+#A2+---.Itisshown 
that if the vector ¢ is in the domains of the operators 
A, , Ay and if, for each i<N, Aj@ is in the domain 
of HW) then, 


~ N 
j ~i.. J = 
lim ||H(¢) 2, A4d||=0, 









i ttt, tt i, el ee i ei 


as 2 & of 4 oe 4 ee oe Oe oe 28 28 oh aot 4 fete Ge CH Ca. Oo fee, 





Acta 
low- 


2 on 
lued 


, are 


bers 


955) 
S Cr 


r the 
on a 
igen- 


1d by 


e and 


has a 
hown 
rators 
ymain 








where H (é) is the Friedrichs extension of H(#). Under 
further restrictions error estimates are given. A similar 
asymptotic expansion is obtained for the inner product 
(H (t)-14, y). N. Dunford (New Haven, Conn.). 


Senft, Walter. Uber die des pe my 
griffes in der Theorie der linearen Raume. mment. 
Math. Helv. 30 (1956), 73-97. 

Starting from a very general notion of congruence in 
vector spaces, the author discusses various special- 
isations of it by means of axioms. We state one of his main 
results. Let = denote a congruence relation in a real 
vector space L, let us write x|y if and only if 
x+yax—y, and let the three following conditions be 
fullfilled: (I) xa:z and youz, implies xy; (II) x_Ly, 
implies Ax | y; (III) for all x and #0, there exists a 
unique normal projection of x on 4, i.e. a unique real A 
such that x—Au | «. Then, there exists a definite bilinear 
form ®(x, y) such that x,y is equivalent with ®(x, x)= 
®(y, y); the converse is obviously true. Here, L can be 
either finite or infinite dimensional; it should be noted 
that the remainder of the paper deals mostly with 2- 
dimensional, not necessarily real spaces. J. L. Tits. 


Ogasawara, Tézir6; and Maeda, Shiichir6. A generali- 
zation of a theorem of Dye. J. Sci. Hiroshima Univ. 
Ser. A. 20 (1956), 1-4. 

The author generalizes a theorem of H. A. Dye [Duke 
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Math. J. 20 (1953), 55-69; MR 14, 659] on the extension 
of a group isomorphism between the unitary groups of 


certain rings of operators in Hilbert by showing that 
the finiteness assumption made by on the rings can 
be dropped. 

F. I. Mautner (Baltimore, Md.). 
Maeda, Shiichiré. 


Lengths of a gay in rings of 
operators. J. Sci. Hiroshima Univ. Ser. A. 20 (1956), 

5-11. 

The author treats under more general circumstances 
the notion of length of a projection in a ring of operators 
due to Dye [Trans. Amer. Math. Soc. 72 (1952), 243-280; 
MR 13, 662). Using a definition due to Ogasawara [J. 
Sci. Hiroshima Univ. Ser. A. 19 (1955), 255-272; MR 18, 
137], he obtains a decomposition for an arbitrary ring as 
a direct sum of rings of uniform length, a result established 
earlier for type III rings by Griffin [Trans. Amer. Math. 
Soc. 79 (1955), 389-400; MR 17, 66). He then defines a 
length -function for a ring and obtains from it a different 
definition of the coupling invariant used by Griffin and 
Pallu de la Barriere, in treating multiplicity theory for 
type II rings. 

I, E. Segal (Chicago, Iil.). 


See also: Roelcke, p. 571; Feller, p. 575; Temple, p. 
580; Friedman, p. 584; Foias, p. 586. 


TOPOLOGY 


General Topology 


Jaworowski, J. W. On antipodal sets on the sphere and 
on continuous involutions. Fund. Math. 43 (1956), 
241-254. 

The paper is a detailed presentation of results pre- 
viously announced [Bull. Acad. Polon. Sci. Cl. III. 3 
(1955), 247-250, 289-292; MR 17, 289, 653). The author 
first introduces the notion of an antipodal system and 
then proves several theorems on subsets of the n-sphere 
S* and a special case of a fixed point theorem by P. A. 
Smith. (The concept of an antipodal system is essentially 
contained in the special homology theory of P. A. Smith. In 
fact, a subset of S* carries an antipodal k-system if and 
only if it contains an antipodal compact set_X such that 
the natural homomorphism of Hl) into H,(S*) is not 
trivial, where H; is the kth special homology group with 
respect to the antipodal map and integers mod 2 are used 
as coefficients.) Let A, B be subsets of S* carrying an 
anti p-system and an antipodal g-system respective- 
ly. The main theorems are: 1) If -+-g=n—1 and ANB=¢ 
then A and B are linked. 2) If $+q2m, then ANB+@. 
{The question raised by the author about whether ANB 
carries an antipodal (p+¢—n)-system for p+g2m has a 
positive answer as seen in a paper by the reviewer [Ann. 
of Math. (2) 62 (1955), 271-283; MR 17, 289]. From this 
result both 2) and 1) can be shown without much diffi- 
culty.} The theorems related to the Borsuk’s theorems on 
antipodal points are not different from those obtained by 
the reviewer [ibid. 60 (1954), 262-282; MR 16, 502). 

C. T. Yang (Philadelphia, Pa.). 


Kapuano, Isaac. Propriétés des ensembles toujours de 
premiére catégorie. C. R. Acad. Sci. Paris 244 (1957), 
31-34. 

Famille non stationnaire décroissante d’ensembles-F,. 





Tout ensemble toujours de premiére catégorie a une 
puissance Sx. L’hypothése du continu est équivalente a 
la proposition suivante: Il existe un ensemble E dé- 
pourvu d’ensemble parfait, ayant la puissance du continu 
et réunion de %, ensembles jouissant de la propriété de 
Baire au sens restreint. Rectification d’un énoncé précé- 
dent [mémes C. R. 242 (1956), 1833-1836, lemme 1; MR 
17, 1065). (Résumé de I’auteur.) L. Gillman. 


Kurata, Y.; and Kato, M. A note on co spaces. 
J. Fac. Sci. Hokkaido Univ. Ser. I. 13 (1956), 65-67. 
In a remark following the proof of Proposition I, 

Chevalley [Theory of Lie groups, v. I, Princeton, 1946, 

p. 51; MR 7, 412] announced that this proposition can be 

deduced from his principle of monodromy (ibid. p. 46) 

in the special case where the space % is normal. The 

present authors propose a modified principle of mono- 
dromy from which the | pn seme in question is deduced 
without assumption of normality, their principle is as 
follows: Let 8 be a simply connected space. Assume that 
we have assigned to every ~ « 8 anon-empty set Ey. Let 

Ul be an open basis of ef consisting of connected sets. 

Assume furthermore that we have assigned to every triple 

(U; p,q), where U ell and , qs U, mapping 9p,q of 
p into E,in such a way that the following conditions are 

satisfied: 1) If Ue Wand #, g, re U, we have gp,,-)= 

Per Pp,q™; 2) if U, Ve u and U>V, we have 

yp a= Pn,q™ for all p, qe V; 3) each 0,9 is the 

identity mapping. Then there exists a mapping y which 
associates with every p « 8 an element p(p) « Ep in sucha 

way that y(q)—p,¢(p()) where Ueland p,¢« U. 

Moreover, if po« 8 and éy,°« Ey, are given, then the 

mapping y is uniquely selected in such a way that 

v(po) =ep,°. 

W. W. S. Claytor (Washington, D.C.). 
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Tominaga, Akira. On some properties of non-compact 
Peano s J. Sci. Hiroshima Univ. Ser. A. 19 
(1956), 457-467. 

A Peano space is a space R which is locally compact, 
locally connected, separable and metric. If R is also com- 
pact, then R is a Peano continuum. Given a space S, and 
a point ~ at which S is locally connected, the degree 
D(S, p) of S at is defined by a limiting process which 
generalizes the usual definition of the order of a linear 
graph at a point. If R is a Peano space, then R has a one- 
point compactification R*=RUp, and R* is locally 
connected at ~. If R is not compact, then the degree 
D(R) of R is defined as D(R*, p); if R is compact, then 
D(R) is defined to be zero. The author’s main results are 
as follows. Hereafter, R always denotes a Peano space. 

(1) R is non-compact if and only if for each point x of R 
there is a halfopen arc A in R, having x as its end-point, 
such that A forms a closed set in R. (2) If the metric 
for R is convex, and D(R)=2, then R contains a straight 
line. (Here a “straight line” is not necessarily unbounded 
relative to the given metric.) A metric space has property 
S if for each e>0 S can be expressed as the union of a 
finite collection of connected sets, each of which is of 
diameter <e. (3) Every R has a bounded convex metric 
relative to which R has property S. (4) If R is simply 
connected, then so also is the Freudenthal compactifica- 
tion of R. [For the definition of the Freudenthal compac- 
tification (which assigns “‘endpoints’’ to R) see Math. 
Z. 33 (1931), 692-713.} (5) Let M be a closed set in R, 
and let o be a convex metric for M. Then o can be 
extended to give a convex metric for R. (3) and (5) generalize 
results of Bing [Bull. Amer. Math. Soc. 55 (1949), 1101-— 
1110; Duke Math. J. 14 (1947), 511-519; MR 11, 733; 9, 
521]. {The author mistakenly credits the reviewer with 
having given a proof of the convexification theorem for 
Peano continua, in Bull. Amer. Math. Soc. 55 (1949), 
1111-1121 [MR 11, 734); in fact, the argument there given 
for the grille-decomposition theorem (on which the rest of 
the paper depended) was erroneous [see the acknowledg- 
ment in Proc. Amer. Math. Soc. 2 (1951), 838; MR 13, 
265]).} E. Moise. 


Mréwka, S. On quasi-com spaces. Bull. Acad. 

Polon. Sci. Cl. III. 4 (1956), 483-484. 

Let X be a completely regular space. If every continu- 
ous real function on X is bounded, then X is quasi- 
compact. Suppose it is true that if X is imbedded in a 
completely regular space X Ua, where « is a point at which 
Xa satisfies the first axiom of countability, then « is 
isolated in XUa. Then we say that X is countably abso- 
lutely closed [this generalizes a definition of ‘‘absolutely 
closed”, due to Alexandroff and Urysohn, Verh. Akad. 
Wetensch Amsterdam. Afd. Natuurk. Sect. 1. 14 (1929), 
no. 1}. 

Theorem. If X is completely regular, then X is quasi- 
compact if and only if X is countably absolutely closed. 

Theorem. If X is normal, then X is compact if and only 
if X is countably absolutely closed. E. Moise. 


Anderson, R. D. Atomic decompositions of continua. 

Duke Math. J. 23 (1956), 507-514. 

Let M be a continuum, and let G be a continuous 
decomposition of M into continua. Suppose that for 
each subcontinuum K of M, and each element g of G, 
either g°K or KCg. Then G is said to be atomic. 

Theorem. Let S be a continuum imbedded in a space R, 
such that R is either a Hilbert cube or a triangulable 
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Euclidean manifold. Let K be either a positive integer 
or co; and suppose that K<dim(R) if dim(R)<oo. Let 
e be a positive number. Then there exists a continuum 
M in R, and an open mapping 9, of M onto S, such that 
(1) the collection E of inverse images 6—1(p) for p< S is a 
continuous atomic decomposition of M into continua, 
(2) each element of E contains a K-cell, (3) dim(M)=K, 
and (4) for p«S, the Hausdorff distance between # and 
6-1(p) is less than e. E. Moise (Princeton, N.J.). 


Ryll-Nardzewski, C. A remark on the mixing theorem. 
Bull. Acad. Polon. Sci. Cl. III, 3 (1955), 297-298. 
Let T be an indecomposable (metrically transitive) 

measure preserving transformation in a finite positive 
measure space (X,B,m). Each of the following two 
conditions, which are known to be equivalent to the weak 
mixing property of T if T is one-to-one, are here shown to 
be equivalent without this assumption: (a) The square 
of T, i.e. (T x T)(x, y)=(Tx, Ty), is indecomposable with 
respect to the direct product measure m Xm; (b) for any 
complex number A, the function /(x)=const is the only 
one for which /(7x)=Af(zx). N. Dunford. 


See also: Banaschewski, p. 551; Popruzenko, p. 551; 
Eyraud, p. 551; Sikorski and Traczyk, p. 555; Artin, 
p. 564; Stoilow, p. 568; Rudin, p. 587. 


Algebraic Topology 


Inoue, Yoshiro. On a condition of the extendability of a 

cross section. Math. Japon. 4 (1956), 1-4. 

Let p:E-+B be a fibre space in the sense of J.-P. Serre, 
where B is an arcwise connected CW-complex. Assume a 
cross section y is defined over the (m—1)-skeleton of B. 
The author gives some necessary and sufficient con- 
ditions for the extendability of py to a cross section over 
the m-skeleton of B. W. S. Massey. 


Papakyriakopoulos, C. D. On Dehn’s lemma and the 
asphericity of knots. Proc. Nat. Acad. Sci. U.S.A. 
43 (1957), 169-172. 

In 1910 Max Dehn published what purported to be a 
proof of the proposition that if D is a combinatorial 
singular 2-cell in a triangulated 3-manifold M, and D has 
no singularities on its boundary, then the boundary of D 
is unknotted [Math. Ann. 69 (1910), 137-168, p. 147). This 
was known as the Dehn lemma. It can be stated more 
precisely as follows: 

Lemma. Let o? be a 2-simplex with boundary f. Let / be 
a piecewise linear mapping of o? into the triangulated 
3-manifold M. Suppose that there is a neighborhood U of 
B in the space o?, such that (1) /|U is a homeomorphism 
and (2) /(U)nj{(e2—U)=0. Then the polygon /(f) is the 
boundary of a polyhedral disk in M. 

Nineteen years after the appearance of Dehn’s paper 
it was found by Kneser [Jber. Deutsch. Math. Verein. 
38 (1929), Abt. 1, 248-260, p. 260] that Dehn’s proof of 
the lemma was erroneous; and since then the lemma has 
represented a celebrated problem. In the paper under 
review, the author announces an affirmative solution of 
this problem, and gives indications of a proof which will 
later be published in full. The proof makes use of a result 
due to Johansson [Math. Ann. 115 (1938), 658-669] to the 
effect that the lemma reduces to the case in which M is 
orientable. 
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As Dehn correctly proved, it is a consequence of the 
lemma that the knot-type of the circle in the 3-sphere is 
characterized by the knot-group. That is to say, if K isa 
(polygonal) knot in S%, and the fundamental group 
m(S?—K) is infinite cyclic, then K is the boundary of a 
polyhedral disk. 

Let F be a non-empty, closed, proper subset of S%. If 
there is a 2-sphere S? in S§—F such that each of the 
components of S$—S? intersects F, then we say that 
F is geometrically splittable. If 2;(S§—F) is the free 
product of two non-trivial groups, then we say that F is 
algebraically splittable. If U is an open subset of S3, and 
the second homotopy group 22(U) is=0, then we say that 
U is aspherical. 

Theorem. Let U be a non-empty, open, proper con- 
nected subset of S*. Then U is aspherical if and only if 
S8—U is not geometrically splittable. 

Corollary. If F is a non-empty, connected, closed 
proper subset of S*, then every component of S?—F is 
aspherical. 

This is the solution of a problem of Eilenberg [Fund. 
Math. 28 (1936), 233-242, p. 241]. 

Corollary. If F is a connected graph, or a knot, then 
S8—F is aspherical. 

By a link we mean a finite union of disjoint knots. 
The following result is the solution of a problem of 
Higman [Quart. J. Math. Oxford Ser. 19 (1948), 117-122; 
MR 9, 606). 

Theorem. Let K be a link in S%. The following three 
statements are equivalent: (i) S?—K is not aspherical. 
(ii) K is geometrically splittable. (iii) K is algebraically 
splittable. 

The proofs of the above results are based in part on the 
following theorem. The Sphere Theorem. Let M be an 
orientable triangulated 3-manifold with boundary. (The 


MATHEMATICAL REVIEWS 












591 


boundary of M may be empty, and M is not necessarily 
compact.) Suppose that 22(M) +0; and suppose that M is 
combinatorially imbeddable in a 3-manifold N which has 
the property that the first homology group of every non- 
trivial subgroup of 2(N) has an element of infinite 
order. Then there is a polyhedral 2-sphere S in M such 
that S is not homotopic to zero in M. 

The following result verifies a conjecture of Hopf. 
Theorem. If U is an open connected subset of S%, then 
2;(U) has no element of finite order. 

Finally, it is shown that if K is a knot in S%, then 
(S—K) has either one end or two ends, according as K 
is knotted or unknotted. £. Moise (Princeton, N.J.). 


Cockcroft, W. H. The cohomology groups of a fibre space 
with fibre a space of type ¥ (x, »). Proc. Amer. 
Math. Soc. 7 (1956), 1120-1126. 

Let X be a topological space with two non-vanishing 
homotopy groups, say 2m, 2, in dimensions m, n re- 
spectively (m>n>1). The author calculates the cohomo- 
logy groups of X with coefficients in a field up to dimen- 
sion m-+-2. In effect only the three dimensions m, m-+-1, 
m--2 are significant, and the author determines the corre- 
sponding cohomology groups explicitly up to group ex- 
tensions. Since X has the same homotopy type as a fibre 
space with base of type 4 (x_,,m) and fibre of type 
X (am, m), it is sufficient to consider the case of a general 
fibre space with fibre of type 4 (am, m). Using standard 
spectral sequence arguments the author determines the 
cohomology of such a fibre space up to dimension m-+-2. 


M. F. Atiyah (Cambridge, England). 


See also: Karpelevi¢, p. 583. 


GEOMETRY 


Geometries, Euclidean and other 


* Strickler, Walter. Uber die endlichen klein-desar- 
guesschen Zahlsysteme. Dissertationsdruckerei Lee- 
mann AG, Ziirich, 1955. 33 pp. 

A “small-Desargues’”’ system Z is a set of elements, 
called numbers, which satisfy those laws of addition 
and multiplication which can be obtained through 
Hilbert’s construction from the “‘small-Desargues theo- 
rem”, i.e. the special case where both corresponding 
sides and the lines connecting corresponding vertices 
are parallel. Finite Z are characterized by the following 
properties: Z is an abelian group under addition. Mj: 
ab=ab’ or ca=c’a and a0 imply b=d’ or c=c’. Mg: 
There is a left and a right unit. D: a(b+c)=ab+-ac (but 
not the right distributive law). It follows that the right 
and left units coincide and that division is possible. 
M,; and Mg are independent of the remaining axioms. 
Three subsystems (satisfying all the axioms) are dis- 
cussed. A: Consists of those a « Z for which (xy)a=x(ya) 
for all x, ye Z. A: The intersection of A and those 
elements d for which (x+y)d=age-yd for all x, y « Z. 
Finally, II is the smallest subsystem of Z. It is shown that 
Z is a right vector space over A, If, and only if, all ele- 
ments of Z commute with all elements of II, Z is also a 
left vector space over A. Special systems Z, in particular 
those of Veblen, M en-Wedderburn, are discussed. 
A Z with distinct A, A, II has at least 256 elements. Z is 
proper if the right distribution law does not generally 








hold. There are no proper commutative or anti-commu- 
tative Z. H. Busemann (Los Angeles, Calif.). 


Neculcea, M. Extensions de l’axiome de congruence des 
triangles dans le plan. Rev. Math. Phys. 2 (1954), 
133-137 (1955). 

In Hilbert’s axioms for euclidean plane geometry, the 
congruence axiom III.5 [Grundlagen der Geometrie, 7. 
Aufl., Teubner, Leipzig, 1930, p. 14] can be “‘reduced”’ by 
making the assumption that all triangles under consider- 
ation differ from a given fixed triangle or, more generally, 
do not belong to a given set, such that any bounded region 
of the plane contains only a finite number of triangles of 
the set. On the other hand, an explicit model shows that 
one cannot exclude all the triangles having a given point 
as one vertex. J. L. Tits (Brussels). 


Freudenthal, Hans. Neuere Fassungen des Riemann- 
Helmholtz-Lieschen Raumproblems. Math. Z. 63 
(1956), 374405. 

Let R be a connected locally compact topological space 
and let F be a transitive group of homeomorphisms of R. 
The reviewer has determined [Bull. Soc. Math. Belg. 
5 (1952), 44-52; 6 (1953), 126-127; Acad. Roy. Belg. Cl. 
Sci. Mém. Coll. in 8° 29 (1955), no. 3; MR 15, 334; 16, 
501; 17, 874) all pairs (R, F) satisfying the following 
conditions: (S) For any two closed subsets of R, A and B, 
with An B=g, there exists an o subset U of R such 
that for no fe F, {(U) nA and /(U) AB+@ simultane- 
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ously [this is the author’s interesting formulation for a 
condition due to Kolmogorov, Nachr. Ges. Wiss. Gét- 
tingen. Math.-Phys. K1. 1930, 208-210]; (V) F is complete 
(for a uniform structure invariant under F which can be 
introduced on R as a consequence of (S)) ; (Z*) let J be the 
group of all elements of F which leave fixed a given 
point x9; then, of any two orbits of J, the one separates 
the other from x9. The author generalizes this result by 
substituting in (Z*) the weaker condition: (Z) There 
exists an orbit of J which separates R. This substitution 
does not give rise to new pairs (R, F), so that the list of 
all (R, F) satisfying (S), (V) and (Z) is the one given in 
MR 15, 334; as a consequence of this, if R denotes now a 
connected, locally compact metric space and if there 
exists a number y>0O, smaller than the diameter of R, 
such that R is homogeneous with respect to the pairs of 
points at distance y, then, R is two-point homogeneous in 
the sense of Birkhoff-Wang, i.e. it is a euclidean space, a 
sphere, or a real, complex, quaternion or octave elliptic 
or hyperbolic space [cf. loc. cit.]. The author’s proof. is 
shorter than the reviewer’s; it should be noted, however, 
that the latter makes a wider use of elementary means. 
The paper starts with a historical introduction on the 
Riemann-Helmholtz-Lie problem. J. L. Tits. 


* Yaglom, I. M. Geometriteskie preobrazovaniya. II. 
Lineinye i krugovye preobrazovaniya. [Geometrical 
transformations. II. Linear and circular transfor- 
mations.] Gosudarstv. Izdat. Tehn.-Teor. Lit., Mos- 
cow, 1956. 612 pp. 10.45 rubles. 

This second volume, like the first one, is intended for 
superior high school students and high school teachers, 
and the material is strictly adapted to the background of 
Russian high schools. The methods are purely synthetic 
and much familiarity with the geometry of the circle is 
assumed, but other conic sections are not considered. The 
first part deals with affine and projective transformations 
of E? and E%. Projective spaces are never introduced 
axiomatically, the euclidean space is completed by ele- 
ments at infinity. The second part deals with the ele- 
mentary aspects of Laguerre geometry, in particular, 
reflections and inversions in circles are studied in detail. 
Hyperbolic geometry is treated twice, first its Klein 
model in part 1, and then its Poincaré model in part 2. 
There are about 200 problems, some of them very inter- 
esting, formulated in the text proper (pp. 1-354) and their 
solutions, often with digressions into related subjects, 
occupy the remaining space (pp. 355-605). 

H. Busemann (Los Angeles, Calif.). 


Fabricius-Bjerre, Fr. Some theorems of J. Hjelmslev on 
plane, skew, and spherical quadrilaterals. Nordisk 
Mat. Tidskr. 4 (1956), 139-148, 176. (Danish. Eng- 
lish summary) 

Let Qi=A «BCD, (i=1, 2 ) be two (not n ecessarily 
convex and possibly self-intersecting) oe in E%, 
Put AyBy=a;,, BC y=—bi, CiDy=—ey, DiAr=dy, ACi=—e, 
BYDi=fi. Let 

41 +a2=b; +b2=c1+¢c2=d1+de, 
41+b1+¢1+d)=a2+b2+Ce+de, e1=e2, 

and assume (*) that either both Q; are decom r 

or both not decom by the diagonal A,C;. Then 1) 

fi=fe, 2) the distances of the centers of the diagonals are 

equal, 3) the products of the areas of two triangles with 


common corresponding diagonals are equal. These facts 
are true for quadrangles in ine provided (*) is replaced by 





the condition that the angles between the planes A,B,C, 
and A,D,C;, i=1, 2, are equal. Moreover, the tetrahedra 
A,B,C); have equal volumes. The results on E® are 
extended to S?. H. Busemann (Los Angeles, Calif.). 


Zacharias, Max. Die Aufgabe von Senkatachalam Jyer. 

Bull. Soc. Roy. Sci. Liége 25 (1956), 605-606. 

A solution with ruler and compasses is given for a 
problem in plane geometry originating with Senkata- 
chalam Jyer and discussed analytically by H. Lorent 
(same Bull. 24 (1955) 14-24; listed in MR 16, 1044). 


Marmion, A. Sur le “mod 

65 (1956), 519-526. 

The “module” of a tetrahedron is a real number 
Mz2-—1, defined in terms of the sides and angles in sucha 
way that its value determines certain relations among 
the areas of the faces; e.g., if M>1, then the sum of the 
greatest and least areas is less than the sum of the other 
two. 


” d'un tétraédre. Mathesis 


Bilo, J. Sur l’affinité orthologique. 
509-516. 


Mathesis 65 (1956), 


Lorent, H. Sur les tangentes et les normales 4 deux 
coniques conjuguées. Bull. Soc. Roy. Sci. Liége 25 
(1956), 595-604. 


Cavallaro, Vincenzo G. Sui enti Torricelliani. 
Giorn. Mat. Battaglini (5) 4(84) (1956), 81-91. 
Let BCL, CBM, ABN (BCL’, CAM’, ABN’) be the 
three equilateral triangles constructed on the sides of a 
triangle ABC and external (internal) to ABC. We have: 


AL=BM=CN(=T), AL'’=BM'=CN'(=T’). 


During the last three decades the author has published 
a series of papers, overlapping considerably in contents, 
in which he has been defending the contention that the 
segments T, T’, which he calls the Torricelli segments, 
play an important role in the geometry of the triangle. 
In support of this claim he has derived a considerable 
number of relations involving T and 7’. We shall quote 
some of them, more or less at random, from the paper 
under review (in a footnote the author lists most of his 
previous articles on this subject). 

If a, 6, c are the sides of the triangle ABC, we have 

a®+-52+4c2—724T7°2, 


Denoting by 2p, 2y the axes, and by F, F’ the foci of 
the incribed Steiner ellipse of ABC, we have 

2p=(T+T"’)/3, 2p—(T—T")/3, FF’ =2(TT’)#/3. 

Sin w=(T?—T’2)/2(T4+-T'44-T2T’2)t, where o is the 
Brocard angle of ABC. 

If 7, T’ and 7,, 7,’ are the pairs of Torricelli segments 
of two triangles ABC and A;B,C;, the necessary and 
sufficient condition that a) the two triangles shall have 
equal Brocard angle is 

T:T’=T7;:Ty’, 
and b) the Brocard angle of A,B,C; shall be equal to the 
first Steiner angle of ABC is 
T: T’=T;? . :T,’2. 
If a right trianglar prism has ABC for its base and is 


cut by a plane so that the section is an equilateral triangle, 
we have, denoting by L the side of the equilateral triangle 
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and by @ the angle between the planes of the two trian- 
gles: 
L=3(T+T’)/3, cos 6=(T—T’)/(T+T’). 


Both these relations were given by the author before 
(Math. Gaz. 36 (1952), 273-275, p. 274; Mathesis 62 
(1953), 21-30, p. 29; MR 14, 785). 

The centers of the two triads of equilateral triangles 
considered before form two equilateral triangles which 
the author calls the triangles of Napoleon (Bonaparte). 
If J, ’ are the sides of those two triangles, we have: 


L=1+I' =2p-3!. 


These two “bellissima proprieta’’ were given by the 
author before [Mathesis 62 (1953), p. 29]. N. A. Court. 


Cundy, H. Martyn. Uni construction of certain 

polyhedra. Math. Gaz. 40 (1956), 280-282. 

Cutting a solid cuboctahedron into two halves by the 
plane of one of its four “equatorial” hexagons, the author 
obtains a pair of pieces of a shape that can usefully be 
cemented together like bricks in a wall. Eight such 
pieces, joined along their square faces, make a truncated 
octahedron with its square faces missing, revealing the 
vertices of an octahedron inside. In this manner he ex- 
hibits an interesting connection’ between the two honey- 
combs #;54 and #¢;,264 [Coxeter, Math. Z. 46 (1940), 380- 
407, pp. 403-404; MR 2, 10]. The former consists of octa- 
hedra and cuboctahedra; the latter, of truncated octa- 
hedra alone. ; 

Slightly more complicated bricks of the same general 
character are used to set up other models which neatly 
illustrate Mrs. Stott’s construction for reflexible Archi- 
medean solids [W. W. R. Ball, Mathematical recreations 
and essays, 11th ed. Macmillan, London, 1939). 


H. S. M. Coxeter (Toronto, Ont.). 


Gleason, Andrew M. Finite Fano planes. Amer. J. 

Math. 78 (1956), 797-807. 

Let # be a projective plane. The plane is called a Fano 
plane provided the diagonal points of every quadrangle 
are collinear. The following has been conjectured for some 
time: Every finite Fano plane is Desarguesian. The main 
purpose of this paper is to prove this conjecture. The 
technique consists in showing that the existence in a 
finite plane of certain collineations of a special type 
establishes the small, and hence the full, theorem of 
Desargues, and that finite Fano planes have these re- 
quired collineations. 

The introduction is devoted to a brief historical 
summary of the theory of projective planes, and indicates 
the gap filled by the derivation of this conjecture. In 
Section 1 the collineation group is studied. For a given 
point x and line L of a projective plane F, Gzy, is defined 
as the group of all collineations which leave x fixed line- 
wise and L fixed point-wise. A series of lemmas is es- 
tablished, culminating in Theorem 1.8. “Let # be a finite 
projective plane. Suppose, for every — x and line L 
with x«L, that Gz, is non-trivial. en # is Desar- 
guesian.”” Section 2 concerns projections and studies the 
Reidemeister configuration, referred to as configuration 
G. The main result here is Theorem 2.5. “If configuration 
G holds in and the order of # is a prime power, then 7 
is Desarguesian.”” Section 3 introduces the Fano plane, 
and the main result then follows from the previous 
considerations without great difficulty. H. J. Ryser. 





pee Parabolic congruences of straight 
lines. Trudy Sem. Vektor. Tenzor. Anal. 10 (1956), 

259-268. (Russian) 

Les congruences paraboliques dont il est question 
sont les congruences de droites définies dans |’espace 
projectif réel Po_,, de dimension impaire par deux va- 
riétés linéaires & m dimensions infiniment voisines (le 
langage des variétés infiniment voisines n’est pas utilisé 
par l’auteur) ; l’auteur montre que les droites d’une telle 
congruence peuvent étre représentées par les points d’un 
espace projectif 4 » dimensions P,(e) sur les nombres 
duaux a-+be (e?=0). Etant donnée dans l’espace pro- 
jectif P4n43 une hyperquadrique non dégénérée S4n+s, 
d’indice maximum, qui sera considérée comme |’absolu 
d’un espace non-euclidean, il existe des ,,congruence 
paraboliques paratactiques’’, dont les deux variétés 
linéaires de base infinement voisines appartiennent a 
San+s (ce qui signifie que les droites de la congruence sont 
toutes tangentes 4 S4n+3) ; l’auteur montre que les couples 
de droites d’une telle congruence ont un invariant mé- 
trique (nombre réel attaché a ces couples et invariant 
pour les projectivités de P4,+3 conservant simultanément 
San+s et la congruence donnée), auquel correspond dans 
Pen+i(e) un invariant de couples de points qui n’est 
autre que la distance pour une métrique unitaire définie 
dans Pan+:(e). J. L. Tits (Bruxelles). 


Bompiani, Enrico. Complessi 
lineari di rette in Sy. 
1-23. 

Il presente lavoro riproduce una parte di un corso di 
lezioni tenuto dall’A. nell’Universita di Roma. Oltre a 
risultati gia noti relativi agli spazi totali ed allo spazio 
singolare di un complesso lineare di rette di S,, riottenuti 
con metodo conciso ed elegante mercé I|’introduzione 
dell’operazione di ,,accoppiamento” (operazione che 
riguarda una s-pla non ordinata di rette di S, e che 
consiste nel costruire una certa forma s-lineare nelle 
coordinate di tali rette), l’Autore arreca nuovi contributi 
allo studio dei fasci di complessi lineari di rette di Sar. 
Precisamente: a) dimostra che un generico fascio di 
complessi lineari di rette di Sgr; ¢ determinato dalle sue 
r rette singolari (distinte ed appartenenti ad Se,_1), e cioé 
dalle rette singolari degli r suoi complessi singolari, e 
dallo spazio polare di un punto P (Ser—s sostegno degli co! 
Sere polari di P rispetto ai complessi del fascio stesso) ; 
b) assegna un significato geometrico agli y—3 invarianti 
del fascio ed una costruzione geometrica del fascio stesso. 

Relativamente ai fasci di complessi lineari tutti singo- 
lari ma di prima specie, l’Autore dimostra che le oo! rette 
singolari dei complessi di un tal fascio, che sono congiunte 
da uno spazio totale del fascio (cioé di tutti i suoci com- 
plessi), appartengono al pii ad un S;; cid é immediata 
conseguenza di un lemma affermante che un complesso 
lineare di rette di Sey; avente un S,., totale ha neces- 
sariamente un Sgz4; singolare. Le rette singolari del fascio 
ricoprono, se 723, una rigata d’ordine r—1 (di S,). 

Per cid che concerne i fasci speciali di complessi lineari 
di rette (fasci con rette singolari non tutte distinte) 1’A. 
si limita a pochi cenni, indicando come il loro studio si 
possa ricondurre a quello di fasci generali, dopo aver 
precisato la nozione di rette singolari infinitamente vicine 
o coincidenti: e cioé una retta, un Sg per essa ed una 
proiettivita tra la punteggiata sulla retta ed il fasciordi 
piani passanti per essa e contenuti nell’S3. 


D. Gallarati (Genova). 


lineari e fasci di complessi 
Rend. Mat. e Appl. (5) 15 (1956), 
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Bottema, 0. Inequalities in the geometries of spheres 
and of lines. Nederl. Akad. Wetensch. Proc. Ser. 
A. 59 = Indag. Math. 18 (1956), 523-531. 

The paper derives numerous determinantal inequalities 
concerning finite systems of spheres (perhaps degenerate) 
from an elementary theorem concerning the intersection 
of a quadric in (n—1)-dimensional projective space with 
a linear subspace. The well-known inequalities satisfied 
by the mutual powers of N+2 spheres, and the mutual 
distances of N+2 points in euclidean N-space follow as 
special cases. {Reviewer's note. The elements (A w+24 +2), 
(Aw+14n+1) of the determinants in inequalities (14), (16), 
respectively, should be replaced by 0.} 

L. M. Blumenthal (Columbia, Mo.). 


Gheorghiu, 0. Em. Au sujet d’un espace quasi euclidéen. 
Acad. R. P. Romine. Baza Cerc. $ti. Timisoara. Stud. 
Cerc. Sti. Ser. I. 2 (1955), 27-36. (Romanian. Rus- 
sian and French summaries) 

L’auteur considére un systéme de nombres hyper- 
complexes o=x+yM+2zM?2, M=\\ay\| (¢, 7=1, 2, 3). Les 
trois composants de w sont a4=%*-+-yAy+2/,, o1 A, est une 
racine de l’équation caractéristique de M. Le module p 
de w est défini par p?=wm2w3. Introduction des fonc- 
tions exponentielles et de trois fonctions 4 deux argu- 
ments qui jouent le réle des cosinus (un cas particulier 
sont les fonctions de Appell). Application 4 la géométrie 
de Humbert dont |’élément lineaire est défini par 
ds8=dwdweodwg, 0 doy=dx+Ady+A,2dz; il existe trois 
plans isotropes. O. Bottema (Delft). 


Gheorghiu, 0. Em. Détermination des objets géométri- 
ques linéaires de 2° classe en Xy. Acad. R. P. Romine. 
Baza Cerc. $ti. Timisoara. Stud. Cerc. Sti. Ser. I. 2 
(1955), 37-40. (Romanian. Russian and French sum- 
maries) 

L’auteur détermine les fonctions les plus générales 
satisfaisantes une loi linéaire donnée pour les objets géo- 
métriques de deuxiéme classe Of:-(x‘). A la condition 
s=s+1 il y a deux types de solution. 

O. Bottema (Delft). 


Myers, Wm. M., Jr. Functionals associated with a con- 
tinuous transformation. Pacific J. Math. 6 (1956), 
517-528. 

Let T be a continuous transformation from a simply 
connected polygonal region R in the Euclidean plane into 
Euclidean three space, and denote by 71, T2, Ts the three 
plane transformations obtained by following T with a 
projection onto the coordinate planes 2, 22, 23, re- 
spectively. For each point z in 2 and each subset P of R 
which is either a Jordan region or a domain let k(z;, T;, P) 
denote the number of essential maximal model continua 
for the point z; under the transformation 7; which are 
contained in the interior of P. Denote by g(7;, P) the 
Lebesgue integral of k(z;, T;, P) taken over the se mM, 
and put G(T, P) equal to the poten root of the sum of the 
squares of the terms g(7;, P). If ® is a collection of sub- 
sets P of R each of which is either a Jordan region or a 
domain let G(T, ®) denote the sum of the terms G(T, P) 
taken over the collection ®. Define a;(T), a2(T), a3(T), 
a4(T), a5(T), a¢(T) to be the least upper bound of G(T, ®) 
taken with respect to collections ® which consist of (1) 
pairwise disjoint simply connected polygonal regions, 
(2) pairwise disjoint polygonal regions, (3) simply con- 
nected Jordan regions with pairwise disjoint interiors, 
(4) Jordan regions with pairwise disjoint interiors, (5) 





pairwise disjoint simply connected domains, (6) pairwise 
disjoint domains, respectively. The transformation T 
represents a continuous surface S, and for fixed 7 the value 
of a;(T) is constant for every representation T of S. Thus 
any one of the functionals a;(7) may be used as a value 
for the lower area of the surface S, and indeed a3(T) and 
ag(T) have been so used: [Reichelderfer, Trans. Amer. 
Math. Soc. 53 (1943), 251-291; MR 4, 213; T. Radé, 
Length and area, Amer. Math. Soc. Colloq. Publ., v. 30, 
New York, 1948; MR 9, 505]. In this paper the author 
shows that the functionals a;(7), ae(7), as(T), ‘a4(T), 
as5(7T), ag(7) all yield the same value. 
P. V. Reichelderfer (Columbus, Ohio). 


* Sexenun, E.B. [Zelenin, E. V.] Hayeprareabnuan reo- 
mMeTpua BH 4epuenne.| Descriptive geometry and drawing. | 
Gosudarstv. Izdat. Tehn.-Teor. Lit., Moscow, 1953. 
524 pp. 16.35 rubles. 


See also: Artin, p. 553; Fischer, p. 560; Hall, p. 560; 
Senft, p. 589; Egloff, p. 595; Graeub und Nevanlinna, p. 
597; Ishehara, p. 599; Obata, p. 599; Noskov, p. 610; 
Shibata, p. 627. 


Convex Domains, Integral Geometry 


Santalé, L. A. On the chords of a convex curve. Rev. 
Un. Mat. Argentina 17 (1955), 217-222 (1956). (Span- 
ish) 

Let D be a closed plane convex curve bounding an 
area F and having a continuous radius of curvature 
with a positive minimum 79. Consider all pairs of tangents 
of D forming the angle @ (containing D). The chord c 
connecting the points of contact of these tangents 
satisfies the inequality c22r9 cos (40) and particular 
values of c satisfy c2(F/2m)*(1+sin 0+cos 6). The 
special case =} was treated previously by J. W. Green 
[Portugal. Math. 10 (1951), 121-123; 11 (1952), 51-55; 
MR 13, 577; 14, 495). The latter result is generalized to 
convex surfaces in E%: particular values of the chord 
connecting the points of contact of two supporting planes 
forming the angle 6 satisfy the inequality 


c=(25/2q)-1 (1-+-sin 6-+cos 6)M 


where M is the integral over the mean curvature. 
H. Busemann (Los Angeles, Calif.). 


Bredon, Glen E. The isoperimetric problem in the plane. 
Math. Mag. 30 (1956), 63-69. 
An expository article. 


Pleijel, Arne. On the division of convex fi 
Mat. Tidskr. 4 (1956), 149-151, 176. 
summary) 

Let the line (plane) L intersect the convex body K in 
E? (E%) in an interior point. If mis the ratio of the distances 
of L from the supporting line (plane) of K parallel to L 
and & and g are the corresponding ratios of the areas and 
lengths (volumes and areas) of the parts into which L 
divides K or its boundary then in E?: 


m?(2m+-1)-1sksm?-+-2m, m(m+2)-1<g<2m-+i, 
and in £3: 
m3 (3m? +-3m-+- 1)-1sksm$+3m2+ 3m, 
m?(2m?+-4m-+- 1)-1 <g<m*®+-4m-+-2. 
These inequalities are sharp. H. Busemann. 
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Hadwiger, Hugo. Minkowskis Ungleichungen und nicht- 
konvexe Rotationskérper. Math. Nachr. 14 (1955), 
377-383 (1956). 

An adequate generalization of the so-called “‘Quermass- 
integrale” for a non-convex body A in E® is given by 


Wi=cn2 i) y(ANEy dE; (0<i<n), 


where E; transverses the i-dimensional planes in E®, dE; is 
their integral geometric density, and 7(A ~£;) is the Euler 
characteristic of AME, It is assumed that x(AME,) 
is defined for all E; and that the integral exists as a Rie- 
mann integral. The constant cj, is defined by co,=—1, 


Ges (7) (em—1°* *Kn—4)(x1***«_)7) for 121, where xq is 


the volume of the i-dimensional unit ball. For convex A 
the W;, satisfy the inequalities 


(W/kn) -H>(Wi/n)/-) (Si <kSn—1), 


with equality only for spheres. It is known that these 
inequalities are not generally true, but it is shown here 
that they remain valid for non-convex bodies of revo- 
lution, when each hyperplane normal to the axis of revolu- 
tion intersects the body in a set homeomorphic to an 
(n— 1)-dimensional ball. H. Busemann. 


Hanner, Olof. Intersections of translates of convex 
bodies. Math. Scand. 4 (1956), 65-87. 
Let K be a convex body with interior points in E*. 
Define J(K) as the smallest integer m for which vectors 
#, ***, Um exist with (K+«)a(K+1«;)4<0 but 


A(K+ux)=0, 
k=1 


and put I(K)=co if no m exists. It was proved by B. 
v. Sz. Nagy [Acta Sci. Math. Szeged 15 (1954), 169-177; 
MR 16, 507] that J(K)=oco for parallelepipeds and J(K) 
<n+1 otherwise. It is proved here that /(K) takes only 
the values 3, 4, oo and that /(K)>3 if, and onlyif, K 
is a polyhedron with center such that for any two disjoint 
faces L,, Le of K two parallel supporting planes P;, Pe, 
of K with P;,>L, exist. For each » there is only a finite 
number of affinely non-equivalent K with J(K)>3. The 
number J(K) does not change if instead of translates 
K+, of K, bodies 4K-+« homothetic to K are ad- 
mitted. H. Busemann. 


Hadwiger, H.; und Ohmann, D. Brunn-Minkowskischer 
Satz und Isoperimetrie. Math. Z. 66 (1956), 1-8. 
Let A and B be bounded closed sets with positive 
measures |A|, |B| in E*. Then (Brunn-Minkowski Theo- 
rem) 


(a) |A+B|/*2|4|¥/*+|BiY*. 

This implies 

(aa) lim inf(|A +A4B|—|B|)h-12n|A|(*-D/9| Bi Va, 
h>0+ 


The equality holds in (a) only when A and B are convex 
and homo- thetic. Denote by A, the set of all points of A 
about which no sphere with positive radius exists whose 
intersection withA has measure 0. If A=A, and B=B, 
then equality holds in (2«) only when A and B are convex 
and homothetic. 
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As to the results: the condition for the equality sign 
in (ax) had been discussed previously (under a slighlty 
weaker condition than A =A,) only in the case where B is 
assumed to be convex. The method of proof for both (a) 
and (ax) is new. Its most interesting feature is this: 
Brunn’s fundamental idea of dividing the volumes of A 
and B proportionally by parallel planes, which is usually 
used for an induction with respect to the dimension, is 
employed here to pass from certain subsets of A and B 
to A and B themselves. H. Busemann. 


Egloff, Werner. Eine Bemerkung zu Cauchy’s Satz iiber 
die Starrheit konvexer Vielflache. Abh. Math. Sem. 
Univ. Hamburg 20 (1956), 253-256. 

Cauchy’s proof of the rigidity of a convex polyhedron 
requires a lemma concerning plane polygons: If two 
convex polygons A,Ag:--Aw and B,Be---By are so 
related that AyArii=ByByry, (r=1, 2, +++, m—1) and 
LAs ArAriiS ZL By-1BrBr+1 (r=2, -+, m—1), then 
A,AnSB\By. The author gives a new proof for this 
lemma, more rigorous than Cauchy’s [J. Ecole Polytech. 
9 (1813), cahier 16, 87-98=Oeuvres complétes, sér. 2, 
t. 1, Gauthier-Villars, Paris, 1905, pp. 26-38] and simpler 
than that of Steinitz and Rademacher [Vorlesungen iiber 
die Theorie der Polyeder, Springer, Berlin, 1934, pp. 
60-67]. H. S. M. Coxeter (Toronto, Ont.). 
Bloh, E. L. On the most dense ent of spherical 

ents on a h here. Izv. Akad. Nauk SSSR. 

Ser. Mat. 20 (1956), 707-712. (Russian) 

The author applies the Blichfeldt density method to 
find an upper bound for the density of packing of equal 
spherical caps of angular radius 6,, and compares his 
results with these given by Chabauty [C. R. Acad. Sci. 
Paris 236 (1953), 1462-1464; MR 14, 850}. The argument 
is based on a result equivalent to Lemma | of a paper by 
the reviewer [Proc. Glasgow Math. Assoc. 2 (1955), 139- 
144; MR 17, 523) of which the author is unaware. His 
density-function differs slightly from that taken by the 
reviewer, since he takes into account the fact that not 
more than +1 of the superposed caps of variable 
density can overlap at a point. His final upper bound for 
the density of packing is a complicated expression which 
is smaller by a factor 


tan? Om 4 -1 
a[i+{it n+1 } ] 
than that obtained by the reviewer; here sin 0,=— 
2' sin 6,. A graph is given to illustrate how this estimate 
varies for different sizes of cap and values of ». On p. 708 
the line defining density-function should read 
6 


; a ‘ 
= gin? — — ‘gn8 — 
p(6) 2 i 


R. A. Rankin (Glasgow). 


Florian, A. Ungleichungen iiber konvexe Polyeder. 

Monatsh. Math. 60 (1956), 288-297. 

The author continues his discussion [Monatsh. Math. 
60 (1956), 130-156; MR 17, 1235]. of inequalities for 
convex polyhedra in the unit sphere. He introduces a 
conjecture on the “edge curvature” of such polyhedra 
and proves it under certain special assumptions. 


E. G. Straus (Los Angeles, Calif.). 
See also: Freudenthal, p. 591.. 


Differential Geometry 


Gheorghiu, Octavian. La détermination de la loi de 
transformation des objects différentiels-géométriques de 
deuxiéme classe, 4 deux composantes, en X;. Com. 
Acad. R. P. Romane 1 (1951), 1017-1020. (Romanian. 
Russian and French summaries) 

Considering geometric objects of the second class and 
with two components in a one-dimensional space, the 
author gives an alternative demonstration of some 
results previously obtained by Penzov [Mat. Sb. N.S. 
26(68) (1950), 161-182; MR 12, 52). L.A. MacColl. 


Gheorghiu, Octavian Em. Un objet géométrique pseudo- 
linéaire de 1-ére classe, 4 deux composantes. Com. 
Acad. R. P. Romane 2(1952), 1-4. (Romanian. 
Russian and French summaries) 

Considering an m-dimensional space, the author de- 
termines a geometric object having two components 
which, under a transformation of coordinates 


ham Heyl, «++, xm), 
are transformed according to the law 
O;=Q)+4, Oe2—=Oe2+ (b/a)(e*—1)e™. 


It is found that, in order for this transformation to have 
the necessary group property, the parameters a and } 
must have the values a= log |A|, b=ha, where A and k 
are constants and A denotes the Jacobian |0#*/0#/|. It is 
shown that this geometric object can be expressed in 
terms of another, having two components which, under a 
transformation of coordinates, are transformed linearly. 
L. A. MacColl (New York, N.Y.). 


* Haack, Wolfgang. Elementare Differentialgeometrie. 
Birkhauser Verlag, Basel und Stuttgart, 1955. viii+ 
239 pp. 22 francs suisses. 

Chapters I, II and IV—VIII of this book are the same 
as the author’s Differential-Geometrie, T. I [Wolfenbiitte- 
ler Verlagsanstalt, Wolfenbiittel-Hannover, 1948; MR 9, 
612}. To these are added three new chapters III, IX and 
X. The first two of these re-do much of the standard 
material on curves and surfaces in Euclidean space as 
worked out in the other chapters, but this time following 
the methods of Elie Cartan. That is, a curve or surface, 
together with tangent three-frames (of orthonormal 
vectors) is considered as a submanifold of the space of all 
three frames at all points of Euclidean space. Then the 
fundamental forms of classical differential geometry are 
obtained by restricting the equations of structure of this 
larger manifold to the submanifold. By the end of Chapter 
X the author has given then a two-fold exposition of 
classical differential geometry of curves and surfaces, and 
in quite a clear and concise fashion. The book is intended 
primarily as a text but could also be useful for anyone 
wishing to see the relation between the two methods of 
approach to differential geometry. It uses very little 
from the theory of partial differential equations, especially 
through Chapter VIII. 

Chapter X however is somewhat different in character 
from the earlier part of the book. It is a rather detailed 
and relatively self-contained exposition of the funda- 
mental existence theorem of surface theory, namely that 
an abstractly given first and second fundamental form 
satisfying the differentiability conditions can be realized 
by a surface in Euclidean space; together with material 
on the closely related subject of bending of surfaces, 
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subjects to which the author has himself contributed. 
The proofs in this section are carefully worked out so as 
to require a minimum of previous knowledge on the part 
of the reader — and yet they are not too long. A special 
bibliography listing about thirty-five papers on this 
subject is included. This chapter especially is a useful 
addition to the original book. W. M. Boothby. 


Vincensini, P. Sur le probléme de la transformation, par 
déformation, d’un réseau asymptotique en réseau con- 
jugué. Acad. Roy. Belg. Bull. Cl. Sci. (5) 42 (1956), 
928-938. 

This problem, solved by L. Bianchi [Atti Accad. Lincei. 
Rend. Cl. Sci. Fis. Mat. Nat (5) 13 (1904), 1° semestre, 
6-17, 147-161], is considered from the point of view ex- 
pressed in one of the author’s papers [Ann. Sci. Ecole 
Norm. Sup. (3) 64 (1947), 197-226; MR 10, 64). If a 
point P(u, v) of a surface S is the center of a sphere of 
radius R(u,v), which touches the envelope of these 
spheres at MMs, then the point of intersection J of M;M.2 
with the tangent plane at P form an association (P, J) 
of the type described in this paper of 1947. The corre- 
sponding invariant net on S is given by 


ds*— p;,du?— 2p) 2dudv—pe2edv?, 


where py are the second covariant derivatives of p= }R?. 
It is shown that every asymptotic net is such an invariant 
net, corresponding to oo% possible associations, provided 
by the oo% congruences of spheres passing through a 
point of space. Deformation of S transforms these nets 
into so-called virtual asymptotic nets, characterized by 
the applicability relation of Bianchi Azzo—Asp+1= 
K(2p—Ap), where the A are differential parameters and 
K is the curvature of S. Then the condition that virtual 
asymptotic nets will be conjugate is also the condition 
on the ds? which solves the proposed problem. 
D. J. Strutk (Cambridge, Mass.). 


Strel’cov, V. V. On the extension of surfaces. Izv. 
Akad. Nauk Kazah. SSR. Ser. Mat. Meh. 1956, no. 4(8), 
128-140. (Russian) 

With all concepts understood in the general sense of 
A. D. Alexandrov the author proves: Let S lie in E* and 
be homeomorphic to a disk, have non-positive curvature 
and diameter d. Then S can be extended to a surface Sj, 
with the same properties such that the length of the 
boundary curve of S; is at most (2n—w~)d/2 when 
7™>—a, and at most (n2—w-—7~-)d/2 when 7~<—z2, 
where w~ is the total curvature of S and 7~ is the negative 
part of the total geodesic curvature of the boundary of S. 

H. Busemann (Los Angeles, Calif.). 


Penzov, Yu. E. On bundles of one-dimensional geomet- 
rical objects in an X;" of class >2. Dokl. Akad. Nauk 
SSSR (N.S.) 104 (1955), 356-359. (Russian) 

In this paper the author considers equivalence classes of 
bundles of geometric objects defined on a manifold X,° 
of dimension and class C’. Let Y be a Hausdorff space 
acted on effectively by a group G and let h(é) be a homeo- 
morphism of the full differential group 6%* [for definition 
see Haantjes and Laman, Nederl. Akad. Wetensch. Proc. 
Ser. A. 56 (1953), 208-215; MR 15, 990] onto G depending 
continuously on §« X,’. Then if vsr and V;, Vj; are 
coordinate neighborhoods on X 4" the equations of change 
of coordinates and their derivatives determine in a 
natural fashion an element x(&) of 6%" for each § « Vin V3. 
Then gy(&)=A(E)[x(€)] determine coordinate transfor- 
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mations of a bundle over X," with fibre Y. Such a bundle 
is called a bundle of differential geometric objects of 
class v. If G acts transitively on Y the bundle is said to be 
transitive. With the assumption that A(é) is constant the 
author determines the transitive bundles of class >2 on a 
one-dimensional base space X,", those of class one having 
been determined by Haantjes and Laman. In this special 
case 6%! becomes a Lie group. Four equivalence classes 
are distinguished, and their coordinate transformations 
are explicitly given. W.M. Boothby (Evanston, II1.). 


Gheorghiu, 0. Em. Objets géométriques différentiels de 
lére classe 4 deux composants en X;. Acad. R. P. 
Romine. Baza Cerc. $ti. Timisoara. Stud. Cerc. Sti. 
Ser. I. 2(1955), 21-25. (Romanian. Russian and 
French summaries) 

The purpose of this note is to establish the law of 
transformation of differential geometrical objects of class 
C1 with two components, in a space of one dimension Xj. 
It is shown that in the transformation formulas occur 
two strictly monotone but otherwise arbitrary functions 
and their inverses. R. Blum (Saskatoon, Sask.). 


Graeub, Werner; und Nevanlinna, Rolf. Zur Grund- 
legung der affinen Differentialgeometrie. Ann. Acad. 
Sci. Fenn. Ser. A. I. no. 224 (1956), 23 pp. 

Fiir eine ,,Grundlegung” der affinen Differential- 
geometrie ist naturgemdsz eine Prazisierung der ,,Grund- 
begriffe” das Allernotwendigste. Die Verfasser beginnen 
entsprechend in einem topologischen Raum .#, der dem 
Hausdorffschen Trennungsaxiom geniigt. .@ wird mit 
abzahlbar vielen Umgebungen @ iiberdeckt. Ist jede Um- 
gebung &@ zu einem Gebiet W, eines n-dimensionalen 
linearen Raumes #, homédomorph, so ist .# eine n- 
dimensionale Mannigfaltigkeit 4". 2, heiszt ,,Parameter- 
raum” und @, ,,Parameterumgebung”. Aus zwei Umge- 
bungen %, %, deren Durchschnitt nicht leer ist, ergeben 
sich homéomorphe Beziehungen #,—>M*>@%, mit zu- 
geordneten Parameterpunkten x, %, ,% ---. — Die Man- 
nigfaltigkeit heiszt differenzierbar, wenn die Parameter- 
transformationen x++# differenzierbar sind. Entsprechend 
wird mehrfache Differenzierbarkeit erklart. — Sodann 
folgt der Aufbau des Vektor- und Tensorkalkiils. Dabei 
bilden die reellen linearen Funktionen in # den zu % 
dualen Raum #*, welchem die kovarianten Vektoren 
und Tensoren entspringen. — Der Theorie der Parallel- 
verschieb wird die Definition des ,,Verschiebungs- 
operators” als Selbsttransformation des Tangential- 
raumes vorangestellt. Fiir den Produktweg /sl, zweier 
Wege /; und J, wird T),:,=T;,T;, verlangt, fiir zwei rezi- 
me Wege / und /-! gilt T;T;*=T;°T,;—E=identische 

transformation. Als Hauptproblem der Theorie der 

Parallelverschiebung werden die Bedingungen unter- 

sucht, unter welchen die Parallelverschiebung vom Wege 

unabhangig wird. Damit kommen die Verfasser natur- 
gemasz zu einer Theorie des Kriimmungstensors. Er er- 
scheint als ein gewisser Grenzoperator, der (wo er exis- 
tiert) durch den Verschiebungsoperator T eindeutig be- 
stimmt ist. — In der Theorie der Differentialgleichungen 
der Parallelverschiebung wird auch der ,,affine Zusammen 
hang” als ein Operator I’ eingefiihrt und gezeigt, dasz T° 
kein Tensor ist. Zum Schlusz wird die kovariante Ablei- 
tung behandelt. Sie wird als lineare Selbstabbildung des 

Tangentialraumes #», aufgefasst, die jeder Anfangs- 

tichtung die kovariante Ableitung, die selbst wieder ein 

Vektor in #», ist, zuordnet. Die kovariante Ableitung 
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eines kontravarianten Vektorfeldes wird so zum ge- 
mischten Tensor zweiter Stufe. Wenn man einen Zusam- 
menhang zwischen der kovarianten Differenzierbarkeit 
eines Vektorfeldes und der Differenzierbarkeit beziiglich 
der lokalen Parameter aufstellt, kommt man wieder auf 
die Differentialgleichungen der Parallelverschiebung. 

M. Pinl (Kin). 


Sorace, Orazio. Sulle superficie di S, aventi cinque 
iperpiani di Blaschke indipendenti. Atti Accad. Naz. 
Lincei. Rend. Cl. Sci. Fis. Mat. Nat. (8) 20 (1956), 
452-456. 

Sia F una superficie dello spazio proiettivo S4. Un Ss 
di Blaschke di F @ secondo B. Segre [Abh. Math. Sem. 
Univ. Hamburg 20 (1955), 28-40; MR 17, 1238] un Ss 
segato dai piani tangenti di F secondo rette di una con- 
gruenza W a falde focali distinte e non degeneri. B. Segre, 
rispondendo ad una questione posta da W. Blaschke, ha 
dimostrato che esistono in S4 superficie dotate di oo! Sg 
di Blaschke, inviluppanti un cono quadrico di seconda 
specie, ed ha determinato tali superficie assegnandone una 
rappresentazione parametrica con |l’introduzione di due 
funzioni arbitrari di un solo argomento; ed ha inoltre 
provato che ogni altra superficie di Sq possiede k Ss di 
Blachke linearmente indipendenti (O<’<5), indicando 
anzi una classe di superficie aventi il numero massimo 
finito (e cioé 5) di Sg di Blaschke. Nella presente Nota 
l’Autore, seguendo la via indicata da B. Segre, determina 
tutte le superficie di S4 aventi cinque Ss di Blaschke 
linearmente indipendenti. D. Gallarati (Genova). 


Atanasyan, L. S. Some special manifolds of a multidi- 
mensional affine space. Moskov. Gos. Ped. Inst. Ué. 
Zap. 71 (1953), 19-44. (Russian) 

This is a study of V, in affine E,, given by 
, x*), 
for which the space Ey+, spanned by the vectors 7, ry 


has lower than maximum dimension, e.g. p=1 (axial 
point), =2 (planar point). This involves certain algebraic 


relations between the tensors hy, Be", v« [Atanasyan, Trudy 
e 


Sem. Vektor. Tenzor. Anal. 9 (1952), 351-410; MR 14, 
796). The following result is typical. If an exterior ortho- 


gonal system of #’Sp tensors Ay and #’(p+-1) vectors 
"4 (A=1, ---, ~’, p=p+1, +--+, m—n) is called regular, 
A 


r=r(xi, -- 


A 1 2 
if the h are independent, if from vyi=0 follows yp=y= 


“ 
-++==y==0 and the dimension / of the region of the tensors 
h and y does not exceed #’, then the theorem holds: If the 
rigging of a V, in E, with <min(n, m—n) consists of 
the vectors § (a=1, ---, ~) inside the Ey, and the 


E (p=p+1, aa, m—n) outside of it, and the exterior 


orthogonal system of the 4 and y is regular, then the V, 
is developable of rank /<. D. J. Strutk. 


Atanasyan,L.S. Manifolds of a particular form imbedded 
in a centro-affine space. Moskov. Gos. Ped. Inst. UE. 
Zap. 71 (1953), 3-17. (Russian) 

In this paper certain degenerated manifolds V, in 
centro-affine space Em are discussed with the aid of the 
formulas 


- a 
rg—Tey rat hs, Ey= Byatt, 
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where 7;=0r/dx‘, r the radius vector r(x!, ---, x), and 
the are m—n “rigging” vectors. There are four sets of 


integrability conditions, of which one is hsb =R yp. 


Conditions are given that a V» is an Em, that it lies in a 
En+p in Em, and that it is a hypersurface of some En+1, 
passing through the center of EZ. There is also a dis- 
cussion of the case that the EZ, has its center at infinity. 
Special attention is given to a theorem by S. A. Pyaseckil 
{Dissertation, Moscow, 1948}. D. J. Strusk. 


Pyaseckii, S. A. On the differential geometry of a hyper- 
surface on an affine complex space. Moskov. Gos. 
Ped. Inst. Ué. Zap. 71 (1953), 99-126. (Russian) 
Given is a surface r=r(u1,---,u") in a complex 

equiaffine space Ajn+; with a normalized “normal” 

vector No of weight n+-1 defined by 


(Norra: + *%n) =A—det |Agel, Ace—=(reari- **7n). 
Then ry=Vx°%o+CieNo, Cip=A-MAe. This expression 


still allows some freedom: ry2=T'%°%+CuN, 
Pr. +No, Tue=Ciu’—p°Cre. Then; if 


N\e=02N —(n+1)P eo°N=Cy°r,, 
the fundamental relations can be written in the form 
riz=CoaeN, Nix=Ce%a, (Nri-+-tn)=A. To these are 
added the integrability relations (M4 x4=0, Cyse;=0): 
Reei™=CyeC™y, Cayeiy=0, Chay =0, 
Cu Cryot (2+ 1) Opal 'y%e=0. 
The tensor gzz is that of the Blaschke-LopSic theory: 
£iz=Ae|A|-"/ (*+2), It is shown how the three forms of L. 
Berwald $:=Aqdu*, $2=Apadurdub, d3=Aapydurdubduy 
fit into the theory. Special reference is made to a paper by 


A. M. LopSic [Trudy Sem. Vektor Tenzor. Anal. 8 (1950), 
273-285; MR 12, 636). D. J. Strutk. 


Pyaseckii, S. A. On the foundations of the differential 
geometry of a hypersurface of a centro-affine space. 
Moskov. Gos. Ped. Inst. Ué. Zap. 71 (1953), 127-153. 
(Russian) 

Given is a hypersurface 7r=7(w!,u?,---,u®) in a 
centro-affine space Ey+; [for the case »=2 see Ya. S. 
Dubnov and V. N. Skrydlov, Trudy Sem. Vektor. Tenzor. 
Anal. 8 (1950), 128-143; MR 13, 777]. One method to 
obtain fundamental equations is to take 74, =Aqp7.+-@yar 
with 


Age! =(—1)'V 2 (raarri: + -ri-17141°* 


Yn), V=(rrire-- 


7 Tn) , 
QV" (rani: *7n) £0. 


If Ag,” is the curvature tensor belonging to Ag,*, then 
Age™® = 4440" 1, Ge) =0, when 74,7—=a4g7. Another method 
starts with dy=—(rer1-- *In)/ (rr: *‘fn) as basic tensor 
for the Christoffel symbols in 


nae=ra—{ i} Fa=H yet Hur, Hin=die. 


It is shown how affine and equiaffine surface invariants 
can be obtained from centro-affine ones and how an affine- 
invariant rigging can be obtained. Applications are made 
to affine ““hyperspheres’” (proper or improper depending 
on the nature of the intersection of the affine normals) 


and to the centro-affine characterization of hyperquadrics. 
D. J. Struik (Cambridge, Mass.). 
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See also: Frélicher and Nijenhuis, p. 569; Drinfel’d, 
p. 583; Florian, p. 595; Ishihara, p. 599; Gheorghiev, 
p. 616; Altrichter, und Schafer, p. 621. 


Riemannian Geometry, Connections 


Goldberg, S. I. 
vectors in metric manifolds with torsion. 
Math. (2) 64 (1956), 364-373. 

The author considers a compact Riemannian manifold 
on which is given a metric connection Ey,‘ other than the 
usual Christoffel one, i.e. the torsion S;.!=4(Ej,'— Ep, 
is not assumed to vanish. Following Bochner and Yano 
[Curvature and Betti numbers, Princeton, 1953; MR 15, 
989] a vector with components &* is pseudo-harmonic if 
&7=)4 and &,=0, differentiation being with respect to 
Ej‘, and pseudo-Killing if &jz+€xy=0. Then applying 
Green’s Theorem the author obtains some matrices, 
involving the curvature and torsion of the connection, 
whose definiteness would imply the non-existence of 
pseudo-harmonic or pseudo-Killing vectors. If the Ricci 
curvature Ej, of the connection has the property that 
Ejx+Enj=Agje, gjx being the metric tensor, then the 
author calls the space pseudo-Einstein. In this special 
case he obtains the most complete results. For example 
he proves that in a compact pseudo-Einstein manifold 
with antisymmetric torsion tensor Sy, and scalar curva- 
ture E20, an ordinary harmonic vector must have 
vanishing covariant derivative with respect to the 
Christoffel symbols. Moreover if ||Sj?*Szrs\| has rank 
equal to the dimension of the manifold, or if the scalar 
curvature is positive then there exists no ordinary 
harmonic vector field. Hence the first Betti number is 
zero. W. M. Boothby (Evanston, II1.). 


On pseudo-harmonic and pag ny 
Ann. 


CernySenko, V. M. Tensor characteristics of certain 
of pairs of congruences of a Riemann space. 

Trudy Sem. Vektor. Tenzor. Anal. 10 (1956), 279-283. 

(Russian) 

Toutes les considérations sont locales. Dans un espace 
de Riemann R,, l'ensemble formé par une congruence 
de variétés a # dimensions et une congruence de variétés 4 
q dimensions est appelé (#, g)-paire; une telle paire est 
dite holonome si on peut choisir un systéme de coordon- 


nées “1, ---, #® tel que les variétés des deux congruences 
aient pour équations u?ti=cte, ypt2—cte, -.-, ym=clt 
et uixcte, uz—cte es -,uP=—cte uPprtati_ te tee, um—c 


respectivement. Une paire holonome est dite ,,métrique- 
ment semi-tchebychevienne” si la correspondance dé- 
terminée entre deux variétés quelconques de la premiére 
congruence par les variétés de la seconde conserve les 
hypervolumes (a # dimensions) ; elle est ,,métriquement 
tchebychevienne” si la méme chose reste vraie lorsqu’on 
échange les deux congruences. Une paire quelconque est 
dite ,,semi-tchebychevienne au sens du transport”’ si un 
vecteur tangent a une variété de la premiére congruence 
reste tangent aux variétés de la premiére congruence part 
transport paralléle le long d’une variété de la seconde 
congruence ; elle est »,tchebychevienne au sens du trans- 
port” si la méme chose reste vraie lorsqu’on échange les 
deux congruences. L’auteur donne, sous forme tensorielle, 
les conditions pour qu’une (f, g)-paire soit semi-tcheby- 
chevienne ou tchebychevienne, dans I’un ou I’autre sens. 


J. L. Tits (Bruxelles). 
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André. Sur les transformations affines des 
variétés riemanniennes. C. R. Acad. Sci. Paris 242 
(1956), 1568-1570. 

This paper amplifies some results of Kobayashi [Na- 
goya Math. J. 9 (1955), 39-41; MR 17, 892], Nomizu and 
Yano [C. R. Acad. Sci. Paris 237 (1953), 1308-1310; Na- 
goya Math. J. 9(1955), 43-56; MR 15, 468; 17, 891) 
fAnn. of Math. (2) 55 (1952), 38-45; MR 13, 689] concern- 
ing the group of affine transformations, the group of 
isometries, and the de Rham decomposition of a complete 
Riemannian manifold. W. Ambrose (Cambridge, Mass.). 


Ishihara, Shigeru. Homogeneous Riemannian spaces of 
four dimensions. J. Math. Soc. Japan 7 (1955), 345- 
370. 

The methods of E. Cartan [Lecons sur la géométrie des 
espaces de Riemann, 2i¢me ed., Gauthier-Villars, Paris, 
1946; MR 8, 602] to construct homogeneous n-dimensional 
Riemannian are used here to deal with one of the 
‘exceptional cases’ (n=4) in some theorems by Yano 
(Trans. Amer. Math. Soc. 74 (1953), 260-279; MR 14, 
688]. — Let M=G/g be homogeneous Riemannian of 
dimension 4, connected and simply connected. Then M is 
homeomorphic to one of the following: E*, S4, P(C, 2), 
S?x S?, E} x S8, E2 x S?. The local structures of M and G 
(dim G26) are determined as follows: (1) if r=10, M is of 
constant sectional curvature; G=R(5), L(5), or Mt(4); 
(2) if r=8, M is a two-dimensional Kahlerian space with 
constant holomorphic curvature and G~SU(3), S2(3) or 
Myz(2) ; (3) if r=7, M is the product of a straight line and 
a 3-dimensional Riemannian space with constant sectional 
curvature, or M is a 4dimensional Riemannian space 
with constant negative sectional curvature; and in this 
case G~A;x R(4), A, x L(4), Aix M(3), a subgroup of 
L(5) or SMy(2); #f r=6, M is a product of two 2-dimen- 
sional Riemannian spaces, each of constant curvature, 
and G~R(3) x R(3), R(3) x L(3), R(3) x M2), L(3) x L(3), 
L(3) x M2), or Me(2) x M2). — Of Yano’s theorems, one 
becomes for »=4: ‘“‘There is no group of motions of order 
9. If there is a group of motions of order 8, then it is 
transitive, and the space is Kahlerian with constant 
holomorphic sectional curvature.” The others remain 
true, and are included in the above results. If G is com- 
pact, the following cases occur: r=10, G=R(5), M is 
C(+,4); r=9 does not occur; r=8, G2SU(3), M is 
K(+, 2); r=7, GorAi1xRza, M is locally V1 xC(+, 3); 
r=6, G=R(3) x R(3), M is locally C(+,2)xC(+, 2); 
r=5, G~A2x R(3), M is locally C(0, 2) x C(+-, 2); r=4, 
rae M is flat; or G2A;xR(3), M is locally V1 x 

Notation: A, is the r-dimensional vector group over 
the reals; C(+,) is a Riemannian space with positive 
constant curvature; &(m) is the Lorentz group in m 
variables; M(m) is the group of proper motions in E*; 
Mxz(n) is the subgroup of M whose rotation parts are 
elements of U(n); V is the n-fold product of a real line. 


A. Nijenhuis (Seattle, Wash.). 


Obata, Morio. On n-dimensional homogeneous spaces of 
Lie groups of dimension than n(m—1)/2. J. 
Math. Soc. Japan 7 (1955), 371-388. 

Let G be a connected Lie group of dimension 7, and H a 
compact subgroup of dimension r—n (O0<m<r). G is 
almost effective on G/H; i.e. H contains a discrete normal 
subgroup of G. If n=2, and r2n(m+-1)/2, then G/H is (1) 
a Riemannian space of positive constant curvature whose 
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universal covering space is a sphere; (2) a Riemannian 
s of constant negative curvature homeomorphic to 
Be: (3) locally flat Riemannian space homeomorphic to 
E*. lf n(n—1)/2<r<n(n-+-1)/2; n2=4, then r=}(mn—1)+1, 
and G/H is one of the following: C(O, 1)xC(+,n—1); 
C(O, 1)xC(—,n—1), C(0,m), C(—,m); topologically 
E!x S*-! (if simply connected), E* or S1x E*-1, E*® or 
Six E*-1, E® respectively. 

The proofs are based on an analysis of some subgroups 
of rotation groups and Lorentz groups. (Notations as in 
the paper reviewed above.) A. Nijenhuis. 


Ishihara, Shigeru. Groups of projective transformations 
on a projectively connected manifold. Jap. J. Math. 
25 (1955), 37-80 (1956). 

Let M be an n-dimensional manifold with a projective 
connection, and I" a Lie group of projective transfor- 
mations of M. This paper is mainly concerned with the 
determination of M and [' when dim '2n?-+5.. Among 
other results, the author has proved the following: 

I. Suppose that I is effective and dim '=n?+-5, and 
n=3. Then M is locally flat and (i) dim !=n®+2n, 
n2+n or n®+n—1 when n26; (ii) dim =n®+2n or 
n2+-n when n25; (iii) dim [=n?+2n when n=3, 4. 

II. Suppose that M has non-trivial torsion. Then 
dim 'sn?. 

III. If dim !=n?+-2n, then M is either homeomorphic 
with a sphere or a real projective space. 

The groups of projective transformations of affinely 
connected spaces (with or without torsion) are also 
discussed. H. C. Wang (New York, N.Y.). 


Cossu, Aldo. Una classe di connessioni ten- 

soriali. Rend. Mat. e Appl. (5) 15 (1956), 190-210. 

The reviewer has introduced [Atti Accad. Naz. Lincei. 
Rend. Cl. Sci. Fis. Mat. Nat. (8) 1 (1946), 478-482; MR 8, 
404] the notion of “‘tensor-connexion”’, i.e. a connexion 
for a tensor not based on the notion of connexion for 
vectors (or affine connexion). For a double contravariant 
tensor field, for instance, §**(x) the absolute differential is 
determined by 


Det = det + Lik ered 


and the fundamental equations for a change of allowable 
coordinates x*++x are 


Liky= 
Lik! xy xp eg 8xyt — rege! bg® Xp xp! —Kgt* bp xgIxy!, 


where x4" =0x" /Ox4, x74" =02x" /0x"0x*, - - -. Similar laws can 
be given for covariant or mixed tensor. 

The new geometric objects can be expressed in terms 
of affine connexions and tensor intrinsically determined 
by them. It is the purpose of this paper to determine the 
geometric meaning of these related objects and the curva- 
ture properties of tensors connexions (to be noticed, 
transformations, geometrically characterized, keeping 
the curvature tensor invariant). A detailed study is 
devoted to tensor connexions L::. (for doubly covariant 
or contravariant tensor) or E::. (for mixed tensors) of the 


following types: 
LY =Mid*,+N40, EXy=Mi oe? —Nbo,! 
M:., N:. being the components of affine connexions. 
E. Bompiani (Rome). 


See also: Garcia, p. 628. 











Algebraic Geometry 


Turri, Tullio. Su casi limiti di trasformazioni involutorie 
costruite mediante le quadriche per sei punti. Rend. 
Sem. Fac. Sci. Univ. Cagliari 25 (1955), 134-136 (1956). 
E noto che la superficie dei punti uniti dell’involuzione 

Ig determinata nell’Ss dalle quadriche passanti per sei 

punti A; @ generalmente una F* rappresentabile para- 

metricamente mediante funzioni theta di due argomenti. 

Se la configurazione dei punti A, si particolarizza, la F4 

pud riuscire razionale: l’Autore indica due casi semplici 

in cui tale fatto si verifica. D. Gallarati (Genova). 


Abhyankar, Shreeram. Simultaneous resolution for alge- 
braic surfaces. Amer. J. Math. 78 (1956), 761-790. 
Les travaux de Zariski et de l’auteur ont montré que 

tout corps K de fonctions algébriques 4 2 variables sur 

un corps de base parfait k admet un modéle non singulier. 

Soit alors K’ une extension algébrique finie de K. Si une 

valuation v’ de dimension 0 de K’/k est uniformisable, 

elle est uniformisable sur un modéle V’ de K’ qui est la 
normalisation projective d’un modéle de K. Si k est algé- 
briquement clos et de caractéristique 0 et si v’ est a va- 
leurs rationnelles, il existe un modéle projectif non 
singulier V de K tel que le centre de v’ sur la normalisation 
projective V’ de V dans K’ soit un point simple; si de 
plus K’ est une extension galoisienne de K, il existe 
un modéle projectif normal de K dont la normalisation 
dans V’ est non-singuliére. Si & est un corps parfait de 
caractéristique ~0 et si K’ est une extension cyclique 

quadratique (pour #42) ou cubique (pour 43) de K, 

il existe un modéle non singulier V de K dont la norma- 

lisation V’ dans K’ est non-singuliére; de théoréme de 

“résolution simultanée des singularités” ne s’étend pas 

aux extensions cycliques de degré premier >3. Ce mé- 

moire contient aussi des lemmes sur les extensions kum- 
meriennes des anneaux factoriels, et des généralisations 
partielles aux variétés de dimension 3. P. Samuel. 


* Néron, André. Arithmétique et classes de diviseurs 
sur les variétés algébriques. Proceedings of the inter- 
national symposium on algebraic number theory, 
Tokyo & Nikko, 1955, pp. 139-154. Science Council 
of Japan, Tokyo, 1956. 

L’auteur précise, dans le cas des corps de fonctions, 
certains points de la théorie des ,,distributions” de Weil. 
Il en déduit une simplification de la méthode de descente 
infinie employée par lui pour montrer que G(V)/Gq(V) 
est un groupe abélien de type fini. P. Samuel. 

* Nakai, Yoshikazu. Some results in the theory of the 
differential forms of the first kind on algebraic varieties. 
Proceedings of the international symposium on alge- 
braic number theory, Tokyo & Nikko, 1955, pp. 
155-173. Science Council of Japan, Tokyo, 1956. 
L’auteur établit d’abord quelques résultats reliant les 

formes différentielles sur une variété projective normale V, 

les formes différentielles sur une hypersurface projection 

générique V’ de V, et le conducteur de l’anneau de coor- 
données affines 0’ de V’ dans l’anneau de coordonnées 
affines o de V. Il en déduit le résultat suivant: si 
d°V <2+dim(V), alors le genre géométrique fg de V est 
nul; si dV =2+-dim(V) on a pgs! et, si fg=—=1, V est une 
hypersurface. Etablissement de conditions, portant sur 
les coéfficients d’une forme différentielle w, qui sont né- 
céssaires pour que w soit de premiére espéce ; ces conditions 
sont suffisantes si V est non-singuliére, ou si w est de 
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degré maximum r=dim(V). Etude de la trace we d’une 
forme différentielle @ de degré r—1 de V* sur une section 
hyperplane générique C. Etude des formes différentielles 
@ de degré r—1 sur C pour lesquelles il existe sur V une 
forme w de degré r telle que (w)-+-C20 et que Resc(w) =a; 
moyennant une conjecture sur ,,l’indépendance” des 
dérivées partielles d’un polynéme homogéne définissant 
Vhypersurface projection générique d’une variété non 
singuliére (dont le degré n’est pas multiple de la carac- 
téristique), on montre que (si le degré de V n’est pas un 
tel multiple) aucune forme @ de premiére espéce sur C 
peut étre du type précédent. P. Samuel. 


Nagata, Masayoshi. A general theory of algebraic geo- 
metry over Dedekind domains. I. The notion of 
models. Amer. J. Math. 78 (1956), 78-116. 

Ce mémoire est le premier d’une série consacrée a la 
géométrie algébrique sur un anneau de Dedekind (le cas 
classique d’un corps étant un cas particulier). Rappel trés 
précis des résultats d’Algébre locale supposés connus. 
Démonstration du th. de normalisation pour les anneaux 
d’intégrité de la forme k[%, ---, %,] et généralisation de 
celui ci aux anneaux de la forme 0=J[x, ---, %,] ot J 
est un anneau dont aucun élément 0 n’est diviseur de 
zero dans o. On désigne désormais par J un anneau de 
Dedekind tel que la cléture intégrale de J dans n’importe 
quelle extension finie du corps des fractions K de J soit 
un J-module de type fini; on appelle algébre affine tout 
anneau d’intégrité de la forme o=J[x, ---, %,], et corps 
de fonctions le corps des fractions d’un tel anneau; on 
appelle localité tout anneau de fractions P=o0,g oi 0 est 
une algébre affine et p un idéal premier de 0; si L est le 
corps d’effraction de P, on dit que P est une localité de L. 
Les résultats classiques de la théorie de la dimension sont 
valables pour les localités. Toute localité P est analytique- 
ment non-ramifiée, et le complété d’une localité normale 
(=intégralement close) est un anneau d’intégrité normal; 
la cléture intégrale P’ d’une localité P est un P-module de 
type fini. La cléture intégrale o’ d’une algébre affine o 
est une algébre affine et un o-module de type fini. 

Etant donné un corps de fonctions L (sur J), on appelle 
place de L sur J tout anneau de valuation de L qui con- 
tient J. On dit qu’un anneau local A d’idéal maximal m 
domine un anneau local A’ d’idéal maximal m’ si ADA’ 
et si m’=mnA; deux localités P, P’ de L sont dites 
apparentées s'il existe une place de L sur J qui domine P 
et P’. On appelle modéle (ou schéma) affine de L tout 
ensemble A de localités de L pour lequel il existe une al- 
gebre affine 9 (déterminée de facon unique par A) telle 
que L soit le corps des fractions de 0 et que A soit I’en- 
semble des anneaux 0, (p premier). Un modéle (ou sché- 
ma) de L est un ensemble M de localités de L qui est 
réunion finie de modeéles affines et tel que deux localités 
distinctes de M ne soient jamais apparentées; on dit 
qu’un modéle M de L est complet si toute place de L sur 
I domine un élément P de M. Notion de modéle projectif, 
et construction de ceux-ci comme réunions finies de mo- 
déles affines ; ils sont complets. Une localité P’ est appelée 
une spécialisation d’une localité P si P est un anneau de 
fractions de P’ ; notons M(P) |’ensemble des spécialisations 
d’une localité P qui sont dans le modéle M; étude de ces 
notions. Etant données deux localités P, P’ de L, on appelle 
joint de P et P’ l'ensemble J (P, P’) des anneaux de fractions 
de P[P’) qui dominent P et P’ ; le joint de deux modéles M, 
M’ est la réunion des ](P, P’) ot Pe M et P’ eM’; c’est un 
modeéle, qui est complet (resp. projectif) si M et M’ le sont. 
Etant donnés un modéle M d’un corps de fonctions L et 
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une extension algébrique finie L’ de L, notons N(P, L’) 
(P « M) Vensemble des anneaux de fractions de la fer- 
meture intégrale de P dans L’ par rapport a ses idéaux 
maximaux ; la réunion N(M, L’) des N(P, L’) (P « M) est 
un modéle de L’, appelé modéle normal dérivé de M dans 
L’; tout modéle normal (c.4.d. dont toutes les localités 
sont normales) de L’ qui domine M domine aussi N(M, L’) 
si M est complet (resp. projectif), il en est de méme de 
N(M, L’). L’auteur introduit alors la notion de partie 
irréductible d’un modéle M, et la topologie de Zariski de 
M (les fermés sont les réunions finies de parties de la 
forme M(P)); celle ci jouit des propriétés usuelles, et 
coincide avec la topologie classique sur l’ensemble des 
idéaux premiers de 0 lorsque M est le modéle affine asso- 
cié 4 l’algébre affine 0 ; pour qu’une partie M’ d’un modéle 
M de L soit un modéle de L il faut et il suffit qu’elle soit 
ouverte; l’intersection de deux modéles de L est un 
modéle de L. Tout fermé irréductible F d’un modéle M 
est en correspondance biunivoque avec un modéle (ob- 
tenu en appliquant 4 chaque P«F l’homomorphisme 
canonique de la localité ‘“générique”’ de F sur son corps 
uotient); ce modéle est dit induit par M sur F. Soient 
it un modéle de L, J’ un anneru de Dedekind qui soit 
un anneau de fractions d’une algébre affine contenue dans 
L; l'ensemble des localités P « M qui contiennent J’ est 
un modéle de L sur J’, appelé modeéle réduit de L sur J’. 
Lorsque J est un corps et Z une extension réguliére de J, 
tout modéle M de L définit une Variété Abstraite (au 
sens de Weil) admettant L pour corps de fonctions ra- 
tionnelles, et inversement. Le présent mémoire est 
remarquablement clair et bien rédigé. P. Samuel. 


Weil, André. The field of definition of a variety. Amer. 

J. Math. 78 (1956), 509-524. 

Soient &o un corps, & une extension algébrique séparable 
finie de ko, & sa cléture algébrique, V une variété définie 
sur k (resp. une variété isomorphe 4 un ouvert d’une 
variété projective) ; si, pour chaque couple (s, ¢) d’éléments 
de l'ensemble J des o-isomorphismes de & dans , il 
existe une correspondance birationnelle (resp. biréguliére) 
ite définie sur une extension algébrique séparable de ko 
entre les conjuguées V* et V* de V, si l’on a ftp=/tgOfsr 
pour tous 7, s, ¢ « J et si fg, est ,,covariants” par tous les 
ko-automorphismes de k, alors il existe une variété Vo 
définie sur ko et une correspondance birationnelle (resp. 
biréguliére) / définie sur k entre Vo et V telle que l'on ait 
flu=/*o(/*)-1 pour tous s, te J. D’autre part soient & un 
corps, A(¢) une extension réguliére de k, V(t) une variété 
définie sur A(t); si, pour toute paire #, ¢’ de points géné- 
Tiques indépendants du lieu de ¢ sur k, il existe une cor- 
respondance birationnelle (resp. biréguliére) /,¢ entre 
V(t) et V(t’) définie sur A(t, t’) et telle que fp1=/e-eOfee, 
alors il existe une variété V définie sur & et une corres- 
pondance birationnelle (resp. biréguliére) /; définie sur 
Rif) entre V et V(é) telle que fe:=/¢0(f:)-1. Conditions 
pour qu’une variété soit plongeable sur un corps donné 
dans un espace affine ou projectif. Les théorémes ci-dessus 
de ,,descente du corps de définition” permettent de sim- 
plifier les démonstrations de plusieurs résultats de l’auteur, 
de S. Lang et de W. L. Chow. 

P. Samuel. 


*xTaniyama, Yutaka. Jacobian varieties and number 
fields. i of the international symposium 
on algebraic number theory, Tokyo & Nikko, 1955, 
BP. 31-45. Science Council of Japan, Tokyo, 1956. 
it A une variété abélienne. Nous noternons &{(A) so 
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anneau d’endomorphismes (dont le groupe additif est 
libre de type fini), ~~’ son antiautomorphisme invo- 
lutif, et Wo(A) la Q-algébre U(A) @Q. Etude des sous corps 
commutatifs Ro de Wo(A) qui sont globalement invariants 
par cet antiautomorphisme ; ce sont des corps totalement 
réels ou des extensions quadratiques totalement imagi- 
naires de corps totalement réels. Construction, pour tout 
idéal b de Ro~U(A), d'une variété abélienne A»; celle 
ci est isogéne 4 A et ne dépend que de la classe de b. 
Lorsque [Ro:Q]=2-dim(A) et que A est définie sur un 
corps de nombres & contenant la cléture galoisienne K’ 
de Ro sur Q, l'étude des réductions modulo p de A permet 
de calculer la fonction ¢,4(s) au moyen de fonctions L a 
,Gréssencharaktere” de k; ceci généralise des résultats 
de Deuring [voir ci-dessous] et de Weil [Trans. Amer. Math 
Soc. 73 (1952), 487-495; MR 14, 452]. Si K est une ex- 
tension quadratique totalement imaginaire d’un corps 
totalement réel Ko de degré g sur K, et moyennant une 
hypothése sur les isomorphismes de Ko dans C, 1’étude 
des variétés abéliennes correspondant aux classes d’idéaux 
de K permet de déterminer les extensions abéliennes non 
ramifiées de K, et de donner une forme explicite a la loi 
de réciprocité d’Artin. P. Samuel (Clermont-Ferrand). 


* Deuring, Max. On the zeta-function of an elliptic 
function field with complex multiplications. Proceed- 
ings of the international symposium on algebraic 
number theory, Tokyo & Nikko, 1955, pp. 47-50. 
Science Council of Japan, Tokyo, 1956. 

Soient k un corps de nombres algébriques, K un corps 
de fonctions elliptiques sur &. Un diviseur premier p de k 
est dit régulier s’il existe un diviseur premier p’ de K 
étendant p tel que le corps K/p’ obtenu par réduction 
modulo p’ soit un corps de fonctions elliptiques sur les 
corps fini k/p; alors p’ est unique; notons dans ce cas 
¢(s, K, p) la fonction ¢ de K/p’. Les diviseurs premiers 
non réguliers q de & sont en nombre fini; pour un tel 
diviseur on pose ¢(s, K, q) égal a la fonction ¢ de l’exten- 
sion transcendante simple de k/qg. On pose ¢(s, K)= 
II ¢(s, K, p) (produit étendu a tous les diviseurs premiers 
p de k, réguliers ou non). Alors ¢(s, K) s’exprime simple- 
ment au moyen de la fonction ¢ du corps k et d’une fonc- 
tion L déduite d’un ,,Gréssencharakter” qui est défini 
exactement modulo son conducteur. P. Samuel. 


* Chevalley, Claude. Plongement projectif d’une variété 
de groupe. Proceedings of the international sympo- 
sium on algebraic number theory, Tokyo & Nikko, 
1955, pp. 131-138. Science Council of Japan, Tokyo, 
1956. 

Soit V; une variété a loi de composition normale définie 
sur un corps K. Alors V; contient’ un ouvert affine V 
(définie sur K) qui est, au sens de Weil, un morceau d’un 
groupe G défini sur la cléture algébrique de K. I] existe 
alors un diviseur positif D de V rationnel sur K tel que 
l’application s+sDAV (s « G) soit injective; en associant 
a s le point de Chow de sDAV (considéré comme trace 
sur V d’un diviseur de l’espace projectif ambiant de V), 
on obtient un plongement de G comme ouvert d’une va- 
riété projective. La démonstration d’existence de D 
comprend, entre autres, les étappes suivantes: con- 
struction pour tout s#1 donné dans G, d’un diviseur 
positif D, sur V tel que DsAsD, AV; utilisation du fait 
que, pour tout diviseur D’ sur V, l'ensemble des s « G tels 
que sD’~V=D" est fermé; construction de D par addi- 
tions successives de diviseurs. P. Samuel. 
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Matsusaka, T. The criteria for algebraic equivalence and 
the torsion group. Amer. J. Math. 79 (1957), 53-66. 
Soit V une variété projective non singuliére, G,(V) 

(resp. Ga(V), Gi(V)) le groupe des diviseurs numérique- 

ment (resp. algébriquement, linéairement) équivalents a 

O sur V. L’auteur montre que G,(V)/G_(V) est un groupe 

fini; c’est donc le groupe de torsion du groupe de Néron- 

Severi de V; ce groupe de torsion est un invariant bi- 

rationnel dans la classe des variétés non singuliéres, mais 

non dans la classe des variétés normales (contre exemple 
fourni par la variété de Kummer, quotient d’une variété 
abélienne par la relation x-+-y=0). Des résultats prélimi- 
naires sur les critéres d’équivalence permettent de se 
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ramener au cas d’une surface; i ceux ci figure le fait 
que, si W est une sous variété d’une variété V, X un divi- 
seur sur V, X’ une spécialisation de X sur k(V, W) tels 
que X-W mais non X’-W soit défini, alors toutes les 
spécilalisations de X-W prolongeant X-—X’ sont des 












diviseurs linéairement équivalents sur V. Soit alors V une [| 


surface non singuliére; on montre que deux numérique- 
ment équivalents X, X’ ont méme genre arithmétique 
virtuel; le fait que G,_(V)/Ga(V) est fini s’en déduit au 
moyen de l’inégalité de Riemann-Roch. P. Samuel. 


See also: Abhyankar, p. 556. 


NUMERICAL ANALYSIS 


Numerical Methods 


Keeping, E.S. Note on Wald’s method of fitting a straight 
line when both variables are subject to error. Biome- 
trics 12 (1956), 445-448. 

Wald’s presentation of a method for fitting straight 
lines with both variables subject to error using groupings 
of the ordered observations requires a limitation on the size 
of the error e=2, — X, (with x; the observation) in addition 
to the formal assumptions initially given. The author 
states the additional assumption in the form “the e& are 
small enough so that the ordering of the observations 
according to increasing x and according to X; are not 
substantially different.’’ He shows by illustration that 
the violation of this assumption may lead to unsatis- 
factory results such as 6,2<0 and cautions against the 
use of this method when the additional assumption is not 
satisfied. P. S. Dwyer (Ann Arbor, Mich.). 


Mackenzie, J. K. The estimation of an orientation 
relationship. Acta Cryst. 10 (1957), 61-62. 
A numerical method is given for the determination of 
an orientation relationship with high accuracy. It is 
essentially a least-s,uares method. W. Nowackt. 


Epstein, Leo F.; and French, Nancy E. Improving the 
convergence of series: application to some elliptic inte- 
grals. Amer. Math. Monthly 63 (1956), 698-704. 
The authors describe a method to improve the con- 

vergence of an absolutely convergent power series. They 

write 


He)= ¥ ome*—= ¥ an*x*+ F (en—an* 2", 


where a,* is some conveniently chosen function of 
asymptotic with a, and for which the first sum on the 
right above is known and where the second sum on the 
right converges much more rapidly than that on the left. 
The method is applied to the evaluation of the incomplete 
elliptic integrals of the first and second kinds, F(k, ¢) and 
E(k, ¢), as well as the corresponding complete elliptic 
integrals, K(k) and E(k). High accuracy is obtained using 
as few as two or three terms of the second series on the 
right. A further example is given in which the number of 
terms required for 10-place accuracy is reduced from 
about 105 to 20. J. G. Herriot (Stanford, Calif.). 


, Athanasios. A new method of inversion of the 
transform. Quart. Appl. Math. 14 (1957), 405- 
414. 


The author wishes to invert the Laplace transform 








R(p)=/P e~P*r(t)dt by using the values R(a+ko). First 
method: Putting e~°*t=cos 6 gives 


oR{(2k+1)o]= J mi {cost 8 sin 6}r(—o- log cos 8)d8. 


The sine coefficients of 7 can then be found recursively 
from the values on the left. Some numerical examples are 
presented. Second method: Put e~%*=x, then 


oR{(2k+ 1)o]= J s x2ky(—o-1 log x)dx. 


The Legendre coefficients of ry can then be found from the 
values on the left. Finally the author uses Laguerre 
polynomials to determine 7(#) from R‘*)(0) ; this, however, 
has been done before [Widder, Duke Math. J. 1 (1935), 
126-136; Shohat, ibid. 6 (1940), 615-626; MR 2, 98). 
R. P. Boas, Jr. (Evanston, Iil.). 


Hellman, S. K.; Habetler, George; and Babrov, Harold. 
Use of numerical analysis in the transient solution of 
two-dimensional heat-transfer problem with natural 
and forced convection. Trans. A.S.M.E. 78 (1956), 
1155-1161. 

The authors obtain a system of finite difference equa- 
tions giving flow rates and temperatures at time ¢+-Af in 
terms of those at time ¢, the physical system being a 
metallic structure with many flow channels. In appendices 
they obtain a bound for the truncation error, and show 
that the system is numerically stable if A¢ does not 
exceed a certain bound which they obtain. 

A. S. Householder (Madison, Wis.). 


* Nehari, Zeev. On the numerical solution of the Dirich- 


let Pr of the conference on dif- 
ferential equations (dedicated to A. Weinstein), pp. 
157-178. University of Maryland Book Store, Col- 


lege Park, Md., 1956. 

The author presents four approaches to the numerical 
solution of the Dirichlet problem, all utilizing expansions 
in suitable orthonormal sets of functions. For the region 
R with boundary B, let H be the set of all functions with 
finite Dirichlet integral. Then H=Ho+4H, is the direct 
sum of the subspace Ho of functions vanishing on B (in 
a generalized limit sense), and the subspace H, of func- 
tions harmonic in R. For fixed ne R, let H(n) be the 
subset of H; subject to the additional restriction u(n)=9, 
and let {u,} be a complete orthonormal set in H(y), using 
the Dirichlet integral D[, v] for the inner product. The 
Bergman kernel function is then 


(2, C)—= & wole)ur(C). 
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The first approximation uses (essentially) the Fourier 
coefficients a,=D[u,u,). Let ka(z,l)=XP—1 u,y(z)u,(C), 
and consider (essentially) 


Diu(2)— ¥ aster(e), be, €)—Rale, 2) 
In this way one obtains (essentially) 
[u(e)— ¥ anmo(0))®<[D{w]— ¥ a, 1(R(C, C)— hal, £)] 


But the estimation of the first factor on the right is well 
known, [J. B. Diaz, Proc. Symposium on Spectral Theory 
and Differential Problems, Oklahama Agric. Mech. Coll. 
Stillwater, Okla., 1951, pp. 279-289; MR 13, 235], and 
the second factor can be estimated by using the fact that 
k(¢, ¢) is a monotonic function of domain and hence by 
enclosing ¢ in a circle contained entirely within R. This 
method leads also to estimates on the first-order partial 
derivatives of u. 
The second method depends upon the relation 


\e(z, ¢)|?/R(C, C)—=—(1/2m)Og(z, £)/Om, 
where & is the Szegé kernel function and g is the usual 
Green’s function. The Szegé kernel function, like the Berg- 
man kernel function, can be approximated by a finite 
sum of orthonormal functions. 
The third method depends upon the lemma that 


c=[f Dept. dds][ f pte, cas} 


assumes the boundary value U(z9) as ¢-»zo, for a suitable 
singularity function (z, ¢) such that /g p(z, ¢)ds—ooasf 
approaches any point of the boundary (z « B). 

The fourth method depends upon estimating 


dg \? 
{ x om ) ds. 
The author presents a new estimate, and points out that 
alternatively one can utilize a result of Payne and Wein- 
berger [J. Math. Phys. 33 (1955), 291-307; MR 16, 923). 
This fourth method extends also to the equation Au= 
P(x, y)u for P(x, y)>0. R. B. Davis (Syracuse, N.Y.). 


Misztal, F. Method of approximate solution of 
differential equations. Zastos. Mat. 2 (1956), 416-425. 
(Polish. Russian and English summaries) 


Manfredi, Bianca. Calcolo numerico della temperatura 
in uno strato piano, con date condizioni al contorno 
variabili col tempo. Riv. Mat. Univ. Parma 6 (1955), 
363-374. 

The solution u(x, ¢) of the boundary value problem 


Ut—=Ugz, in 0<x, t<l, 
(*) u(x, 0) =0, O0<x<1; u(1, )=0, OSt<1, 
u(0, )=—(t), OS¢<1, 


can be represented in terms of g(¢) and a solution v= 
»(x, t) of this boundary value problem in the special case 
p(t)=1. Based on this observation the author sets up a 
finite difference representation of system (*) and ex- 
presses its solution w™ in terms of g(¢) and a solution 
v@ of the finite difference system in which p(¢)=1. Here 
M(=1/Ax) is an integer. For the mesh ratio 0< 
At/(Ax)?<} the functions v™ are shown to converge to v at 
the mesh points as M-+oo. Several different represen- 
> ype of v@ are given and the method is applied in 
two ial cases p(t)=¢ and ¢(t)=sin ¢. 
nor " se F. G. Dressel. 


MATHEMATICAL REVIEWS 








603 


Morel, Henri. Evaluation de l’erreur sur un pas dans la 
méthode de Runge-Kutta. C. R. Acad. Sci. Paris 243 
(1956), 1999-2002. 

This note gives, without details of derivation, formulas 
for estimating the error in using Runge-Kutta type 
numerical methods for estimating the solution of y’= 
f(x, y). The error estimate is made to depend on quantities 
evaluated in applying the method. The formulas are given 
for two types of methods, one depending on three sub- 
increments to obtain Ay, the others for four subincre- 
ments. Examples are provided. P.C. Hammer. 


See also: Dantzig and Hoffman, p. 555; Hersch, p. 579; 
Harazov, p. 587; Athen, p. 603; Park, p. 612; Bishop, 
p. 614; Crank, p. 616; Kondo, p. 620; Przybylski, p. 628. 


Graphical Methods, Nomography 


Athen, H. Ein neues Verfahren zur graphischen Aus- 
wertung ganzer rationaler Funktionen. Math. Natur- 
wiss. Unterricht 9 (1956/57), 297-301. 

The new method for graphical evaluation of poly- 
nomials with real coefficients is modeled on that of é. 
Lill [Nouvelles Ann. Math. (2) 6 (1867), 359-362; 7 (1868), 
363-367], a modern development of which is given by B. 
Meulenbeld [Simon Stevin 38 (1951), 60-80; MR 12, 751). 
The novelty consists in using the reciprocals of the coef- 
ficients in constructing the “orthogon’’, which simplifies 
sign considerations. Although intended only as an 
introductory article, applications to the evaluation of 
polynomial derivatives and to the solution of ordinary 
differential equations are also given. J. Riordan. 


Adams, Ernst. Beitrag zum Problem der schnellsten 
Flugverbindung zwischen zwei Punkten. Z. Flug- 
wiss. 5 (1957), 12-15. 

Fiir den Flug bei konstanter Hohe in einer Ebene liegt 
eine praktisch brauchbare graphische Approximations- 
methode fiir den Flugweg kiirzester Flugzeit zwischen 
zwei beliebigen Punkten bei beliebiger Windverteilung 
vor. Der erste Teil des Aufsatzes liefert den Nachweis, 
dasz diese Naherungskonstruktion unter denselben Be- 
dingungen auch fiir Kugeloberflichen gilt. Der zweite 
Teil zeigt, wie unter Verwendung eines nur von der geo- 
graphischen Breite abhadngigen Langenmaszstabes die 
spharischen Minimalen in einer ebenen Mercatorkarte 
konstruiert werden kénnen. 

Zusammenfassung des Autors. 


Tables 
Dingle, R. B.; Arndt, Doreen; and Roy, S. K. The 
in 


Ap(x)= (6!) f me 4+-x)-le~*de 
and BS 
Bp(x)= (6!) . eP(e+-%)-%e-*de 


and theirtabulation. Appl. Sci. Res. B. 6 (1956), 144-154. 
Dingle, R. B.; Arndt, Doreen; and Roy, S. K. The 
in’ 


Colx) = (1) { “em(e2+-28)-terede 
and 


D(x) = (1) |“ em(e2-+-23)-ter*de 


and their tabulation. Appl. Sci. Res. B. 6 (1956), 1SS—164. 


The integrals of the titles (which arise in the theory of 
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semi-conductors) are tabulated, mostly to 4S, as follows: 
A,(x) for p=—0.5(.5)4 and B(x) for p=0(.5)4, both for 
%=0O(.1)1(.2)7(.5)10(1)20; €,(x) for ~=——0.5(.5)5 and 
D,y(x) for p=0(.5)6.5, both for x=0(.2)2(.5)10(1)20. It is 
stated that tables of U(x) for negative x will be published 
later. In addition there is a table of the Fresnel integrals, 


C(x)=4 [ J-aldt and S(=)=4* Jara(at 


to 12D for x=0(1)20, prepared using their representations 
as the sums of Bessel functions of half-integral order, 
which have been tabulated by the British Association 
(Math. Tables Committee Report, 1925). 

Recurrence relations, differential equations and asymp- 
totic expansions of the integrals are given; in addition, 
relations to other special functions are pointed out. It is 
noted that Wp(sx) = (p+ 1)€p+1(x) —tx€ p(x), with a similar 
Telation for B (ix). 

It is not quite clear how the tables were computed and 
checked. Apparently, recurrence relations, such as 
PUyp(x)+*UAp-1(x)=1, were used to tabulate the Wp, 
using the values of U_; (x) =(2/x) AF [(2x)*], where F(é) is 
the ratio of the tail area of the normal curve to its bound- 
ing ordinate at ¢ and Wo(x)——e*Ei(—x): adequate 
tables of Ei and F are available. From the values of & 
those of 8 can be obtained from 


By(x)=2-{1 — (6+) Up(x)}. 


Similarly the values of €y(x) could be obtained from ex- 
pressions for €o(x), €;(x) in terms of 


si(a)—=[* sin t dt, cie)= ("3 cos t dt 


and those of €,,(x) in terms of C(x), S(x) by use of the 
recurrence relation #(p—1)€p(x)+2*€p-2(*)=1. The val- 
ues of D,(x) can then be obtained using 

Dyp=t-*{(+ 1)€p+1(x) —(H— 1) Ep()}. 
The necessity for care in the use of the recurrence relations 
is pointed out. 

Interpolation with respect to the subscript # is en- 
couraged, and auxiliary function for this for small x are 
given. Interpolation with respect to x is not discussed. 

John. Todd (Washington, D.C.). 


See also: Mouette, p. 561. 


MATHEMATICAL REVIEWS 









Machines and Modelling 


Riesel, Hans. A note on large linear systems. Math. 

Tables Aids Comput. 10 (1956), 226~227. 

Using the Gaussian elimination method, with a fixed 
binary point, systems of 214 equations, in which about 
40%, of the coefficients were different from zero, were 
solved on BESK in about two hours. After calculating 
residuals and re-solving, solutions accurate to about 
10-6% were obtained, even though the system was 
com tively ill-conditioned. As a measure of condition, 
(IT & |as|)/|det (ay)| is suggested. John. Todd. 


Marx, Helmut. Additionsverfahren zur Berechnung des 
ithmus und der Exponentialfunktion. I. Mitt. 
Math. Sem. Giessen no. 54 (1956), i+-26 pp. 
The author discusses, in an arithmetic based on the 
binary representation 
n= 42%, 


where e;2=1 and where the «’s are integers differing by 2 
or more, the programming of the exponential and loga- 
rithmic functions of a complex variable without the use 
of multiplication or division. The method depends on a 
stored table of key values of the logarithms of numbers of 
the form |+«2-*. For example exp(x-+#y) can be com- 
puted to nearly 10 decimal places in at most 131 additions. 
A second part on the other elementary functions is 
promised. D. H. Lehmer (Berkeley, Calif.). 


Bibliography of literature on questions of mathematical 
simulation (on analogue computing machines) (1947- 
1954). Avtomat. i Telemeh. 17 (1956), 279-288. 
(Russian) 

The bibliography is organized as follows: Books; 
Proceedings of conferences ; General theoretical questions; 
Electronic analogue computers ; Components of electronic 
computers; Electromechanical analogue computers; Spe- 
cialized analogue computers; Machines transferring a 
numerical code to a physical quantity and conversely; 
Application of analogue computers; Sources scanned. A 
continuation is promised. 


See also: Hall, p. 560; Preuss, p. 626. 


PROBABILITY 


Idee und Wahrscheinlichkeit. Editions 
Neuchatel-Suisse, 1956. 215 pp. 15 


* Nolfi, Padrot. 
du Griffon, 
francs suisses. 
This book contains an epistemological discussion of the 

nature of scientific theories in general with particular 
applications to probability. The author reviews briefly 
some of the conceptions of the nature of probability. 
Considerable space is devoted to the so-called “Spiel- 
raum” theory of von Kries, von Mises’ objections to the 
classical probability are also refuted at some length. The 
author seems to feel that no all-inclusive theory of 
probability covering all fields of applications can be 
formulated. O. Ore (New Haven, Conn.). 


Girault, M. Analycité et periodicité des fonctions carac- 

— Publ. Inst. Statist. Univ. Paris 5 (1956), 
1-94. 

The author discusses some known properties of analytic 








characteristic functions and constructs then an interesting 
example of a characteristic function which is doubly 
periodic. This is the elliptic function 

1—k* 1+h*et 

1+k*® 1—k*ele’ 


where the infinite product is taken over all positive and 
negative odd integers . The function has the periods 2x 
and 44 log & and has the stri bag Pv |Im(z)| <log & as its strip of 


regularity. (Washington, D.C.). 


* Kuznetsov, P. I.; Stratonovich, R. L.; and Tikhonov, 
V. I. On the duration of excursions of random func- 
tions. Translated by Morris D. Friedman, 572 Cali- 
fornia St., Newtonville 60, Mass., 1956. 14 pp. 
Translated from Z. Teh. Fiz. 24 (1954), no. 1, 102-112. 

The original Russian article was reviewed in MR 16, 269. 
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* Fisz, Marek. Die 








Grenzverteilungen der Multinomial- 
verteilung. Bericht iiber die Tagung Wahrscheinlich- 
keitsrechnung und mathematische Statistik in Berlin, 
Oktober, 1954, pp. 51-53. Deutscher Verlag der 
Wissenschaften, Berlin, 1956. 
Description of results which were given in detail else- 
where [Studia Math. 14(1954), 272-275, 310-313; MR 
16, 839). J. L. Doob (Geneva). 


Blackman, Jerome. An extension of the K 
distribution. Ann. Math. Statist. 27 (1956), 513-520. 
As pointed out by J. H. B. Kemperman, the results of 

this paper are in error. The formulas following the words 

“In general” at top of p. 517 are incorrect. The author is 

publishing a correction in which the quantities in Theo- 

rems | and 2 are replaced by more complicated ones and 

Corollaries 1 and 2 are scrapped. The salvaged formulas, 

if correct, no longer yield any asymptotic results. 


K. L. Chung (Chicago, Il.). 


zufal- 


x Spatek, Antonin. Die Regularititseigenschaften 
Transformationen. Bericht iiber die Tagung 


liger 

Wahrscheinlichkeitsrechnung und mathematische Sta- 
tistik in Berlin, Oktober, 1954, pp. 109-111. Deutscher 
Verlag der Wissenschaften, Berlin, 1956. 


Announcement of results which have since by 
[Czechoslovak Math. J. 5(80) Om, wey F R 17 
500}. yD Doob (Geneva). 


koffsche Ketten. Bericht iiber die Tagung Wahr- 

scheinlichkeitsrechnung und mathematische Statistik 

in Berlin, Oktober, 1954, pp. 43-49. Deutscher Verlag 

der Wissenschaften, Berlin, 1956. 

This work begins with a tation in the whole of 
the extensions given by the author to the Poisson law 
on the sequence of variables constituing a Markoff chain. 

It includes also an extension on iterations of a Markoff 
chain in the case of a very slow evolution. 

Let Fy(n, #) be the characteristic function of the itera- 
tion-number in » successive trials of a constant Markoff 
chain on the values 4), a2, --*, @m with the transition 
probabilities ~,, providing that x;=—a,. 

Thus, the following recurrence law is valid: 


Fy(n, )=paaFa(n—1, t)+ 2 pare*F;(n—1, t). 


If we are assuming that pu:=1—a:7T, pir=a@er (Qi1= 
a+: *+4m) for pix, +1, independent of r, if we further 
are supposing, that the characteristic equation of the 
former recurrence law has a single root, which approaches 
1, for ¢>0, we obtain an asymptotic law of the form 


! Gal?) @ SP are"Gx(t)—Gi'(t) 
wt of om eae eG 


which gives us the extension of the Poisson law on itera- 
tion. 

The author gives a generalization of these results also 
in the case, in which the characteristic equation has 
several roots equal to 1. 

The article ends with a very simple example about a 
Markoff chain on two values. O. Onicescu. 


Keilson, Julian. A of noise theory. 
Quart. Appl. Math. 12 (1954), 71-76. 
A study is made of Markov processes in continuous time 
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with transition probability 

[ro(1 —y)]-*(B/x)* exp[ —B(x’—yx)?), 
giving the probability density per unit time that the 
process if at x will jump to x’. In particular it is shown 


that the expected number of crossings of x=0 per unit 
time is given by 


l 1— 
malty (452). 


As y->1 the process tends to the Fokker-Planck process 
with an infinite number of crossings. D. V. Lindley. 


Fisz, M.; and Urbanik, K. Analytical characterization of 
a composed, non- Poisson process. Studia 
Math. 15 (1956), 328-336. 

Let {&, OStS7T} be a stochastic process with inde- 
pendent increments. It is proved that, if 


lim P{Go=E.)—=1. 





then the process is a composite Poisson process, and that 
the characteristic function of §g,—&» is given by 


J (ee —Daef? 00. 1. 


where the second integral is the Burkill integral of Q and, 
if I=[a, b), Q«, N=Pléo—fa<s} for x<0, Q(x, I= 
—P{&)—fa2x} for x>0. The result can be considered 
as a consequence of Lévy’s study of processes with in- 
dependent increments [Théorie de l’addition des vari- 
ables aléatoires, Gauthier-Villars, Paris, 1937]. 


J. L. Doob (Geneva). 


Latscha, Robert. Zur Anwendung der kollektiven Risiko- 
theorie in der schweizerischen Unfall- 
versicherung. Mitt. Verein. Schweiz. Versich.-Math. 
56 (1956), 275-302. 


Phillips, D. C.; Rogers, D.; and Wilson, A. J. C. Relia- 
bility index for cen and non-cen 

metric structures. Acta Cryst. 3 (1950), 399. 

The reliability index R when the crystal structure is 
nearly correct is higher for centrosymmetric structures 
than for non-centrosymmetric structure for the following 
reasons: 1) The dispersion of the centric distribution 
(corresponding to the centrosymmetric structure) is 
greater than that of the acentric distribution (corre- 
sponding to the non-centrosymmetric structure); 2) the 
average value of |F| is less for the centric distribution; 
3) the proportion of ver tay Papers intensities is larger 
for the centric distribution. The relative effects on R of 
aech of the latter two factors are computed. 


H. A. Hauptman (Washington, D.C.). 
Wilson, A. J. C. likely values for the reliability 


index. Acta Cryst. 3 (1950), 397-398. 
The reliability index R, defined by 


> \Fotel—lFeatel| 


X |Fons! . 


where F is the structure amplitude, is commonly used as a 
measure of the quality of a crystal structure determination. 
The probable value of R for a completely wrong structure 
is here found to be 0.828 for a centrosymmetric structure 
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and 0.586 for a non-centrosymmetric structure. 
H. A. Hauptman (Washington, D.C.). 
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| See also: Henstock, p. 584; Bottema, p. 629. 


STATISTICS 


Pearson, E.S. Some aspects of the geometry of statistics. 
The use of visual presentation in un the 
theory and application of methametical statistics. J. 
Roy. Statist. Soc. Ser. A. 119 (1956), 125-146. 

This paper is the Inaugural Address of its author as 
President of the Royal Statistical Society. It is a partly 
historical and partly expository presentation of geo- 
metrical representation in statistics. In the historical 
section, the author gives a brief account of Karl Pearson’s 
use of geometry in statistics. Most of the paper is devoted 
to geometrical diagrams for various problems in statistics 
such as testing the difference between means, student’s 
test, components in the analysis of variance, analysis of 
covariance, and preliminary examination of a set of data 
as a whole for patterns. S.S. Wilks (Princeton, N.J.). 


Benedetti, Carlo. Sulla rappresentabilita di una distri- 
buzione binomiale mediante una distribuzione B e vice- 
versa. Metron 18 (1956), no. 1-2, 121-131. 

The author replaced the binomial discontinuous 
distribution 


folx)—=(," )pn=(1—p)a-, 


where x=0, 1/2, ---, 
bution of type B, 


(n—1)/n, 1 by a continuous distri- 


re) TOE 


The parameters / and m are determined by the conditions 
of equality between the mean and the variance of the 
two distributions. The latter distribution corresponds, 
following the conceptions of Gini on this matter, to a 
uniform distribution of the causes and is much easier to 
handle in the applications than the original binomial 
distribution. O. Onicescu (Bucarest). 


I- —i(xz— 1)*-1, 


Harkin, B. The expected error of a least-squares solution 
of location from direction-finding equipment. Austral. 
J. Appl. Sci. 7 (1956), 263-272. 

Several stations simultaneously report the bearing and 
elevation from each of a missile being tracked by them, 
and the missile is taken as located at that point whose 
squared distances in space from the generally skew lines 
sum to a minimum. The author deduces the error vari- 
ances and covariances of the coordinates. The formulas 
are too long to be given here, but they and their deri- 
vation could be vastly reduced by the use of matrices and 
vectors. A. S. Householder (Madison, Wis.). 


Robbins, Herbert. Sequential decision problem with a 
finite memory. Proc. Nat. Acad. Sci. U.S.A. 42 (1956), 


920-923. 
A decision rule is ag which may be the solution of 
the following problem. Given two coins with unknown pro- 


babilities of heads, $1, p2, ond given an integer 7, to choose 
at the nth step one of the coins to toss, as a function 
of the results of the last 7 tosses, so as to maximize the 
long-run proportion of heads. The rule proposed is to change 
coins when (a) one coin gives 7 successive tails, or (b) a 

from the 
[better than 


coin gives tails on the first toss after 
other coin. It is shown that the rule does 





if (b) were omitted], and as r increases the limiting fre- 
uency converges [uniformly in #1, 2] to max (1, #2). 
fReviewer’ s remark: For r=2 there are 256 symmetric 
rules, mostly foolish ones; the author’s rule appears 
to be optimal in this case.} J. Isbell (Princeton, N.J.). 


Freund, John E. Some methods of estimating the para- 
meters of discrete heterogeneous tions. J. Roy. 
Statist. Soc. Ser. B. 18 (1956), 222-226. 

The problem is to estimate the prior distribution 
/;=/(6;) of a parameter 6 in a heterogeneous population 
qj= --+, a), where the conditional Seeeations 
fy= f(x<4164) of the variable x are known (t=1, 2, ---, 8), 
a and f being finite. The value x is observed with ‘fre- 
quency m in a random sample of size n. It is shown that 
for 8<«a there are no linear unbiased estimates (l.u.e.) of 
the /;; for B=a, and if the rank 7 of the matrix of /y is 
equal to a, the maximum likelihood estimates are the 
unique l.u.e.’s; for >a there is a class of l.u.e.’s, from 
which it is proposed to select a unique set /;’ by a minimax 
procedure: this minimises the maximum (with respect to 
the /;) of a convenient upper bound to the sampling 
variance > E(/;'—/;)?. An example is given. 

P. Armitage. 


Des Raj. On the method of overlapping maps in sample 

surveys. Sankhya 17 (1956), 89-98. 

The optimum sampling schemes for estimating two 
distinct characteristics of a population (e.g., area and 
number of residents for a collection of villages) may 
assign different probabilities to the sampling units. The 
problem of minimizing costs in such a sampling situation 
is shown to be equivalent to the “transportation problem” 
[Dantzig, Activity analysis of production and allocation, 
Wiley, New York, 1951, pp. 359-373; MR 15, 48). 

Dantzig’s ‘“‘basic solution”’, used as a first approxima- 
tion in the simplex method, is shown to be optimum for a 
certain definition of “‘distance’”’ between sampling units, 
For other situations an approximation is given which 
usually leads to the optimum more quickly. 

It is noted that two similar problems in sampling 
theory [Goodman and Kish, J. Amer. Statist. Assoc. 
45 (1950), 350-372; Keyfitz, ibid. 46 (1951), 105-109] are 
equivalent to this one. P. Meier (Baltimore, Md.). 


Gumbel, E. J.; and Carlson, P. G. On the asymptotic 
covariance of the sample mean and standard deviation. 
Metron 18 (1956), no. 1-2, 113-119. 

Let % and s=/mz be the mean and standard deviation 
of a sample of size » from a population for which all 
moments exist. Let be the sth population central 
moment, #=1, 2, -- the main result of this paper is to 
show the enyumpeotic: formula 


Covariance (%, s) =3(2n+/u2)+O0(u-*/2) 
and hence for any assigned pair of constants @ and } 
Var.(az-+bs) art? + patetHe® . o%,-22), 
n 4nu2 


The applications to specific distributions such as the 
normal, the logistic and limited exponential distributions 
are given. The results of this paper lead to the errors of 
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estimate for two-parameter distributions, where the para- 
meters are estimated by linear functions of the mean and 
standard deviations. T. Kitagawa (Fukuoka). 


Reiter, Stanley. Estimates of bounded relative error for 
the ratio of variances of normal distributions. J. 
Amer. Statist. Assoc. 51 (1956), 481-488. 

For estimates for t=0o12/o2?, the paper considers 
estimates of the form 7=£6 2/622 where 16,2/0;2 and 
252"/o2” are assumed to be independently distributed 
like chi-square with m, and mg degrees of freedom, re- 
spectively. The condition that 7 be of bounded relative 
error with confidence can be represented by 


Pl < + <K}=a(k) (K>0), 


where «a(K) does not depend upon 7+ and hence can be 

denoted by wx(b, 1, 2). The paper shows that the 

maximum of this value, for fixed K, m, and mg, is given by 
Kva+)— K-v/a+) 


bt = 
K9a+)— K-70 ° 





where 6=/n2, for which a numerical table is given in 
the paper. T. Kitagawa (Fukuoka). 


Bennett, B. M. On the use of i tests in certain 
statistical procedures. Ann. Inst. Statist. Math., Tokyo 
8 (1956), 45-52. 

The problems treated in this paper start with the 
exact formulations of common statistical procedures on 
the poolings of data, and belong to the realm of successive 
process of statistical inferences. This paper deals with the 
use of preliminary tests in providing interval estimates of 
the mean and variance of normal populations. The author 
proceeds to discuss a procedure in normal regression 
theory involving a decision about the appropriate degree 
of the orthogonal polynomial. There remain numerical 
calculations of various integrals obtained by the author 
in order to make practical use of these procedures. 


T. Kitagawa (Fukuoka). 


Basu, D. The concept of asymptotic efficiency. Sankhy4 
17 (1956), 193-196. 
This paper introduces a “concentration” partial 
ordering on estimators of the value of a real function yu 
on a class Q of distributions F: {t,}={t,’} if and only if 





: Pr[|tn—p| >e|F) 
lim sup Pr[léa’—pl>elF] =! for all F ¢ Q, e>0. 


For asymptotically —N(u(F), o,(F))-estimators, > is 
shown to be incomparable to the classical ordering 
induced by lim sup oa(F)/on'(F). J. Hannan. 


Ruben, H. On the moments of the range and product 
moments of extreme order statistics in normal samples. 
Biometrika 43 (1956), 458-460. 

The author shows that the product moments of the 
extreme order statistics in samples of even sizes from 
normal populations can be expressed as linear functions 
of the products of the contents of certain hyperspherical 
— Using this result the author obtains simple 
explicit expressions for the variance of the sample range 
for samples of sizes 2and 4. D. M. Sandelius (Géteborg). 
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Billingsley, Patrick. Asymptotic distributions of two 
goodness of fit criteria. Ann. Math. Statist. 27 (1956), 
1123-1129. 

We are given a sequence of » digits, each in the ‘alpha- 
bet’ 1, 2, ---, s. Let u=(w, ue, «++, w,) be any »-plet of 
digits and let », be its frequency in the given sequence. 
Let H,’ be the composite hypothesis of Markovity of 
order uw (u=—1, 0, 1, 2, ---; where by convention H_, is 
the hypothesis of equiprobable or perfect randomness). 
Let H, be any simple statistical hypothesis belonging to 
H,’. Let H, be the maximum-likelihood H,,. Let the 
expected value of mM, in a new sequence of length » from 
the same ensemble given H, be m.,, and given A, be 
fia,,- Let 

Me—Map)® Ne—Nap)® », 

Pon = 2 ao » Pra= ~ an aa Pr+in =O. 
It may be conjectured [cf. Good, Biometrika 42 (1955), 
531-533, sect. 3; this paper contains some errors privately 
communicated by L. A. Goodman; MR 17, 381] that 
when H, is true, #,,,,2 has asymptotically (when n->oo) a 
distribution 

e-—> 


1 
it Korte), 

where * denotes convolution, and where K;(x) is the 
gamma-variate distribution with « d of freedom. 
This conjecture is proved by Billingsley for the case 
=O. It may further be conjectured that when H « is true, 
Y»,," has asymptotically the distribution 


v-1 
at Kor ten(4/4)# Koa (4/9) (math. independent of ,). 


This was proved by Good [Proc. Cambridge Philos. Soc. 
49 (1953), 276-284; MR 15, 727] for the case s prime and 
y=—1. It is now proved for the case 40 by using the 
theory of finite-dimensional vector spaces. An acknowl- 
edgement is given to R. H. Spanier for some of the es- 
sential algebraic ideas. I. J. Good (Cheltenham). 


David, F. N. A note on Wilcoxon’s and allied tests. 

Biometrika 43 (1956), 485-488. 

Given two independent samples let x;, ---, %,: be the 
ranks of one of the samples in the sequence formed by 
combining both samples. As tests for hypotheses of equal 
location and spread of the corresponding distributions 
(assumed identical if these hypotheses are true) the 
author suggests 


(*) {#1 —E(#)}/{var(%)}* and (**) s1*/E(s;*), 


where #)= DP; %4/m and s;2= DP, (x%— #1)?/(m1—1). For 
sufficiently large sizes of both samples (*) is considered 
approximately normally distributed, while for (**) a 
Pearson curve approximation is used. D.M. Sandelius. 


Gurland, John. Quadratic forms in normally distributed 

random variables. Sankhya 17 (1956), 37-50. 

Let X1, Xe, --:, Xa be independently and normally 
distributed with zero mean and variance one. 

The author rewrites the characteristic function 
$(é)= T12_.1(1—28dt)+* of SP, AX in the form ¢()= 
(1—2éa#)-™/2 [Py (1—2iagt)/(1—2sat))-* with as=Ay—A 
and A>} max 4, which, in combination with the inversion 
formula, gives the convergent series expansion of the 
distribution function F(x) of S?-, 4X,?, and the evalua- 
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tion formula for the remainder of partial sums of the 
series. The paper then discusses the similar problems 
associated with the statistics 

nmi n 

LAXF— Lf AX? 

tal tem+1 
and with the ratio of quadratic forms and gives a bound 
on their remainder terms in partial sums of convergent 
expansion. The method is a continuation of the one 
adopted by the author in several of his papers [Ann. Math. 
Statist. 19 (1948), 228-237; 24(1953), 416-427; 26 
(1955), 122-127; MR 9, 582; 15, 885; 16, 727] and has 
an intimate connection with that of Bhattacharya 
[Sankhy4 7 (1945), 27-28; MR 7,131). T. Kitagawa. 


Fisher, Ronald. On a test of signi ce in Pearson’s 
Biometrika Tables (No. 11). J. Roy. Statist. Soc. 
Ser. B. 18 (1956), 56-60. 

The author derives the distribution of 
d= (x — %2)(s12+-sq”)-V/2 
under the assumption of normality given 
$32=> (%1—4#1)?/m1 (m1 +1), s2e2= > (%2—Ze)*/me(n2+-1), 
#=> */m+1, 2=> X2/ne+1, 
m, and mg the degrees of freedom. This result depends on 
the unknown population variances o;2(m,+1) and 
02"(m2+-1). In the special case mj=—m2, $1=Se, d/cosh z is 
distributed as Student’s ¢ with »,-+-m2 degrees of freedom 
where z is defined by o2/0;=s2/s,e*. For nj =ng=6, using 
the 10 per cent critical value of d from table 11 of “Bio- 

metrika tables for statisticians’, v. 1 [Cambridge, 1954; 

MR 16, 53] the author shows that for z=0, the level of 

significance is about 11 per cent, and for all values of z 

the level of significance is always greater than 10 per cent. 

The theory on which the table is based is due to Welch 

[Biometrika 34 (1947), 28-35; MR 8, 394]. The point of 

view of the author has been expressed, for instance, by 

Fisher [Ann. Eugenies 9 (1939), 174-180]. This problem 

has also been considered by Wald [Selected papers in 

statistics and probability, McGraw-Hill, New York, 

1955, pp. 669-695; MR 17, 55). L. A. Aroian. 


Rao, C. Radhakrishna. Analysis of dispersion with 
incomplete observations on one of the characters. J. 
Roy. Statist. Soc. Ser. B. 18 (1956), 259-264. 

This paper deals with the multivariate generalization 
of the analysis of variance (dispersion) in which the A 
criterion for testing hypotheses on # multiple characters 
simultaneously is not applicable because the data are 
incomplete for some one character. The author suggests 
the criterion A=A ,A_9-°®/"®, where A, is calculated for 
the —1 characters on which the information is complete 
for a sample of +-1 individuals, and where Ag is calcu- 
lated for the »+-1—c individuals for which the informa- 
tion is complete on all characters. An asymptotic ex- 
pansion of the distribution of the test criterion is devel- 
oped in a x? series, for which the first term provides a 
good approximation for moderately large m. A second 
method which compares the ‘th moment of A with that of a 
B distribution gives a less satisfactory result. A numerical 
problem illustrates the methods. P. S. Dwyer. 


Bozivich, Helen; Bancroft, T. A.; and Hartley, H. 0. 
Power of analysis of variance test for certain 
incompletely specified models. I. Ann. Math. Statist. 
27 (1956), 1017-1043. 

Let the sums of squares mV; be independently distri- 
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buted as 7;20,;2, where y,? is the central y? statistic based 
on m degrees of freedom. The paper is interested in 
testing the hypothesis Ho: o3?=o2*, against the alter- 
native H,: o3*>o2?, when it is known that o322c2?2o;?3. 
The test procedure with some times-pooling V2 and V, 
is then as follows: Reject Ho if either 


{Vo2/VieFain,(%1) and V3/Ve2F nans(%2)} 
or 
{V2/VisF nn,(a1) and V3/V2F nyn.+n,(«)}, 


where V=(",V1-+-m2V2)/(m1+m2) and Fa,n(a«) is the 
upper 100«% point of the F-distribution with numerator 
dj=m and denominator df=ny. 

This procedure is called the sometimes-pool procedure, 
and has been advocated under the wide application of 
analysis of variance to operational research and to the 
study of routine data in which our model is incompletely 
specified. The procedure has been discussed by Bancroft, 









Mosteller, Paull, Kitagawa, Bechhofer, Bennett and so | 


on. The object of this paper is to provide the necessary 
extension of Paull’s investigation which was made possible 
by (i) the development of the power int as series 
formulas for even values of the degrees of freedom 1, 
mq and ng; (ii) the derivation of recurrence formulas for 


the power for even values of 1, m2, and 3; and (iii) the de- | 


velopment of approximate formulas valid for large degrees 
of freedom for even values of 1, m2 m3. 

The paper gives some practical recommendations, 
considering the relative merits of procedures at «;=.25, 
a,;=.50 and aj=.7 to .8 (the borderline level) to the 
following effect. (i) If the experimenter is reasonably 
certain that only small values of 62 can be envisaged as a 
possibility, he is advised to use «1;=.25 except in the cases 
Ng=Ne and myj—]5neq when he should use «,=—.50, in order 
to ensure size control. (ii) If, however, the experimenter 
can make no such assumption about 62 and wishes to 
guard against the possibility of power losses, he may then 
use the borderline test, which would ensure a power gain. 

The paper contains detailed analytical and numerical 
studies about the power and size curves and comparison 
of test procedures. T. Kitagawa (Fukuoka). 


* Rider, Paul R.; Harter, H. Leon; and Lum, Mary D. 
An elemen approach to the analysis of variance. 
WADC Tech. Rep. 56-50. Wright Air Devel. Center, 
Wright-Patterson Air Force Base, Ohio, 1956. iv+65 


P- . 
This report is an elementary exposition of the analysis 


of variance whose objective is to present this pow 
statistical technique in such a mannerjthat will be directly 
useful to engineers and other scientists. The report 
provides us with several sections most of which are now 
quite familar in these branches. However, it also includes 
some emphasis upon newly developed notions and techni- 
que such as hierarchical and partially hierarchical models, 
fractionally replicated experiments and multiple compa- 
risons, which will make the use of analysis of variance 
more powerful, especially in engineering ya RY 
T. Kitagawa (Fukuoka). 


Cane, Violet R. Some statistical problems in experimen- 
tai J. Roy. Statist. Soc. Ser. B. 18 (1956), 
177-194; discussion 195-201. 

The first part of the paper deals with the determination 
of perceptual thresholds. A subject is presented with 
standard and variable stimuli, S and V, respectively, and 
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perceives S’=S+s and V’=V-+-v, where s and v are 
independent random variates. He can distinguish be- 
tween S and V only when |S’—V’|>C. Three different 
methods for estimating C are compared: (a) where differ- 
ent values of V are presented in random order, (b) where 
they occur in ascending or descending order, and (c) 
where the order is determined by the subject. Some ex- 
soma ps results on visual thresholds are interpreted in 
terms of a particular psychophysical model. The second 
part of the paper concerns learning experiments, which 
are interpreted in terms of renewal theory 


P. Armitage (Washington, D.C.). 


Bliss, C. I. Confidence limits for measuring the precision 
of bioassays. Biometrics 12 (1956), 491-526. 
Explicit formulae are given for confidence limits for the 
potency ratio in various types of assay. P. Armitage. 
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Bastenaire, Francois. Sar man gerne On Geta 
des durées de vie a la fatigue. C. R. Acad. 


Sci. Paris 243 (1956), 1270-1273. 

The limitations are discussed that are imposed on the 
statistical distribution functions of fatigue-life at con- 
stant stress within the stress-range in which a number of 
test-specimens will always survive, independently of the 
number of stress-cycles applied. It is pointed out that 
within this range the statistical expectancy and the vari- 
ance of the fatigue life can not be defined, so that the 
mean and variance observed in a test sample are sta- 
tistically meaningless. A. M. Freudenthal. 


See also: Keeping, p. 602; Banerjee, p. 630; Li, p. 630. 


PHYSICAL APPLICATIONS 


Mechanics of Particles and Systems 


Savin, G. N. On the fundamental equations of the 
dynamics of a shaft cable. Akad. Nauk Ukrain. 
RSR. Prikl. Meh. 1 (1955), 5-22. (Ukrainian. Rus- 
sian summary) 

Consider a lifting cable which hangs over a cylinder 
revolving about a fixed horizontal axis with velocity v. 
At the lower end B of the cable a load of weight Q is 
attached which at the beginning of the motion lies on a 
fixed support. Assume that the lifting of the load proceeds 
according to a trapezoidal tachogram with constant 
acceleration. The cable being an elastic viscous string, 
consider the dynamic pull caused in it during the lifting 
of the load Q. Let the dynamic pull caused at the lower 
end B of the cable while the load remains on the support 
be To=C€Q, where OSf<1 characterizes the degree of 
slackness of the lifting cable. 

Let the OX-axis be directed downward along the axis 
of the cable, the origin O being the point C at which the 
cable starts to wind onto the cylinder. Consider a section 
of the cable at a point A and let 


X=f—x—u(x, t), 


where x denotes the unstretched length of the segment 
AB of the cable, u(x, ¢) the absolute lengthening of AB 
and §=BC the variable length of the cable. As the cylinder 
starts to revolve the lifting cable first streches out during 
an interval of time 7, the load Q remaining fixed on the 
support (for ¢1). The load Q will start to move upward 
only after the dynamic pull at the lower end B of the 
cable has attained the value Q. During the first phase of 
ms ne process =const, during the second phase 
E(t 

The fundamental differential equations of motion for 

an element of the cable at A and the — Q are 


d2 21 
(1) 1(4-=)-- aT +4. 
Q ae _ 

(2) ¢ a =Q—T(0, t)+R, 


where R is a resistance force and ga constant. The bound- 
ary condition at the lower end B of the cable is (3), (0, #) = 
0 and at the upper end C is (@X/et),..=v or 


(4) aE _ wv +( 02m + (= Pe 





di” dt * \dtox ar? 





gr the normal length of the cable at the instant #). 
e initial conditions of s(x, ¢) and 0u/dt for the second 
phase of the lifting process are 


(5) u(x, O) =m x-+-m2x®, (0u/0t)t_o—mesx, 


where m, m2, mg are constants. The dynamic pull acting 
in the cross-section A of the cable is assumed to be of the 
form (using complex notations) 


ra (EYE 


where y=26, 6 being the logarithmic decrement of 
damping, found for the given cable from the oscillogram 
of free vibrations of the attached load, and K is a con- 
stant. 

In the case of small lifting depths u(x, #)=xe(¢), and the 
problem reduces to the integration of an o second 
order linear differential equation with variable coef- 
ficients for e(¢). 

Further, using the idea of the method of moments, the 
author reduces the equations (1), (2) with the boundary 
conditions (3), (4) and the initial conditions (5) to an 
integro-differential system from which certain approxi- 
mate solutions can be obtained. In particular, if «(x, t)= 
xp(t)+-x*p(#), the problem reduces to the integration of 
two ordin second order differential equations with 
ome 3 coefficients for (#) and Ww (cf. Savin, Ukrain’ 
Mat. Z. 6 (1954), 126-139; MR 16, 1060). 


E. Leimanis (Vancouver, B.C.). 


Sokolov, Yu. D. On the determination of dynamic pull in 


shaft-! cables. Akad. Nauk Ukrain. RSR. Prikl. 
Meh. 1(1955), 23-35. (Ukrainian. Russian sum- 
mary) 


This paper contains a detailed discussion of the basic 
partial differential equation 
g oT Ou =e 02% 02m ) dv 
2-0 


q ox cies. Ont Of ett MT y on 


for a lifting cable as obtained by G. N. Savin [Dopovidi 
Akad. Nauk Ukrain. RSR 1954, 140-147] under the 
assumption that 

02 

Ox ot ’ 


where « characterizes damping of the dynamic pull in 


T(x, t)= =K +o 
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the cable and K denotes a constant. Otherwise the paper 
follows along the lines outlined in a previous paper by 
the same author [ibid. 1955, 21-25; MR 17, 307]. 

E. Leimanis (Vancouver, B.C.). 


Noskov, N. I. Construction by the method of dyads of a 
seven link mechanism. Trudy Inst. MaSinoved. 16 
(1956), no. 62, 5-10. (Russian) 

On étudie le mouvement d'un mécanisme avec 7 
membres, c’est 4 dire avec 7 couples rotationels dont les 
axes AB, CD,---,PQ sont gauches. Les deux dyades 
CDEFGH, GHKLMN qui composent le mécanisme ont 
les axes CD, GH, MN qui peuvent posséder les divers 
positions. L’auteur remplace les couples mobiles (CD, HG), 
(HG, MN) par les couples cylindriques et il cherche les 
positions nulles des axes a l’aide des méthodes graphiques 
de la géométrie descriptive. La méthode donne un ré- 
sultat approximatif. F. Vyéichlo (Prague). 


Bozilov, Boris. Transverse vibrations of a string with 
varying density. Trudy VysSego Inst. Narod. Hozyal- 
stva Staline. Inz.-Stroitel. Fak. 1 (1954), 67-86. (Bul- 
garian. Russian summary) 

The author considers a string stretched along the x 
axis between two fixed points with the usual assumptions 
connected with small transverse displacements. The 
density of the string is a continuous function of x. He 
derives first a Fredholm integral equation which he solves 
for a special case when the density is a quadratic function 
of x, obtaining three modes and three characteristic 
frequencies. Then he transforms the Fredholm equation 
into a Volterra integral equation and solves it again for 
the same special case. T. Leser (Aberdeen, Md.). 


Bishop, R. E.D. The behaviour of damped linear systems 
in steady oscillation. Aero. Quart. 7 (1956), 353-354. 
This is an addendum to a previous paper of the same 

title [Aero. Quart. 7 (1956), 156-168; MR 17, 1246]. A 

more penetrating analysis of one set of equations therein 

enables the author to clarify more completely the reasons 
for observing different vibration shapes when an airplane 
structure is excited at different places. E. Pinney. 


Liverani, Giovanni. Su un teorema di reciprocita per i 
sistemi a ritardo. Boll. Un. Mat. Ital. (3) 11 (1956), 
582-584. 

Si consideri un sistema meccanico, a gradi di liberta, 
definito delle coordinate lagrangiane gi, g2, -*-, Yn, 
soggetto a forze conservative, che compia, attorno a una 
posizione di equilibrio stabile, piccoli movimenti forzati, 
prodotti da sollecitazioni addizionali di componenti 
lagrangiane Q;, Qe, ---, Qn, assegnate funzioni del tempo 
t. ---Sono stati perd considerati i cosidetti sistemi mec- 
canici a ,,ritardo’, retti da equazioni miste differenziali 
e alle differenze. Tali equazioni si possono ottenere- - - 
in principio sostituendo, in alcuni termini, alla gq; calcolata 
nell’instante generico ¢, le stesse grandezze calcolate in un 
istante antecedente t—7r dove r é, di solito, una costante 
che esprime appunto il ritardo con cui certe azioni si 
manifestano. Dal riassunto dell’ autore. 


Matschinski, M. Principes mathématiques de toute théo- 
rie des périodes glaciaires. J. Sci. Météorol. 8 (1956), 
69-97. (English and Spanish summaries) 

The author’s object is to establish a physico-mathe- 
matical theory of glaciation-periods. In order to ac- 
complish this task, the author writes down a system of 
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three ordinary (non-)linear differential equations. (The 
essential derivations are not indicated.) Thereafter, the 
author transforms these equations, obtains ‘solutions’, 
plots graphs, etc. 

{It seems to the present reviewer that not too much 
significance can be attached to the author’s ‘solutions’. 
The author’s analysis does not even satisfy some of the 
most rudimentary principles of physico-mathematics. 
Also, the equations postulated and the solutions presented 
lack completeness. Unfortunately, it is not possible to 
treat boundary-value problems of nonlinear equations in 
such a simple manner.} K. Bhagwandin (Oslo). 


See also: Fischer, p. 560; Géransson and Hansson, 
p. 577. 


Statistical Mechanics 


* Temperley, H.N.V. Changes of state. A mathematical- 
physical assessment. Cleaver-Hume Press Ltd., Lon- 
don; Interscience Publishers Inc., New York, 1956. 
xi+324 pp. $7.50. 

The commonness of phase changes in matter, such as 
the melting of solids, is not paralleled by a corresponding 
simplicity in their theory. The author has undertaken the 
herculean task of reviewing this field critically, with main 
attention to the physical and mathematical interpre- 
tations of the various models rather than to their compu- 
tational details. The thermodynamic approach is re- 
viewed and Ehrenfest’s classification of orders of phase 
changes extended. After a discussion of the general nature 
of phase changes attention is put on special types, such as 
ferromagnetism, superconductivity, and liquid helium. 
It would not be appropriate to review this material 
topically here, and the mathematical reader would be ill 
advised by the suggestion that these problems can be 
reduced to an axiomatic basis. The underlying difficulty 
is to find variables suitable for the description of the 
macroscopic properties of complex systems of many 
particles. Nevertheless, some of the models which have 
been proposed are sufficiently clear to lead to highly 
intriguing mathematical problems. The mathematician 
who is interested in the physical applications of thermo- 
dynamics and statistical mechanics, and is willing to look 
up the relevant experimental results, will find here a 
well-balanced and helpful analysis of the field from which 
he can venture into the jungle of special problems. 

E. L. Hill (Minneapolis, Minn.). 


Yamamoto, Tsunenobu; and Matsuda, Hirotsugu. On 
the grand canonical distribution method of statistical 
mechanics. Progr. Theoret. Phys. 16 (1956), 269-286. 
The main object of the paper is to establish that the 

thermodynamical quantities calculated for a classical 

system on the basis of the grand canonical theory are the 
same as those which are obtained for a macroscopic cell 
of the system by considering the latter in the micro- 
canonical distribution. This is shown to be the case for 
the pressure as function of temperature and chemical 
potential. The equivalence of the grand canonical, 
canonical and microcanonical expressions of the entropy 
is also established. The method used consists in a sub- 
division of the whole system into a large number of 
macroscopic cells, whereby the interactions across 

walls are shown to be negligible. The author does not 
seem to be aware of the fact that this method was already 









_ | 
a 


> ae 












, the 
ions’, 


much 
ions’, 
f the 
atics, 
ented 
le to 
ms in 
0). 


sson, 


tical- 
Lon- 
1956. 


ch as 
nding 
n the 
main 
rpre- 
mpu- 
S re- 
phase 
ature 
ich as 
lium. 
terial 
be ill 
in be 
culty 
f the 
many 
have 
ighly 
tician 
-rmo- 
) look 
ere a 
which 


n.). 


istical 
286. 
it the 
ssical 
re the 
ic cell 
nicro- 
se for 
mical 
nical, 
tropy 
. sub- 
er of 


s not 








ee ee a 





applied to the grand canonical theory by Yang 








and Lee 
ys. Rev. (2) 87 (1952), 404-409; MR 14, 711). 
L. Van Hove (Utrecht). 


Ziman, J. M. The general variational ple of trans- 
port theory. Canad. J. Phys. 34 (1956), 1256-1273. 
The Boltzmann integral equation governing transport 

phenomena in systems which are in quasi-statistical 
equilibrium is formulated in terms of a variational 
principle. This has the advantage in a mathematical sense 
that it allows for solution by pertubation techniques with 
approximating sequences. The variational principle itself 
is interpreted in terms of the rate of macroscopic entropy 
production, assuming, as usual, that entropy can be 
defined meaningfully in non-equilibrium states. The 
connection with Onsager’s macroscopic relations is given, 
and a number of special applications are cited. The 
difficulties of principle which arise when an external 
magnetic field is introduced are discussed. EF. L. Hill. 


Kubo, R. A general ion for the conductivity 

tensor. Canad. J. Phys. 34 (1956), 1274-1277. 

The general transport problem is formulated in terms 
of the perturbation produced in the statistical density 
function by the external field. The formal result is very 
compact and useful for the discussion of general relation- 
ships, and provides a parallel to the discussion by Ziman 
in the paper reviewed above. In explicit calculations some 
equivalent of the Boltzmann transport equation would be 
required by the necessity of giving explicit definition to 
the state space of the system. E. L. Hill. 


Prigogine, I. On the statistical mechanics of irreversible 
processes. Canad. J. Phys. 34 (1956), 1236-1245. 
This paper, which was read by the author at the Inter- 

national Conference on Electron Transport in Metals and 

Solids held at Ottawa in September 1956, describes recent 

developments in the theory of irreversible processes for 

systems, the dissipative behaviour of which is due to 

a small perturbation. The case of classical systems is 

treated. The treatment is based on the use of action and 

angle variables, in which the characteristic properties of 
the perturbation responsible for its irreversible effects are 
most simply expressed. These properties, first recognized 
and studied by the reviewer for quantum systems [Physi- 
ca 21 (1955), 517-540; MR 17, 115], were formulated and 
investigated by R. Brout in collaboration with the author 

for classical systems [ibid 22 (1956), 35-47, 263-272, 

621-636). The present paper may be considered as a very 

good review of the latter work. L. Van Hove. 

Mori, Hazime. A quantum-statistical theory of transport 

pee J. Phys. Soc. Japan 11 (1956), 1029-1044. 

e author discusses for quantum systems the relation 
between the molecular properties and the phenomeno- 
logical equations of transport processes. The actual 
motion of the system is considered for a short interval 
of time and the resulting expression for the time variation 
of the relevant physical quantities is compared with the 
predictions of the phenomenological theory. The con- 
ditions under which the phenomenological equations can 
be valid are indicated and relations are found between the 
phenomenological coefficients and equilibrium fluctua- 
tions. The fluctuation dissipation theorem is thereby 
extended to transport processes which cannot be de- 
scribed as resulting from an external force term in the 
hamiltonian. A new molecular expression of the entropy 
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is proposed with the property that its time-variation 
obeys Gibbs’ relation, as is required for comparison with 
the phenomenological theory. Simple examples are 
considered to illustrate the various parts of the discussion. 


L. Van Hove (Utrecht). 
Born, M.; and Hooton, D. J. Statistical dynamics of 
multiply-periodic systems. Proc. Cambridge Philos. 

Soc. 52 (1956), 287-300. 

It is argued that even in classical mechanics the im- 
possibility of determining the exact initial values of p. q 
gives rise to an uncertainty A?, Ag. [Cf. P. Duhem, The 
aim and structure of physical theory, Princeton, 1954, 
ch. 3; MR 15, 387.] Hence the observed state of a system 
should be represented by a probability density in phase 
space, which tends to sp in the course of time over 
the whole space. This process is worked out for a mul- 
tiply-periodic system, consisting of a set of harmonic 
oscillators. [For a somewhat simpler example see R. 
Becker, Theorie der Warme, Springer, Berlin-Géttingen- 
Heidelberg, 1955, p. 108.) N. G. van Kampen. 


Bayet, Michel; Delcroix, panto: et Denisse, Jean- 


Francois. Théorie homogénes 
faiblement ionisés. III. L’ de collision dans 
le cas du gaz de Lorentz imparfait. J. Phys. Radium 


(8) 17 (1956), 923-930. 

The work of parts I and II [same J. (8) 15 (1954), 795- 
803; 16 (1955), 274-280; MR 16, 550, 890] on the perfect 
Lorentz gas is extended to the imperfect gas by studyi 
the effects of energy exchange between the ainaernel 
molecules to order m/M, the ratio of the masses. It is 
shown that this has a negligible effect upon the aniso- 
tropic part of the velocity distribution but an important 
influence on the isotropic part. The collision operator for 
collisions between the isotropic electron distribution and a 
Maxwellian distribution for the molecules is analysed in 
detail including a study of the characteristic functions and 
their characteristic values for various types of force 
fields. Applications of these results are to be discussed in 
part IV. G. Newell (Providence, R.I.). 


Salmon, J. Etude des plasmas en régime transitoire. J. 

Phys. Radium (8) 17 (1956), 931-933. 

This paper deals with almost the same problem as that 
of the preceding review. The present paper makes a 
further specialization to a gas in which the collision rate is 
independent of velocity. It is shown that if the distribution 
of electrons is initially Maxwellian, it will remain Max- 
wellian with a time dependent ‘‘temperature”’ if the sur- 
rounding molecules have a Maxwellian velocity distri- 
bution at another fixed temperature. The temperature 
difference decays exponentially with time. It is also 
shown that if the density of electrons is non-uniform, the 
density satisfies the classical diffusion equation with a 
time dependent diffusion parameter. G. Newell. 


Hosemann, R.; Bonart, R.; und Schoknecht,G. Fal 
polynom und Gitterfaktor parakristalliner Gitterwer 
Z. Physik 146 (1956), 588-614. 

Eine Erweiterung der Theorie des idealen Parakristalles 


auf beliebig geformte Gitterzellen wird gegeben. Sie ent- 
artet in die 1950 gegebene Form, wenn diese Gitterzellen 
Parallelepipede sind. Andernfalls tritt eine Korrelations- 
korrektur auf, die im Bereich der starken Reflexe und im 
Bereich der Gasinterferenzen vernachlassigbar ist. Im 
Bereich der diffusen Interferenzmaxima dagegen ver- 
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mittelt sie Einblicke in die Korrelationsverhaltnisse inner- 
halb einer Elementarzelle. Im Gegensatz zur Kristall- 
theorie gibt es unter allen méglichen einfach-primitiven 
Gitterzellen eine einzige, die sich dadurch vor allen ande- 
ren auszeichnet, dass in ihr die Korrelationsverhaltnisse 
am stirksten sind. Dieses ist die parakristalline Ele- 
mentarzalle. Die Haufigkeitsstatistiken ihrer Kanten- 
und Diagonalvektoren hangt von den Nahordnungs- 
verhaltnissen im Parakristall ab. — Die Elementarzelle 
ist aus dem Faltungsquadrat der Struktur dadurch ein- 
deutig erkennbar, dass ihre Kantenstatistiken eine mini- 
male Schwankungsbreite haben. Sie ist aber auch aus den 
Eigenschaften der Intensitaétsfunktion eindeutig er- 
rechenbar. — Die Gesamtstatistik z!(x) ist eindeutig als 
Faltungspolynom von 4 bzw. 13 Grundstatistiken im 
zweidimensionalen bzw. im dreidimensionalen Gitter ent- 
wickelbar. Dadurch erst gelingt eine Berechnung der 
Intensitatsfunktion. Es wird zum Ausdruck gebracht, 
dass die vorliegende geometrische Theorie der Para- 
kristalle die mathematisch einfachste ist. Sie enthalt 
die geometrische Theorie der Kristalle von v. Laue 
und diejenige der Fliissigkeiten von Zernicke-Prins und 
Debye als entartete Sonderfalle. — Das Faltungspolynom 
wird an einer zweidimensionalen parakristallinen Punkt- 
struktur durch lichtoptische und numerische Entfaltun- 
gen nachgepriift. Innerhalb der statistischen Fehler be- 
steht gute Uebereinstimmung zwischen Theorie und 
Experiment. W. Nowacki (Bern). 


Bardeen, J. Interaction between electrons and lattice 
vibrations. Canad. J. Phys. 34 (1956), 1171-1189. 
This paper presented at the International Conference on 

Electron Transport in Metals and Solids (Ottawa, Sep- 
tember 1956) gives a survey and comparison of various 
approximations used to describe the interaction potential 
between electrons and lattice vibrations particularly in 
metals. It is mainly a review of the work that has been 
done and the present status of problems rather than a 
comprehensive self-contained description of various 
theories. The scope is limited to models and their physical 
justification with relatively little discussion of the use and 
consequence of the models in theories of electrical re- 
sistance, superconductivity, etc. G. Newell. 


* Lifshits, I. M.; and Kosevich, A. M. Theory of the De 
Haas-van Alphen effect for particles with arbitrary 
dispersion law. Translated by Morris D. Friedman, 
572 California St., Newtonville 60, Mass., 1957. 6 pp. 
Translated from Dokl. Akad. Nauk SSSR (N.S.). 

96 (1954), 963-966. 


Park, David. A summation method for crystal statistics. 

Physica 22 (1956), 932-940. 

Because the magnetization of the two-dimensional 
Ising lattice is known to involve irrational algebraic 
functions, the author conjectures that the same may be 
true of some properties of other lattices for which several 
terms of various power series expansions are known. 
Attempts are made to fit such power series expansions to 
functions of the type s(x)= J]; (1+C,x)** in which there 
are only a few factors. Although the author does not 
succeed in reproducing exactly the coefficients in any of 
the expansions tested except the one that was known to be 
algebraic, he does obtain surprisingly accurate approxi- 
mations to them with only a few factors. The techniques 
used for approximating the series are simple enough so as 
to be potentially useful in extrapolating other functions 
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which one suspects are at least approximately of the 
above form. G. Newell (Providence, R.1.). 


Frank, D. Zur Statistik der Spinwellen. Z. Physik 146 

(1956), 615-628. 

Fiir einen Kristall wird im Sinne der Heitler-London- 
Naherung die Austauschwechselwirkung behandelt. Ent- 
gegen der bisherigen Auffassung wird gezeigt, dass die 
Spinwellen ein Fermi-Gas mit Wechselwirkung sind, wenn 
die Atome ausserhalb abgeschlossener Schalen nur je ein 
Elektron besitzen. Um dies darzulegen, wird einmal die 
Méglichkeit benutzt, aus dem Symmetriecharakter der 
Wellenfunktion auf das statistische Verhalten zu schlies- 
sen. Die exakte Eigenfunktion der linearen Kette wird 
aufgeschrieben und begriindet. Sie ist antisymmetrisch 
in den Wellenzahlen. Andererseits fiihrt die Behandlung 
der Austauschwechselwirkung mit der zweiten Quantelung 
zu dem gleichen Ergebnis. Von entscheidender Bedeu- 
tung ist in beiden Beweisen der Ausschluss polarer Zu- 
stande. Ausserdem erhalt man zwangslaufig Aussdriicke, 
die in diesem Fall an die Stelle der Formeln von Holstein 
und Primakoff treten. Mit den iiblichen Vernachlassigung- 
en lasst sich auch fiir Flachengitter und lineare Kette 
eine spontane Magnetisierung errechnen. W. Nowackt. 


Segall, B. Calculation of the band structure of “complex” 
. Phys. Rev. (2) 105 (1957), 108-115. 

A method for studying the band structure of “complex” 
crystals (i.e., crystals having more than one atom per 
unit cell) is developed. This method is a generalization of 
one proposed independently and arrived at by different 
approaches by Korringa and Kohn and Rostoker for the 
study of the band structure of “simple” crystals. The 
general approach leads to a promising method when the 
crystalline potential can reasonably be approximated by 
a potential which is spherically symmetric within non- 
overlapping spheres about the lattice sites and is constant 
elsewhere. Important virtues of the method are its ex- 
pected accuracy and the fact that the largest part of the 
labor involved is in the computation of certain “structure 
constants’”’ which are applicable to all crystals with the 
same crystallographic structure. W. Nowachi. 


Bauer, Ernest. Coupling of optic and acoustic modes of 
vibration in . Div. Electromag. Res., Inst. 
Math. Sci., New York Univ., Res. Rep. No. CX-28 
The transition probability for transfer of energy from 

one optic to two or three acoustic modes of vibration has 

been calculated for NaCl, and found to be of the order 

1012 per sec at low temperatures. W. Nowacki. 


Attree, R. W.; and Plaskett, J. S. The self-energy and 
interaction energy of faults in metals. Phil. 
Mag. (8) 1 (1956), 885-911. 

A model is considered of a crystal lattice having slip 
of less than a lattice vector on two close packed planes. 
The effect of this slip on the eigenvalues of one-electron 
wave functions extending throughout the crystal is 
calculated, using first order perturbation theory to give 
the wave functions in a perfect crystal. The self-energy ofa 
fault in a monovalent metal is found to be about 20 
ergs/cm*®. The interaction energy is found to be about 
0.4 ergs/cm? when the faults are one lattice plane apart 
and negligible when they are further apart. An un- 
successful attempt is made to calculate the effect of 
electrons with wave vectors near zone faces. The theory 
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involved a clarification of the Bloch-Floquet theory 








[Bloch, Z. Physik 52 (1928), 555-600; Floquet, Ann. Sci. 

Ecole Norm. Sup. (2) 12 (1883), 47-88] and the use of a 

contour integral to sum the zeros of an exponential sum. 
W. Nowachi (Bern). 


Hearmon, R. F. S. The elastic constants of anisotropic 

materials. II. Advances in Physics 5 (1956), 323-382 

1 plate). 

PR. Mod. Phys. 18 (1946), 409-436 the author 
summarized work which had been published to the end of 
1944 on the elastic constants of anisotropic materials, 
mainly crystals. This summary is now brought up to 
date (1955) by a review of work published since that time. 
The scope of the review is indicated by the headings of 
each section. 1. Theory: General Theory, Notations and 
Nomenclature. Third Order Elastic Coefficients. Atomic 
and Lattice Theory of the Elastic Constants. 2. Experi- 
mental: Methods of Measurement. Results. Effect of 
Temperature. Effect of Stress. Effect of Radiations. 
Effect of Electrical Conditions. 3. Applications: Poly- 
crystalline Aggregates. Wave Propagation and the 
Debye Temperature. Miscellaneous. A. E. Green. 


See also: Mackenzie, p. 602; Phillips, Rogers and 
Wilson, p. 605; Wilson, p. 605; Cowan and Ashkin, 
p. 625. 


Elasticity, Visco-elasticity, Plasticity 
Mustafaev, A. A. etric } of elastic half- 
. Akad. Nauk AzerbaidZan. SSR. Dokl. 12 
(1956), 319-324. (Russian. Azerbaijani summary) 
The problem of an elastic semi-space loaded by a 
concentrated force applied at a point inside the space at a 
finite distance from the boundary was solved in a closed 
form by R. D. Mindlin [Physics, 7 (1936), 195-202]. Ex- 
pressions for stress components derived by Mindlin are 
complicated and not very convenient for numerical 
computations. 
The author of this paper gives another solution of this 
problem which is more suitable for practical applications. 
He finds a stress function which satisfies the biharmonic 
equation and the boun conditions and derives from 
it the stress components. Then he shows that the Bous- 
sinesque solution for a force applied at the boundary and 
the Kelvin solution for a force applied at an infinitely 


distant point inside the space are special cases of his 
T. Leser (Aberdeen, Md.). 


solution. 

Duffin, R. J. continuation in elasticity. J. 
Rational Mech. Anal. 5 (1956), 939-950. 
Fundamental for elasticity theory and hydrodynamics 

of viscous fluid flow in space is the system of partial 

differential equations for four functions #1, we, wg and f 

consisting of the three equations Au=90//éx, (i=1, 2, 3) 

and > 0m/@x%,—=—cf, c being a constant. The author 

shows first that the solution must be analytic and he 
derives, for c —1,a new representation of the solutions 
in terms of harmonic functions. Using the representation 
he obtains several theorems ing analytic continu- 
ation across plane boundary parts of the domain where 
the functions are defined. We quote one of these theorems 
explicitly: Let E be a domain etric with respect to 

*=0 and (uw, /) a solution of the above equation in the 

part of E where x,;>0. Assume further that the # have 
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boundary values 6 on x;=0. Then the solution can be 
analytically continued into the whole E by the formulas 


m= mata (2f+2 Se a 2) 4-20), 
ue’ =—u2+%1 (-2— +21 #5) (1+-2c)-, 
ug’ = —ug+%1 (2-4 +nz) (1+-2c)-, 
f= (1-26-45 +2nzl) (1--2c)-2, 


Here «’;(x1, %2, x3) =4(—4%1, x2, x3) and f’(x1, x2, x3)= 

{(—%1, %2, xg), and it is assumed that c#—1 or —}. 
imilar theorems are obtained where the boundary con- 

dition on x;=0 contains derivatives. C. Loewner. 


Teodorescu, Petre P. About a general method of solving 
the plane problem of elastod i Com. Acad. 
R. P. Romine 6 (1956), 795-801. (Romanian. Russian 
and English summaries) 

L’auteur obtient une seule fonction de tension pour la 
détermination des composants de tension et le déplace- 
ment vectoriel pour quelques problémes plans de la théorie 
d’élasticité. Le cas dynamique est réduit 4 la solution 
d’un équation du type 


[A+kni][A+kna)F a(x, y)=0. 


Cependant, l’auteur ne présente pas une solution d’un 

probléme particulier avec les conditions aux limits, donc, 

l’analyse doit étre considerée seulement théorétique. 
K. Bhagwandin (Oslo). 


Schaefer, H. Die drei Spann ionen des zweidi- 
mensionalen ebenen Kontinuums. Osterreich. Ing.- 
Arch. 10 (1956), 267-277. 

Considering a two-dimensional continuum as a limiting 
case of a three-dimensional continuum, the author obtains 
three stress functions, one of which is Airy’s stress func- 
tion for plane stress. Although the author is under the 
impression that the other two have not yet been used, 
they are in fact the stress functions introduced in 1941 by 
Fox and Southwell in a restricted war-time report, which 
was republished in Philos. Trans. Roy. Soc. London. Ser. 
A. 239 (1945), 419-460 [MR 7, 268]. In addition to dis- 
cussing the use of these stress functions in the theory of 
elastic plates along lines similar to those suggested by Fox 
and Southweli, the author indicates a novel application 
to plane rigid frames loaded perpendicularly to their 
plane. This yields an elegant derivation and promises an 
appreciable extension of the analogy of Prager and Hay 
(Quart. Appl. Math. 1 (1943), 49-60; MR 4, 233). 

W. Prager (Providence, R.1.). 


Netrebko, V. P. Torsion of an elastic ped. 
Vestnik Moskov. Univ. 11 (1956), no. 6, 11-25. (Rus- 
sian) 

This paper is closely related to another by the same 


author [same Vestnik 9 (1954), no. 12, 15-26; MR 16, 881]. 

The boundary conditions are: displacements zero on 
one base of the rectangular a given distri- 
bution of shearing stress or given displacements on the 
other. A variational method is again used. Two numerical 
examples are treated in considerable detail. The stress 
distributions differ little from Saint Venant’s except near 
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the ends (distant less than the greatest linear dimension 
of the end). R. C. T. Smith (Armidale). 


Sarkisyan, M.S. Bending of a prismatic rod of double-t 
cross section. Akad. Nauk Armyan. SSR. Izv. Fiz.- 
Mat. Estest. Tehn. Nauki 9 (1956), no. 7, 61-77. 
(Russian. Armenian summary) 

From symmetry about the x- and y-axes it is only 

necessary to consider a quarter of the cross-section, e.g. 

the region consisting of two overlapping rectangles 


(I) Os*Shi, OSySdj, 
(II) bi —deSxShi, OS ySbe, 


where 5; >dz, b2>d. 

The stress function (which by the Saint Venant theory 
satisfies Poisson’s equation and simple boundary con- 
ditions) is given by different expressions F;, F2 in the 
regions I, II, these series being found by separation of 
variables. Making F, agree with F2 for x=—b,—do, 
Osysd, (part of the boundary of II but a line inside 1) 
and for b\—dgS*Shi, y=d,, leads to a completely 
regular system of equations in infinitely many unknowns. 

The results show (a) that the tangential stresses are 


greatest on the horizontal axis of symmetry, (b) Zuravski’s 
formula (for Xz) is reasonably exact only for points on the 
wall of the sections, (c) the stresses are almost inde- 
pendent of the value of Poisson’s ratio. R. C. T. Smith. 


Bishop, R. E.D. The analysis of vibrating systems which 
embody beams in flexure. Proc. Inst. Mech. Engrs. 
169 (1955), 1031-1046, discussion 1046-1050. 

The paper is concerned with the use of receptance 
functions in analysing the flexural vibrations of uniform 
beams. It contains, in essence, a development of a method 
whose potentialities were first pointed out by W. J. 
Duncan [Phil. Mag. (7) 32 (1941), 401-409; 34 (1943), 
49-63; MR 4, 179] and B. C. Carter [Aero. Res. Comm., 
Rep. and Memo. no. 1988 (1941)]. The purpose of the 
paper is 1) to explain in detail the use of receptances in 
beam flexure, 2) to indicate by means of examples the 
very large range of problems which can be tackled with 
receptances, and 3) to present tables of the functions 
involved. These tables provide a ready means of handling 
many complicated practical systems. In particular, they 
may be used in the analysis of free and forced vibration 
of frames, but this type of system is not introduced in the 
paper, as frame vibration problems represent a large 
subject which can more conveniently be dealt with 
separately. 

Receptance functions have been discussed by several 
authors [Duncan, ibid. no. 2000 (1947); MR 9, 109; D. C. 
Johnson, Engineering 171 (1951), 650-652; R. E. D. 
Bishop, J. Roy. Aero. Soc. 58 (1954), 703-719]. The 
nature of the receptance functions is described at some 
length in the last-mentioned paper where several of their 
properties are listed in the form of tables. (The term 
“‘receptance”’ is used here in accordance with published 
suggestion that a previous name should be discarded 
owing to the possibility of confusion with electrical 
terminology). R. Gran Olsson (Trondheim). 


Kosmodamianskii, A. S. Bending of an anisotropic 
beam under the action of a uniform load. Rostov. 
Gos. Univ. U¢. Zap. Fiz.-Mat. Fak. 32 (1955), no. 4, 
75-94. (Russian) 


The author analyses a three-dimensional problem of 
beams of constant cross-section under constant distri- 
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buted load. The beams are homogeneous, anisotropic, and 
through every point inside a beam passes a plane of elastic 
symmetry normal to its geometric axis which coincides 
with the z axis. Deflections are assumed to be small. The 
author assumes the bending moment to be a quadratic 
function of z with three undetermined coefficients which 
are found later from the boundary conditions. The stress 


_components are derived from two stress functions 


satisfying boundary conditions and the equilibrium and 
compatibility equations. After the general analysis the 
author investigates the following cases of boun 
conditions: 1) cantilever beam, 2) one end fixed another | 
simply supported, 3) both ends fixed. In all three cases he 
derives expressions for the deflection curve, for the | 
maximum deflection, and for the curvature, and com- 
pares them with the corresponding formulas from the 
elementary theory. In cases 1) and 2) the first term in 
each formula represents the simple formula used in the 
strength of materials theory, in case 3) the author's 
formulas and the elementary theory formulas are identical. 
The author investigates further a beam of elliptic cross- 
section and also an orthotropic beam of rectangular 
cross-section. The paper ends with conclusions where the 
author states the conditions when the elementary 
theory gives satisfactory approximations and when it 
does not. T. Leser (Aberdeen, Md.). 
Mustafaev, A. A. Bending of single flexible foundation 

elements. Akad. Nauk Azerbaidzan. SSR. Dokl. 12 

(1956), 163-168. (Russian. Azerbaijani summary) 

The solution of the differential equation for an elastic- 
ally supported beam 


EIS +-n(2)y=0 


with bending moment and shear applied at «=0, is ex- 
pressed as an infinite series of repeated integrals. For x(x) 
discontinuous of the form x_(x)=—a@y_+an%, hya<x<haxi 
(@,, &_ constant), a power series for y(x) is obtained whose 
coefficients involve @;, ---, a, a1, -**, a for hy<x<hys1. 
R. C. T. Smith (Armidale). 


Gorgidze, A. Ya. On the problem of mutual influence of 
the bending of a beam by a transverse force on the 
bending by a couple. Akad. Nauk Gruzin. SSR. Trudy 
Tbiliss. Mat. Inst. Razmadze 22 (1956), 251-263. 
(Russian) 

Finite strain theory is used to discuss the problem 
stated in the title. The beam is composite but Poisson’s 
ratio is assumed to be the same in all portions of the 
beam. Each displacement is written as the sum of the 
displacement according to classical linear theory and an 
additional term with the product of the couple and the 
transverse force as coefficient. By neglecting second and 
higher order terms in the additional displacements, non- | 
homogeneous linear equations are obtained for the stress 
function and stresses corresponding to these additional 
displacements. R. C. T. Smith (Armidale). 


van der Linden, C. A. M. Thermal stresses in a plate 
containing two circular holes of equal radius, the 
boundaries of which are kept at different temperatures. 

Appl. Sci. Res. A. 6 (1956), 117-128. 

The problem dealt with in this paper originated in an 
examination of thermal stresses in cylinder heads, con- 
taining two openings through which gases, with consider- 
able differences in temperature, pass. As the cylinder 
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head is a multiply-connected system, viz. a plate with 
two holes, the temperature can induce thermal stresses, 
even in the stationary case. As is usual in calculating 
stresses in the neighbourhood of holes, the region in 
which they occur can be considered infinite. Since the 
purpose of the paper is the investigation mainly of the 
stress condition between the holes, the influence of the 
outer boundary can be neglected. 

In the calculation bipolar coordinates were introduced 
as treated for stress calculation by G. B. Jeffery [Philos. 
Trans. Roy. Soc. London. Ser. A. 221 (1920), 265-293). 
The method for taking into account the temperature in 
the calculation is that usually applied [E. Melan and H. 
Parkus, Warmespannungen infolge stationarer Tempera- 
turfelder, Springer, Wien, 1953, p. 25; MR 16, 306). For 
the notation of strains and stresses the tensor method is 
used. 

As pointed out by the author it is difficult to judge how 
far the results can be applied to the stresses in a cylinder 
head. The stiffness and the temperature of the cylinder 
wall and of the pipes in the holes are playing a part. 
Furthermore the cylinder head itself is not of uniform 
thickness. For this reason the calculated stresses will not 
be more than an indication of the magnitude of the real 
stresses. The results of the calculation are therefore no 
proof, but only an acceptable explanation that the therm- 
al stresses are able to cause difficulties. The stresses are 
so large as to be considered a grave danger. 


R. Gran Olsson (Trondheim). 


Guest, J. The compressive buckling of a clamped paral- 
lelogram plate with a longitudinal stiffener along the 
centre-line. Austral. J. Appl. Sci. 7 (1956), 191-198. 
The paper follows an investigation into an unstiffened 

parallelogram plate and its purpose is to determine 

whether any important changes occur when the clamped 
plate is supported by a central stiffener. The problem as 
indicated in the title has been studied in some detail for 
one particular case. Because the differential equation of 
the deflection w for the clamped edge condition cannot 
be exactly solved, i.e. in a closed form, the method of 

Galerkin was employed to obtain the buckling load in 

the direction of the applied stress. For the deflection of 

the plate the functions of S. Iguchi [Eine Lésung fiir die 

Berechnung der biegsamen rechteckigen Platten, Sprin- 

ger, Berlin, 1933] with a slight modification were found 

practicable. The modified functions are 


Fy(é)=&(€—1)?+ (— 1) ?*(€—1)— sin (pxé)/px, 
Gq(n)=(n—1)2+(—1)¢n?(n—1)— sin (gan)/gz, 


((€, n) being non-dissensional oblique coordinates) which 
satisfy the boundary conditions w=0, ow/d&=0 for §=0, 
§=1; w=0, dw/én=0 for 7»=0, n=1. The author has 
found that for the particular elastic parameters y=B/bD, 
6*=P/bte, chosen, the least buckling load is associated 
with a symmetric buckling mode. (B=flexural rigidity 
of the stiffener, D=flexural rigidity of the plate, P= 
compressive force in stiffener, ¢;=critical compressive 
stress in the force direction, 6 and t=width resp. thic- 
kness of the plate.) 

The results obtained are presented graphically and 
compared with those of W. H. Wittrick [Aero. Quart. 
4 (1953), 151-163; MR 14, 927] for the unstiffened plate 
under the same constraints. 


R. Gran Olsson. 
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Levi, Franco. Sul calcolo degli effetti di bordo nelle 
volte sottili cilindriche. Atti Accad. Naz. Lincei. Rend. 
Cl. Sci. Fis. Mat. Nat. (8) 20 (1956), 342-346. 

The different sets of approximations used in various 
thin shell theories eventually lead to similar values for 
the externally observable quantities. The author essays 
a qualitative explanation of this fact. D. R. Bland. 


Ambartsumyan, S. A. On the theory of anisotropic 
shallow shells. NACA Tech. Memo. no. 1424 (1956), 
11 pp. 


A translation of the Russian article which appeared in 
Akad. Nauk SSSR. Prikl. Mat. Meh. 12 (1948), 75-80 and 
was reviewed in MR 10, 87. 


Ambartsumyan, S. A. On the calculation of shallow 
shells. NACA Tech. Memo. no. 1425 (1956), 11 pp. 
A translation of the Russian article which appeared in 

Akad. Nauk SSSR. Prikl. Mat. Meh. 11 (i947), 527-532 

and was reviewed in MR 9, 397. 


Nazarov, A. A. On the theory of thin shallow shells. 
NACA Tech. Memo. no. 1426 (1956), 7 pp. 
A translation of the Russian article reviewed in MR 11, 
486. 


* Kopzon, G.I. Vibration of thin-walled elastic bodies in 
a gas flow. Translated by Morris D. Friedman, 572 
California St., Newtonville 60, Mass., 1956. 6 pp. 
Translated from Dokl. Akad. Nauk SSSR (N.S.) 

107 (1956), 217-220. The original Russian article was re- 

viewed in MR 18, 163. 


* Kopzon, G.I. Vibrations of a shallow wing-shell in a 
gas flow. Translated by Morris D. Friedman, 572 
California St., Newtonville 60, Mass., 1956. 6 pp. 
Translated from Dokl. Akad. Nauk SSSR (N.S.) 107 

(1956), 377-380. The original Russian article was re- 

viewed in MR 18, 526. 


Bunit, L. M.; Palii, 0. M.; and Piskovitina, I. A. Sta- 
bility of a truncated conical shell under uniform external 
pressure. Inzen. Sb. 23 (1956), 89-93. (Russian) 

The stability problem of a conical shell solved by the 
energy method was presented by E. I. Grigolyuk [Inzen. 
Sb. 19 (1954), 73-82]. The authors of this paper use a 
similar method to solve the stability problem of a truncated 
conical shell. The displacements which satisfy boundary 
conditions after the loss of stability are assumed and the 
total energy of the system is derived by using these 
assumed displacements. The expressions for displace- 
ments contain three undetermined parameters which are 
found by taking partial derivatives of the energy ex- 
pression with respect to each parameter and setting them 
equal to zero. The formula for the critical pressure which 
the authors derive is valid for cylindrical and conical 
shells as well. Let 79 and 7; be the radii at the bases and 2a 
be the angle at the vertex. Setting ro=7, and a=0 the 
authors’ formula becomes the von Mises formula for 
cylindrical shells; on setting ro=0 tpe authors’ formula 
does not become Grigolyuk’s formula for conical shells 
(reference as above) but deviations from it turn out to be 
very small. T. Leser (Aberdeen, Md.). 


Itow, Tomio. Elastic and plastic state of stress around a 
deep circular shaft. Tech. Rep. Osaka Univ. 5 (1955), 
349-355. 

Consider a circular shaft of radius R and center 0 
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driven vertically (z-direction) into the ground. The 
author assumes circular symmetry, so that the shaft is 
surrounded by an annular plastic region and this in turn 
by the elastic region. The problem is to determine the 
depth to which the shaft (without a lining) can be sunk 
without collapsing. The following additional assumptions 
are made: (1) the stresses in the elastic region are, 
Or=hr-2+-sz, og=—hr-®-+-sz, og=wz, where k, s, w are 
constants; (2) the stress, oz, in the plastic region is 
o,=wz; (3) the Coulomb yield condition is valid in the 
plastic region ; (4) the 7, 0, z, are the principal directions 
of stress in both the elastic and plastic regions. These 
stresses satisfy the equilibrium relations and the elastic 
pe gene relations (due to the linearity of the stresses 
z). By substituting o,=wz and o,=0 (along the shaft) 
ues the yield condition, a quadratic relation in og is 
obtained. The vanishing of the discriminant furnishes the 
desired condition on z. Further, the elastic-plastic 
boundary radius is determined. The reviewer feels that 
assumptions (2) and (4) are too strong. WN. Coburn. 


Marin, Joseph. Mechanical properties of materials for 
combined stresses based upon true stress and strain. 
J. Franklin Inst. 263 (1957), 3446. 

The well-known difference between the load-extension 
and the stress-strain diagram (called the ‘“‘true’’ diagram) 
in uni-axial tension is discussed; an assumed power- 
function for the latter is used to derive various “‘time”’ 
material characteristics. The proposed extension to three- 
dimensional conditions disregards the difficulties arising 
from the necessity of considering finite strains under con- 
ditions other than “‘radial’’ loading, as well as of rede- 
fining the concept of “ultimate stress’’. 

A. M. Freudenthal (New York, N.Y.). 


Thomas, T. Y. Slip surfaces in plastic solids. Proc. Nat. 

Acad. Sci. U.S.A. 42 (1956), 923-927. 

The author discusses conditions holding at a surface at 
which the velocity vector and stress tensor have a finite 
discontinuity, the normal component of velocity and 
stress vector being continuous. Assuming the stress is 
plane and satisfies a quadratic yield condition, but em- 
ploying no stress-strain relations, he obtains an equation 
relating the direction of the discontinuity surface to the 
stresses on both sides of the surface, then discusses 
simple tension. His footnote 5 is misleading, it being 
always possible to take 6=O or 4x in equation (13) by 
suitably choosing the coordinates. He seems to have in 
mind a special coordinate system, such as in used in 
equation (14). J. L. Ericksen (Washington, D.C.). 


See also: Hersch, p. 579; Tanimura, p. 581; Ginzburg, 
p. 619. 


Fluid Mechanics, Acoustics 


* Crank, J. The mathematics of diffusion. Oxford, at 
the Clarendon Press, 1956. vii+347 pp. $8.00. 

In diesem Buch macht der Verfasser einen ernsten 
Versuch eine einheitliche mathematische Darstellung 
von dem schnellwachsenden Feld der Diffusionstheorie 
zu geben. Die grésste Aufmerksamkeit verdienen die Bei- 
trige die im Laufe der letzten Jahre gemacht worden 
sind: allerdings gibt der Verfasser in den ersten sechs 
Kapiteln nur allgemeine Lésungen von fast allen wesent- 
lichen Problemen mit dem passendem Rand- und An- 
fangsbedingungen (z.B. die Diffusion durch ebene Plat- 
ten, Zylinder, Kugeln und halb-ebene Bereiche). Die rE- 
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gebnisse sind durch zahlreiche Figuren erlautert. Die 
linearen Ergebnisse sind von grosser Wichtigkeit zur 
Lésung von einigen sehr komplizierten nicht linearen 
partiellen Differentialgleichungen zweiter Stufe, die in 
der Diffusionstheorie auftreten. Diese Lésungen darf man 
oft als Anfangswerte in den numerischen Lésungsprozes- 
sen (besonders in den Iterationsprozessen) benutzen. 
Im siebenten Kapitel behandelt der Verfasser die Diffu- 
sionsprozesse mit einer beweglichen Grenze (so wie z.B. 
wenn eine Fliissigkeit die eine Komponente von einer 
Gasmischung absorbiert, wenn eine Fliissigkeit fort- 
schreitend in den festen Zustand tibergeht, oder wenn der 
Diffusionskoeffizient nicht kontinuierlich ist). Die mathe- 
matischen Lésungsmethoden werden P. V. Danckwerts 
zugeschrieben [Trans. Faraday Soc. 46 (1950), 701-712; 
MR 12, 264). Die genauen Lésungen einiger Aufgaben 
dieser Kategorie werden auch gegeben. 

Im achten Kapitel werden die Prozesse der gleich- 
zeitigen Diffusion und chemische Reaktion behandelt. 
Verdunstung von einer Oberflache verschiedener Kérper 
und die Falle umkehrbarer Reaktion werden ebenfalls 
diskutiert [s. J. Crank, Phil. Mag. (7) 39 (1948), 362-376; 
MR 9, 591]. Im neunten Kapitel behandelt der Verfasser 
Probleme mit variablen Diffusionskoeffizienten. Zugleich 
werden konzentrationsabhangige Diffusion in gewissen 
unbegrenzten Medium studiert. Neben der Boltzmann- 
schen Transformation werden auch Iterationsverfahren 
angewandt: beispielsweise werden Diffusionskoeffizien- 
ten exponentieller und linearer Art einer genaueren Un- 
tersuchung unterworfen. Der iibrigbleibende Teil des 
Kapitels ist den sehr anwendungsfahigen Verfahren von 
H. Fujita (Text. Res. J. 22 (1952), 757-760, 823-827] ge- 
widmet. Bekanntlich ist diese Methode die einzige welche 
analytische Lésungen von nicht linearen partiellen Dif- 
ferentialgleichungen dieser Art liefern kann. Einige Lé- 
sungen werden graphisch illustriert. Die von H. Yamada 
entwickelte Methode von ‘Momenten’ [Rep. Res. Inst. 
Fluid Engrg., Kyiisyi Univ. 3 (1947), no. 3, 29-35] 
welche H. Fujita (Mem. Coll. Agric., Kyoto Univ. no. 
59 (1951), 31] zur Lésung nicht linearer Gleichungen an- 
wendet, wird auch dargestellt. Diese Methode ist sehr 
wirkungsvoll zur Lésung verschiedener komplizierter 
Probleme. Im zehnten Kapitel werden die numerische 
Lésungsmethoden diskutiert. Fast alle anwendbare Me- 
thoden werden untersucht. Im elften Kapitel werden die 
verschiedenen Definitionen und Messungsmethoden von 
Diffusionskoeffizienten behandelt. Sowohl theoretische 
als experimentelle Fragen kommen in Betracht. Im 
zwolften Kapitel gibt der Verfasser numerische und gra- 
phische Resultate fiir Probleme mit variablen Diffu- 
sionskoeffizienten. Im dreizehnten und letzten Kapitel 
werden Prozesse mit gleichzeitiger Diffusion von Warme 
und Feuchtigkeit behandelt. Die explizite Lésung ist im 
Falle einer ebene Platte in Dampf dargestellt. 

Sprachlich ist das Buch sehr gut. Interessierte Fach- 
leute werden es sicherlich jahrelang benutzen. Zurzeit 
gibt es in keiner anderen Sprache ein ebenbiirtiges Buch. 

Leider hat der Verfasser itiber Grundwasserstrémung 
und Diffusion von Neutronen nichts gesagt, obwohl in 
diesen Gebieten schon eine ar a vases Literatur vor- 
handen ist. K. Bhagwandin (Oslo). 


Gheorghiev, Gh. Quelques aspects géométriques du mou- 
vement ent d’un fluide idéal. Rev. Univ. “Al. 
I. Cuza” Inst. Politehn. Iasi 2 (1955), 43-64. (Roma- 
nian. Russian and French summaries) 

When ¢=4v?—U+/p-'dp and the fluid is “baro- 
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tropic” (p=/(p)), then 6 x rot d=grad ¢. The surfaces Sz 
with equation ¢=const have been called surfaces of 
Bernoulli by B. Caldonazzi (Boll. Un. Mat. Ital. 4, 1-3 
(1925)), see also S. S. ByuSgens, Izv. Akad. Nauk SSSR. 
Ser. Mat. 12 (1948), 481-512; MR 10, 633). In the present 
paper we find characteristics for the Sp and y 
for the cases 1) divé=0, 2) rotéxd=—0, 3) d-rot d=0, 
4) streamlines are asymptotic lines. Conditions are de- 
rived that a family of surfaces can be the support for an 
infinity of ideal currents; for this it is necessary that they 
be parallel, that the net of streamlines and their ortho- 
gonal trajectories be isothermic, and that the surface 
gradient of the differences of the normal curvatures and 
geodesic torsions of the curves of the net be collinear with 
its CebySev vector. Some remarks are made on two notes 
by V. Vilcovici on barotropic fluids [Acad. R.P. Romane. 
Bul. Sti. Sect. Sti. Mat. Fiz. 4 (1952), 541-545; 5 (1953), 
147-154; MR 15, 754; 16, 1168). D. J. Struik. 


Graffi, Dario. [1 teorema di unicita per i fluidi incom- 
pressibili, perfetti, ei. Rev. Un. Mat. Argen- 
tina 17 (1955), 73-77 (1956). 

L’auteur établit un théoréme d’unicité relatif au pro- 
bléme aux limites posé le mouvement d’un fluide 
parfait, incompressible et hétérogéne dans un domaine 
fini D limité par une surface o. Supposons données: 
a) & tout instant ¢>0 la force massive comme fonction 
de la densité p, du point P (point courant dans D) et de ¢; 
on suppose que cette fonction a une dérivée finie par 
rapport a p; b) a l’instant initial la densité p et la vitesse 
V dans tout le domaine D; c) a tout instant ¢>0 la com- 
posante normale de V sur la surface o et d’autre part les 
autres composantes de V et la densité p en tous les points 
de o ot V est dirigé vers l’intérieur de D. L’auteur dé- 
montre qu’il ne peut exister plus d’un systéme de valeurs 
de la vitesse V, de la densité p et de la pression # (cette 
derniére déterminée 4 une fonction arbitraire de ¢ prés) 
satisfaisant aux conditions ci-dessus et déterminées en 
tout point P de D et a tout instant ¢>0. Pour démontrer 
ce théoréme l’auteur utilise entre autres certaines in- 
égalités qu’il avait établies dans un travail précédent 
[J. Rational Mech. Anal. 2 (1953), 99-106; MR 14, 598). 
Le théoréme peut étre étendu 4 un domaine infini 4 con- 
dition de faire certaines hypothéses sur I’allure a l’infini 
de p, p et V. R. Berker (Istanbul). 


De, S. C. Kinematic wave theory of bottlenecks of 
varying capacity. Proc. Cambridge Philos. Soc. 52 
(1956), 564-572. 

This is a development of the general kinematic wave 
theory of Whitham and the reviewer [Proc. Roy. Soc. 
London. Ser. A. 229 (1955), 281-316, 317-345; MR 17, 
309, 310], with applications to flood movement and traffic 
flow. We assumed a relationship between flow (quantity 
passing per unit time), concentration (quantity per unit 
distance) and position in a one-dimensional system. The 
present author supposes, more generally, a relationship 
varying with time. In particular he studies traffic flow 
through a bottleneck, when the capacity of the bottleneck 
gradually falls to a value below that required by the con- 
stant oncoming flow and later rises to a value above it 
again. Expressions are found for the “hold-up time” 
during which a slow crawl is present ahead of the bottle- 
neck. M. J. Lighthill (Manchester). 


Dorrestein, R. Theory of “kinematic” waves. Nederl. 
Tijdschr. Natuurk. 22 (1956), 270-276. (Dutch) 
The paper is mainly expository. The author comments 
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upon wave problems connected with the equation 
Li . 
a Fol gB, = 0, 


describing, e.g., high-water waves down a river or traffic 
waves on a one-way road [M. J. Lighthill and G. B. 
Whitham, Proc. Roy. Soc. London. Ser. A. 229 (1955), 
281-316, 317-345; MR 17, 309, 310]. The author suggests 
the term “frictional waves” instead of Lighthill and 
Whitham’s “‘kinematical waves” C. J. Bouwkamp. 


Hansen, Arthur G.; and Herzig, Howard Z. On possible 
similarity solutions for three-dimensional incompres- 
sible laminar boundary layers. I. Similarity with 
respect to stationary coordinates. NACA 
Tech. Note no. 3768 (1956), 30 pp. 

Fiir dreidimensionale, inkompressible, laminare Grenz- 
schichten, werden alle ahnlichen Lésungen bei stationd- 
rem, rechtwinkligem Koordinatensystem x, y, z gesucht. 
Zu diesem Zweck werden mit gruppentheoretischen Be- 
trachtungen alle Parameter y=n/(x, y, z) bestimmt, die 
die partiellen Grenzschicht Diff. Gl. in gewéhnliche Diff. 
Gl. tiberfiihren. Die méglichen Parameter » sowie die zu- 
gehérigen Strémungen ausserhalb der Grenzschicht wer- 
den in einer Tabelle zusammengestellt und die Eigenschaf- 
ten von Aussenstrémung und Grenzschicht diskutiert. 
Die sich bei den ahnlichen Lésungen ergebenden gewéhn- 
lichen Diff. Gl. werden nicht numerisch ausgewertet, es 
wird gegebenenfalls nur auf bereits bekannte Lésungen 
hingewiesen. L. Spetdel (Molheim). 


Hawthorne, W. R.; and , W. D. Shear flow 
through a cascade. Aero. Quart. 7 (1956), 247-274. 
Es wird die Strémung hinter einem ebenen Schaufel- 

gitter bei ungleichférmiger Zustrémung untersucht, wobei 

die Ungleichférmigkeit auf eine Geschwindigkeitsinde- 
rung in Spannweitenrichtung der Schaufeln beschrinkt 
bleibt. Fiir die Behandlung dieser Aufgabe wird das Gitter 
durch eine Wirkungsebene ersetzt, ein Verfahren, das 
ahnlich auch in der Propellertheorie angewandt wird. 

Fiir die Strémung durch eine derartige Wirkungsebene wer- 

den dann die allgemeinen Bewegungsgleichungen fiir 

reibungslose, inkompressible Fliissigkeit aufgestellt. Diese 

Bewegungsgleichungen werden fiir den vorliegenden Fall 

noch durch Vernachlassigung kleiner Glieder vereinfacht, 

so dass die Strémung hinter dem Schaufelgitter bei un- 
gleichférmiger Zustrémung ermittelt werden kann. Bei 

Beispielrechnungen wird der Umfang der Stérung, der 

mittlere Abstrémwinkel sowie die Strémungsumlenkung 

verandert. Ein Vergleich mit Messungen zeigt gute Uber- 
einstimmung. L. Spetdel (Molheim). 


— Jean et Siestrunck, Raymond. Sur le calcul des 
tes perturbations propagées 4 son apparition par le 
Srcoflecnent tournant d’une roue axiale. C. R. Acad. 

Sci. Paris 243 (1956), 1718-1721. 

The problem of “rotating stall” in axial flow machines 
is attacked by a linear small-perturbation scheme. The 
entire flow pattern consisting of a periodic succession of 
stalled and unstalled parts is assumed to be rotating 
steadily. Different relations between upstream and down- 
stream flow variables are written down for the unstalled 
and the stalled portions of the circumference, respectively. 
This leads to a boundary-value problem involving these 
two different boundary conditions on the circumference of 
the unit circle. In the solution it is then required that the 
local angle of attack of the blades have a fixed, critical, 
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value at both ends of each stalled region. This leads to an 
expression for the propagation speed which depends on 
the exit angle of the cascade (assumed independent of 
entrance conditions) and the critical angle of attack, but 
not on any other properties of the blade-characteristic 
relation. W. R. Sears (Ithaca, N.Y.). 


Carafoli, E. Sur la théorie des profils 4 contour donné. 
Acad. R. P. Romane. Bul. Sti. A. 1 (1949), 513-520. 
(Romanian. Russian and French summaries) 

Let P be a profile defined by y=y(x) in the z=x+1ty 
plane, let A’B’ be its chord of length c, and let K; be a 
circle with center at the midpoint of A’B’ and of radius 
}c. To approximate steady incompressible flow about P 
the author approximates the conformal mapping of P 
onto K, by 


(*) z= (I+ mre +E etrgyle/(1 +m). 


Consider also the mapping of K; onto A’B’. By assuming 
that two points on P and A’B’ with the same abscissas 
correspond approximately to the same point ¢;=ae" of 
K, the author determines g; to make (*) fit P at » points. 
The gj; can be expressed as simple functions of Fourier 
coefficients of y(x). ~ and the angle of zero lift, 7, are 
approximated by simple integrals, and lift and moment 
coefficients of P are calculated. For Joukowski airfoils the 
formulas for w and r+ are exact. J. Giese. 


Wolska, J. Sur une solution de l’équation du mouvement 
permanent du fluide visqueux. Ann. Polon. Math. 3 
(1956), 13-18. 

By means of a suitable change of variables, the author 
transforms the equation for the stream function of a 
stadey plane motion of an incompressible viscous fluid, 

oY oAY oY oAY 


> :  & 


into a system of four non-linear integral equations in four 
unknowns. Using the method of successive approxi- 
mations, a family of local solutions is constructed, 
depending on four arbitrary analytic functions of a 
complex variable. R. Finn (Pasadena, Calif.). 





Lane, C. A. Viscous dissipation caused by a sphere. 

J. Acoust. Soc. Amer. 28 (1956), 1194-1196. 

The author estimates contributions to the viscous 
energy dissipation associated with early terms of a 
perturbation expansion for the stream function of an 
oscillating sphere. The oscillation amplitude is assumed 
small compared with the sphere radius, a, and also 
a(w/2v)*>1, where w denotes the frequency and » the 
kinematic viscosity. It is concluded that the classical 
dissipation (primary a.c. vortices) due to the leading term, 
outweighs the other contributions (including d.c. vor- 
tices). Boundary dissipation effects are omitted. 


H. Levine (Palo Alto, Calif.). 


Sanyal, Lakshmi. On the flow of a viscous liquid between 
two co-axial circular cylinders under a periodic pressure- 
ient. J. Tech., Calcutta 1 (1956), 43-47. 

e one-dimensional flow of a viscous liquid between 
two coaxial circular cylinders under a periodic pressure 
gradient is considered. It is shown that when the period is 
very small the motion at each instant is like the steady 
laminar motion corresponding to the instantaneous 
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pressure gradient, while when the period is very large the 
motion has the boundary-layer character. (From author's 
summary.) D. W. Dunn (Ottawa, Ont.). 


Carrier, G. F.; and Di Prima, R. C. On the torsional 
oscillations of a solid sphere in a viscous fluid. J. 
Appl. Mech. 23 (1956), 601-605. 

Most treatments of the torsional oscillations of solid 
bodies assume that the velocity field is circumferential. 
In this paper the motion in planes containing the axis of 
oscillation is also considered. An expansion in terms of 
the angular displacement e (assumed small) is made. The 
first approximation to the circumferential velocity is 
computed, and then used in computing the first approxi- 
mation to the pumping motion. This is used to compute 
the correction to the circumferential velocity and, in 
particular, the correction to the viscous torque. For the 
range of parameters considered it is found that the 
correction to the torque is of the order of 0.04e?|Noj, 
where Np is the classical viscous torque. This problem is 
of interest in practical viscosity measurements. (From 
authors’ summary.) A. E. Green (Newcastle-on-Tyne). 


Saffman, P.G. On the motion of small spheroidal particles 
in a viscous liquid. J. Fluid Mech. 1 (1956), 540-553. 
Small spheroidal particles suspended in a sheared 

viscous liquid sometimes take up slowly preferred orien- 
tations, relative to the motion of the undisturbed liquid, 
which are independent of the initial conditions. These 
observations cannot be accounted for by the solution of 
the linearized Navier-Stokes equations. The author shows 
that the effect of the inertia of the liquid alters slowly the 
orbit of the particle in accordance with Jeffery’s hy pothesis 
that the particle ultimately moves in such a way that the 
dissipation of energy is a minimum, but that this effect is 
orders of magnitude too small to account for any of the 
observations. 

The author suggests that non-Newtonian properties of 
the liquid account for the observations. He shows that the 
rate of orientation of a particle is independent of its size, 
if the non-Newtonian terms are small, a prediction which 
is verified experimentally. Other experimental evidence 
in support of this suggestion is described. A. E. Green. 


Proudman, Ian. The almost-rigid rotation of viscous 
fluid between concentric spheres. J. Fluid Mech. 1 
(1956), 505-516. 

Viscous fluid is contained between two concentric 
spheres which rotate about the same axis with angular 
velocities Q and Q(1+-e), where e is very small compared 
with unity. The flow is regarded as a small perturbation 
superimposed upon a rigid body rotation of the fluid asa 
whole. The equations are linearized in the magnitude of 
the perturbation, the validity of the linearization being 
independent of the Reynolds number of the primary 
rotation. Attention is then restricted to the case in which 
the Reynolds number is large. 

Author shows that the cylindrical surface that touches 
the inner sphere (the axis being the axis of rotation) is a 
singular surface in which velocity gradients are large. 
Outside this cylinder the fluid rotates as a rigid body. 
Inside the cylinder the velocity distribution in the central 
core of the motion is determined by the velocity distri- 
bution in the boundary layers over the spheres. The 
mechanics of the cylindrical shear layer itself is discussed. 


A. E. Green (Newcastle-on-Tyne). 
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Shercliff, J. A. The flow of conducting fluids in circular 








pes under transverse magnetic fields. J. Fluid Mech. 

1 (1956), 644-666. 

For the final fully developed laminar flow, the solution 
is obtained when the walls are conducting but without 
contact resistance. When the fluid conductivity and field 
strength are sufficiently high, boundary layers occur 
with a thickness inversely proportional to normal field 
intensity. The induced potential difference (across the 
pipe perpendicular to the field) is then 0.926 of the value 
corresponding to uniform velocity, if the walls are non- 
conducting. For laminar flow in the entry region in the 
case of uniform inlet velocity and non-conducting walls, 
the solution is obtained by means of a Rayleigh approxi- 
mation. The entry length is shorter than for a rect: 
pipe, but is still too long for appreciable distortion of the 
velocity profile in practical flowmeters except at low flow 
rates. The corresponding pressure drop is independent of 
field strength, if this is high, and is about one-eigth of 
the drop in the non-conducting case. Experiments are 
described which confirm the theoretical results for fully 
developed flow within the limits of experimental accuracy, 
and which show that the results for the entry region are 
correct in order of magnitude. D. W. Dunn. 


DobrySman, E. M. Approximate solution of some non- 
stationary problems of the boundary layer. Prikl. 
Mat. Meh. 20 (1956), 402-410. (Russian) 

In the boundary layer of a two-dimensional incom- 
pressible flow about a profile P let the curves x=const be 
lines normal to P, and let y=const be their orthogonal 
trajectories, with y=O on P. Let m (or v) be the x (or y)- 
component of velocity, and suppose that u=—/(t, x) at 
the edge of the boundary layer y=<d(t, x). Then 


af/at-+ fof /ex—=p-Op/ax. 
Eliminate v and p between this and the boundary layer 


equations to obtain the integro-partial differential 
equation 


Ou Ou . wou du [¥ Ou x 
+ pa alae au 5 
") ye Ox dx dy Jo dx Sie Fy 
The author writes ux=u+y40)+.---, Aaa 


u(t, x, y)=yf(t, x)/O(t, x), 
and substitutes «® (#)) in the right (left) member of (*) 
to define w@. Then u=u-+-4) is forced to satisfy w=0 
at y=0 and u=/ at y=6. To assure smooth transition 
from viscous to non-viscous flow he demands 0u/dy=0 at 
y=6, which implies that p=/é? satisfies 


(**) Fe Big » + 59 log = 16. 


Explicit solutions are aa for / of the following types: 

f=fi@fe(x); f—=x+/1(t); f=t*. They include examples of 
decay (growth) of Blasius flow over plates in decelerated 
(impulsively started) motion. An analog of (**) is also 
found for axisymmetric flow. J. H. Giese. 


Craya, Antoine. Sur les corrélations triples en trois 
points en turbulence homogéne. C. R. Acad. Sci. 
Paris 244 (1957), 560-562. 

L’auteur montre que, si #(x) est la vitesse d’agitation 
d’un fluide incompressible, en turbulence homogéne, le 
tenseur 


dyx(k, Kk) = aig Jing Trae ae, 


of 
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transformé de Fourier du tenseur des corrélations triples 
en trois points, s’exprime a l’aide de quatre scalaires in- 
dépendants (qui se réduisent 4 deux si la turbulence est 
isotrope). J. Bass (Paris). 


Moore, Franklin K.; and Ostrach, Simon. Average 
properties of compressible laminar boundary layer on 
flat plate with unsteady flight velocity. NACA Tech. 
Note no. 3886 (1956), 1+35 pp. 

In this paper the authors apply the methods which they 
have previously established [Moore, NACA Tech. Note 
2471 (1951); MR 13, 401; Ostrach, ibid. no. 3569 (1955)] 
to the problem of calculating the time-average properties 
of a nearly quasi-steady boundary layer. This requires 
new second-order solutions of their differential equations, 
which they find by a method identical with that of their 
previous works. They obtain interesting results for the 
average skin friction, heat transfer rate and boundary 
layer displacement thickness. K. N.C. Bray. 


Ginzburg, I. P. Hydraulic shock in pipes of elasto- 
viscous material. Vestnik Leningrad. Univ. 11 (1956), 
no. 13, 99-108. (Russian) 

The author derives a partial differential equation and 
specifies initial and boundary conditions for the mass flow 
of a compressible fluid with linear pressure-density 
relation in one-dimensional unsteady motion in a pipe. 
For elasto-viscous (relaxing) pipes the equation is of 
fourth (third) order. For pipes of constant cross section 
and constant thickness the order is decreased by one. 
To show the damping effect of the viscosity of the 
material of which the pipe is composed on wave propa- 
gation the author uses Laplace transforms to construct an 
approximate solution for visco-elastic pipes of constant 
cross section. J. H. Giese (Aberdeen, Md.). 


Karpman, Gilbert. Onde de compression dans un fluide 
contenu dans un tore rigide 4 section carrée. C. R. 
Acad. Sci. Paris 243 (1956), 770-773. 

L’auteur étudie l’onde de compression stationnaire se 
propageant dans un fluide parfait qui remplit un tore a 
section carrée. I] considére les solutions fondamentales de 
l’équation de l’onde; le rayon de gorge du tore étant sup- 
posé trés petit, la partie des solutions fondamentales qui 
présente une singularité a l’origine (fonction de Bessel 
de seconde espéce) est omise. L’auteur calcule |’énergie 
potentielle et l’énergie cinétique de l’onde pour les pre- 
miéres solutions fondamentales (n=2 4 22). Chacun des 
niveaux d’énergie obtenus n’est pas nécessairement stable 
par rapport a des perturbations extérieures. Dans un 
prochain travail l’auteur compte étudier cet aspect du 
probléme. R. Berker (Istanbul). 


Wanner, Marcel. Propriétés des écoulements unidimen- 
sionnels permanents d’un gaz quelconque dans une 
tuyére de section variable ou non avec échange de 
chaleur et dissipation d’énergie due a la viscosité. C. R. 
Acad. Sci. Paris 243 (1956), 1485-1487. 

The author derives some general results concerning the 
one-dimensional flow of an arbitrary gas through a nozzle 
of variable section with heat exchange and viscous 
dissipation. D. W. Dunn (Ottawa, Ont.). 


Schulz, Gerhard. Die Wirksamkeit von Wéilb 
pen in bereich. Z. Flugwiss. 5 (1957), 15-22. 


Die durch einen Klappenausschlag am Fliigel entste- 
henden zusiatzlichen Krafte und Momente werden nach 
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der linearisierten Uberschalltheorie berechnet. Die Be- 
rechnung erstreckt sich auf den Auftrieb und die Klappen- 
last, das Kippmoment und das Betatigungsmoment, das 
Rollmoment, den induzierten Widerstand sowie das in- 
duzierte Giermoment. Die in allgemeiner Form gewonne- 
nen Ergebnisse werden auf den Deltafliigel mit Klappe 
angewandt. Zusammenfassung des Autors. 


Zel'dovit, Ya. B. Motion of a gas under the action of a 
momentary pressure (shock). Akust. Z. 2 (1956), 28- 
38. (Russian) 

At time t=0 a shock tube is half filled with gas at rest 
so that the density has constant value p=p9 when x>0 
and p=O when «<0, where «x is the distance along the 
tube. Initially the values of temperature and pressure 
are zero. A pressure pulse starts from the interface and 
moves into the dense part of the tube. The strength of the 
pulse x(#) is zero when t=O, reaches a maximum value P 
and then decays. A time of decay 7 is defined such that 
n(t)<P when t>r. 

The resulting gas motion is determined with use of 
similarity hypotheses. In particular it is shown that if X 
defines the position of the pulse at time ¢ its strength x 
decays according to the law 2~X~-* where | <n<2 and 
n=1.33 for a polytropic gas with y=1.4. M. Holt. 


Lunev, V. V. Laminar boundary layer of compressible 
gas on a plate in the case of large temperature changes. 
Prikl. Mat. Meh. 20 (1956), 395-401. (Russian) 

The equations of compressible boundary layer flow are 
expressed as a system of two non-linear partial differ- 
ential equations for the specific enthalpy ¢ and the shear 
stress r=y0u/dy as functions of the coordinate x and u, 
the x-component of velocity, parallel to the plate. If 
Plt! Polteo=/(t), then by separation of variables particular 
solutions 1=1(u), r—=X(x)g(u) can be found. In fact (1) 
ge” =—f(i)w, and (2) ('/a)’ —(¢’/g)(1—1/0)i’+c=0, 
where c is a constant, and the Prandtl number a is constant 
or slowly varying. The author writes 


&=(fen)*(Ge+81+82+ ***), 

where fey is a mean value of /, and g, is a solution of (1) 
for constant /. Then gi, ge, --~ can be found successively, 
if at the same time successive approximations to solutions 
§ of (2) are calculated. By perturbing (1) and by taking 
advantage of the fact that /(t) is slowly varying the author 
finds that the error (ég)/go=4m(f(to), «), where m is a 
mean value of the error (6/(#))/fo, and go and #9 are exact 
solutions of (1) and (2). From this he shows that the 
errors in the mth approximations to go and ig decrease 
exponentially. It is said that for most computations it 
will suffice to determine g; or at most ge. J. H. Giese. 


Lomax, Harvard; and Heaslet, Max. A. Recent develop- 
ments in the theory of wing-body wave drag. J. Aero. 
Sci. 23 (1956), 1061-1074. 

The theoretical study of wave drag on airplanes flying 
at supersonic speeds is re-examined in the light of the 
recent discovery of the transonic area rule. A supersonic 
area rule is presented together with a discussion of its 
range of applicability. In regions where the supersonic 
area rule is seriously in error other methods, based on 
linearised theory, for calculating the wing body inter- 
ference effects are outlined. In addition, some recent 
results based on the nonlinear small perturbation equa- 
tion for transonic flow are briefly discussed. Comparison 
between theory and experiment are given. (Authors’ 
summary.) R. M. Morris (Cardiff). 
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Kondo, Kazuo. On the approximate expression of the 
theory of the lifting line. J. Fac. Engrg. Univ. Tokyo 
24 (1955), no. 3, 1-19. 

Fiir die Lésung der Integralgleichung der tragenden 
Linie (Bestimmung der Zirkulationsverteilung eines Trag- 
fliigels bei gegebenen Abmessungen) wird ein Naherungs- 
verfahren entwickelt, das eine Verallgemeinerung der von 
H. Multhopp [Luftfahrtforschung 15 (1938), 153-169] an- 
gegebenen Naherungslésung darstellt. Um die in der Nahe 
von Unstetigkeitsstellen auftretende geringere Genauig- 
keit zu verbessern, wird eine Verteilungsfunktion ein- 
gefiihrt, die die Aufpunkte zur Bestimmung der Zirku- 
lationsverteilung in der Umgebung der Unstetigkeit be- 
sonders dicht legt. Die Lésung entspricht dann der des 
Multhopp’schen Verfahrens, nur dass die Koeffizienten, 
die dort universell berechnet werden konnten, jetzt von 
der gewahlten Verteilungsfunktion abhangen. Fiir die 
Berechnung der Koeffizienten werden einfache Beziehun- 
gen angegeben. Das Verfahren wird fiir einige elliptische 
Fliigel mit strengen Lésungen verglichen und zeigt gute 
reinstimmung. L. Speidel (Miilheim/Ruhr). 


* Carman, P. C. Flow of gases through porous media. 
Academic Press Inc., New York; Butterworths Scien- 
tific Publications, London, 1956. ix+182 pp. $6.00. 
Le but de l’auteur est de donner un exposé des problémes 

relatives 4 I’écoulement des gazes a travers des milieux 

poreux, attention particuliére étant faite aux contribu- 
tions pendant les derniers quinze ans. 

Cependant, l’auteur ne présente pas un exposé unifié 
de ces phénoménes. Un tel exposé demanderait néces- 
sairement une analyse mathématique plus soigneuse, 
basée sur l’intuition physique. L’exposé de l’auteur est 
virtuellement depourvu de principles de recherches 
physico-mathématiques. Par exemple, l’auteur seulement 
fait mention du mot “‘boundary-condition’’. 

De l’autre cété les aspects experimentaux et chimiques 
sont traités a fond. De temps en temps des publications 
théoriques sont mentionées. 

Malheureusement, |’auteur surveille plusieures contri- 
butions rélatives aux écoulements en milieux poreuse, par 
exemple, les travaux de Litwiniszyn, Polubarinova- 
Koétina, etc. (voir Mathematical Reviews, Zentralblatt 
fiir Mathematik, Referativnyi Zurnal (Mehanika), etc.). 

Cependant, du point de vue chimique et technique ce 
livre est une contribution trés valable. Dans le premier 
chapitre l’auteur présente l’équation de Kozeny-Carman. 
Les limitations de ces types d’équations sont mentionées. 
Le deuxiéme chapitre est consacré a l’écoulement vis- 
queux. Quelques problémes rélatives a texture anormale 
sont étudiés. Dans le troisiéme chapitre l’auteur étudie 
le phénoméne de glissement, l’écoulement libre de molé- 
cules etc. L’auteur fait mention aussi de quelques contri- 
butions importantes de B. Derjaguin [C. R. (Dokl.) 
Acad. Sci. URSS (N.S.) 53 (1946), 623-626). Les chapitres 
quatre, cing et six sont consacrés 4 la mesure de |’aire 
de surface au moyen des méthodes de permeabilité, 
l’écoulement des gazes sorbable, et la séparation des 
mixtures de gaz, respectivement. Le septiéme chapitre 
(le dernier) est consacré a quelques particulier modes de 
l’écoulement de gaz. K. Bhagwandin (Oslo). 


Chambré, Paul L. On chemical surface reactions in 
hydrodynamic flows. Appl. Sci. Res. A. 6 (1956), 97- 
113. 

Es wird die reibungsbehaftete, stationaére Strémung 
von heterogenen Fliissigkeiten untersucht, die an der 
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d katalytisch reagieren, so dass die 
Begrenzungswand selbst unveraindert bleibt. Es wird 
vorausgesetzt, dass die reagierenden Anteile der Fliissig- 
keit klein sind, die Fliissigkeitseigenschaften von der 
Reaktion oder der Erwarmung also nicht beinflusst wer- 
den. Die Wandtemperatur wird konstant gehalten. Die 
exakte mathematische Formuli des Problems fiihrt 
auf ein System von Integralgleichungen. Entsprechende 
Integralgleichungen lassen sich beim konvektiven Warme- 
iibergang in erzwungener Strémung bei veranderlicher 
Wandtemperatur formulieren, so dass die fiir diese Stré- 
mungen bekannten Lésungen iibernommen werden kén- 
nen. L. Speidel (Miilheim/Ruhr). 


See also: Kopzon, p. 615; Romanov, p. 624; Sesta- 
palov, p. 625; Simon, p. 628. 


Optics, Electromagnetic Theory, Circuits 


* Maréchal, André. Optique géométrique générale. 
Handbuch der Physik. Bd. 47, pp. 44-170. Springer- 
Verlag, Berlin-Géttingen-Heidelberg, 1956. 

An extremely well organized and well written expo- 
sition of geometric optics. The proofs are, in general, 
elegant and informative. The notational difficulties almost 
endemic to the subject are avoided. 

Here, in outline, are the subjects treated. A. General 
laws of geometric optics: I. Generalities; II. Geometric 
optics deduced from Maxwell’s equations; III. Fermat’s 
principle; IV. Geometric optics and electronic optics. 
B. Rigorous investigation of stigmatism: I. General 
method; II. Stigmatic refractive surfaces and mirrors; 
III. Correction plates, optical retouching; IV. Media 
having a continuous variation of index, application of 
certain optical systems to short waves; V. Investigation 
of stigmatism in an element of volume. C. Gaussian 
approximation: I. Definitions, notations and sign con- 
ventions; II. Constituent elements, the refractive surface 
and the mirror; III. Image formation in centered systems; 
IV. Optical homography, the impossibility of perfect 
optical systems. D. The field: I. The lateral field; II. The 
depth of field and depth of focus. E. The aberrations: 
I, Generalities ; II. Chromatic aberrations ; III. Geometric 
aberrations. F. Image contrast, influence of aberrations: 
I. The formation of images of extended objects; II. In- 
fluence of aberrations on contrast. G. Conclusion. There 
are some references and less than a page of bibliography. 

Especially noteworthy is the report of recently de- 
veloped techniques of Fourier analysis for evaluating the 
quality of images formed by optical instruments. Radar 
workers will be interested in the discussion of the Lune- 
berg lens. G. L. Walker (Southbridge, Mass.). 


Altrichter, O.; und Schafer, Gerta. Herleitung der Gull- 
strandschen Grundgleichungen fiir schiefe Strahlen- 
biischel aus den Hauptkriimmungen der Wellenfliche. 
Optik 13 (1956), 241-253. 

This result was previously derived in a more direct way 
by Juan L. Rayces B Opt. Soc. Amer. 43 (1953), 705- 
706). G. L. Walker (Southbridge, Mass.). 
Focke, Joachim. Wellen Untersuchungen zum 

Offn . Opt. Acta 3 (1956), 110-126. 

In order to apply the wave theory of light to practical 
optical systems it is shown that solutions of the wave 
equation can be found in the image space so that the 
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surfaces of equal phase agree asymptotically with the 
wave surfaces of iemieiath 4 optics at distances far from 
the Gaussian focus. 

The theory is applied to calculate the intensity varia- 
tion along the optical axis and also in various assumed 
image planes in the case of a point source imaged by an 
optical system having no aberrations other than spherical 
aberration. The results appear to agree reasonably well 
with experimentally measured values. E. W. Marchand. 


Horiuchi, Kazuo. etic fields due to current 
flowing parallel to interface of two different media. J. 
Phys. Soc. Japan 12 (1957), 170-176. 

The author considers the two-dimensional problem of 
determining the scattered field of an electromagnetic 
wave incident upon a conducting half-plane which lies 
along the flat interface of two different media. He shows 
that if the incident wave is either plane and polarized 
parallel to the interface or cylindrical and produced by a 
line source parallel to the edge of the half-plane, the cur- 
rent induced in the half-plane satisfies an integral equa- 
tion of the Wiener-Hopf type. . H. Papas. 


* Klimontovich, Iu. L. To the new phenomenological 
theory of superconductivity. Translated by Morris D. 
Friedman, 572 California St., Newtonville 60, Mass., 
1956. 5 pp. 

Translated from Dokl. Akad. Nauk SSSR (N.S.) 104 

(1955), 384-386. 


* Klimontovich, Iu. L. On the etism of 
conductors. Translated by Morris D. Friedman, 572 
California St., Newtonville 60, Mass., 1956. 5 pp. 
Translation from Dokl. Akad. Nauk SSSR (N.S.) 104 

(1955), 44-46. 


* Turbovich, I. T. Certain on of the Kotel’- 
nikov theorem. Translated by Morris D. Friedman, 
572 California St., Newtonville 60, Mass., 1956. 12 pp. 
Translated from Radiotehnika 11, no. 4, 1956, pp. 

5-14. 


King, JeanI.F. Radiative jum of a line-absorbing 
atmosphere. II. Astrophys. J. 124 (1956), 272-297. 
The radiative equilibrium of a plane-parallel, nongray 

atmosphere of finite thickness, (r:) heated solely from 

below by uniform isotropic radiation, is investigated with 

a view to determining the thermal structure and the 

angular distribution of the emergent radiation. The prob- 

lem is equivalent to solving the integrodifferential equa- 
tion 


(2) we TD 6, w)—5 ff Ue, way 


where 1/A=x,/x is the ratio of the monochromatic to the 
mean absorption coefficient and the rest of the symbols 
have their standard meanings. By extending the method 
of the principles of invariance [Chandrasekhar, Radiative 
transfer, Oxford, 1950, chap. X; MR 13, 136], the author 
shows that the required solution can be expressed in 
terms of X- and Y-functions which are now defined by 
the equations 


X(pd)= 
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Y(ud)= 
ey 2 ay f- Y (ud) X(u ae even) ay a [he) 
Thus 


(0, wd)=41 gBol X (ua) + Y (uA), 
I(r1, —pA) =I g{1—4Bo[X (ud) + ¥(ud)]}, 
where Jg—F[Bo(a1+:1)]-!, F the constant net flux and 
a, and £, moments defined by 


an || XA) (ud)nd 


ba= fo J Ya) waynay 


The equation of radiative transfer .. is also solved 
explicitly by the method of discrete ordinates and the 
elimination of the constants is carried out completely 
in a manner analogous to that described by Chandra- 
sekhar [Astrophys. J. 106 (1947), 152-216; MR 9, 444). 

For the case [cf. King, ibid. 121 (1955), 711-719; MR 
16, 1161) 


pceiee 


aio, 


cosh B— cos(2nv/4) 
sinh B 


where £ is a constant, explicit numerical solutions for the 
appropriate H- and X- and Y-functions are tabulated for 
various values of the parameters which are of practical 
interest. The paper represents an important advance in 
radiative transfer theory and it is not possible to do 
justice to it in a short review. S. Chandrasekhar. 





A= 


Whitney, Charles. Stellar pulsation. I. Momentum 
transfer by compression waves of finite amplitude. Ann. 
Astrophys. 19 (1956), 34-43. (French and Russian 
summaries) 

The propagation of one-dimensional waves of finite 
amplitude in an isothermal plane-parallel atmosphere in 
which the density follows the barometric law is considered. 

The equations of motion and continuity are reduced to 
the standard Riemann form 


P) 7) 
(*)  -(wtlog p+7)+(o+1)5—(vtlog p+7)= 


where x, r and v are the coordinate, time and velocity 
measured in suitable units. At a shock front the condition 
p2/pi=o? must be satisfied where o is the velocity of 
shock-propagation in the same units as v. An initial state 
of rest is assumed; and at t=O the particle at x=0 starts 
describing a periodic motion with a prescribed amplitude 
and frequency. Equation (*) is then integrated numerical- 
ly. The solutions derived are exhibited in a series of 
graphs. Using the results of his integrations the author 
defines an “effective gravity” in terms of the difference 
p—4pv?, where the mean pressure j and the mean square 


kinetic energy }pv* are over the basic period. 
S. Chandrasekhar (Williams Bay, Wis.). 


Manarini, Anna Marisa. Sulla velocita dell’en elet- 
tromagnetica nei cristalli in moto. Atti Accad. Naz. 
Lincei. Rend. Cl. Sci. Fis. Mat. Nat. (8) 20 (1956), 
357-362. 

For plane waves in a moving crystal the velocity of 
electromagnetic energy is defined as 


C,_ Ex 8 
* E-D+H:B° 





Let C,’ be the corresponding velocity in the rest frame of 
the crystal. The paper shows that the transformation 
connecting C, and C,’ is the same as that connecting the 
velocities v and v’ of a moving particle. For simplicity, 
the calculations are made only for the case of a crystal 
moving along one of its dielectric axes. J. L. Synge. 


* Iakoviev, 0. I. Taking antenna height into account in 
the theory of tropospheric scattering of meter-waves, 
Translated by Morris D. Friedman, 572 California St., 
Newtonville 60, Mass., 1957. 7 pp. 

Translated from Radiotekh. i Elektr. 1 (1956) No. 3, 

309-312. 


Toraldo di Francia, Giuliano. 
moto ceduto da un’onda elettromagnetica a 
ellissoide, avente conduttivita unidirezionale. 
Mat. Ital. (3) 11 (1956), 332-343. 

This paper is concerned with the determination of the 
cross-section of absorption of moment of momentum from 
elliptically polarised plane electromagnetic waves by an 
ellipsoid which has unidirectional conductivity and whose 
linear dimensions are small compared with the wave- 
length of the incident radiation. 

As preliminaries, certain questions relating to uni- 
directional conductors are discussed. The relation be- 
tween the cross-section for scattering and the above 
cross-section for absorption is considered; as also is the 
electrostatics of unidirectional conductors. 


Momento di a di 
un piccolo 
Boll. Un. 


E. T. Copson (St. Andrews). 


Mushiake, Yasuto. Backscattering for abitrary angles of 
incidence of a plane electromagnetic wave on a per- 
fectly conducting spheroid with small eccentricity. J. 
Appl. Phys. 27 (1956), 1549-1556. 

“The scattering of a plane electromagnetic wave by a 
perfectly conducting spheroid with small eccentricity is 
treated by a method of expanding the scattered field 
directly in a series of spherical vector wave functions. 
An expression for the first-order solution of the back- 
scattered field is obtained for arbitrary angles of incidence 
of a plane wave. The numerical values of echo areas 
computed from the first-order expression are shown for 
various cases, and rough experimental results are also 
discussed. During this study some mathematical formulas 
involving the associated Legendre functions have been 
derived.” (Author’s summary.) S. Karp. 


Morgan, S. P.; and Young, J. A. Helix waveguide. Bell 

System Tech. J. 35 (1956), 1347-1384. 

The author considers 2 special waveguide structure 
consisting of a helix of conducting wire with a lossy di- 
electric in the interspace. Using the sheath helix approxi- 
mation, he shows that for a given circular waveguide 
mode, there is a helix pitch which allows a circularly 
polarized version of the mode to propagate with little 
attenuation. The wires, in this case, follow the current 
lines. Particular interest is shown in the 7Mo, mode 
which requires a helix of essentially zero pitch and in the 
other TMo, modes which are attenuated strongly by 
such a structure. Extensive computations are present 
for various values of loss in the interspace dielectric. 

It appears to the reviewer that such a helix structure 
wound for the TE,; might also be used to advantage as 
an outer conductor for a ferrite isolator of the Faraday 
rotation type. W. K. Saunders (Washington, D.C.). 
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Chambers, Ll. G. in a ferrite-filled wave- 
Quart. J. Mech. Appl. Math. 8 (1955), 435-447. 
A solution is obtained for acomp letely filled rectangular 
waveguide by perturbation techniques. No calculations 
are presented. It appears that perturbation may be 
applicable since the guide is completely filled and the 
unperturbed field is taken as that of a guide, filled with a 
material of high dieletric constant. [For a case, however, 
in which the perturbation technique is not applicable, see 
B. Lax, K. J. Button and L. M. Roth, J. Appl. Phys. 25 
(1954), 1413-1421.) W. K. Saunders. 


* Berk, A. D. Cavities and wave-guides with inhomo- 
geneous and ani media. Massachusetts Insti- 
tute of Technology, Research Laboratory of Elec- 
tronics, 1955. ii+58 pp. 

This paper which was originally submitted as a thesis 
in June 1954 treats some problems of wave-guides and of 
cavities filled with anisotropic media. Both exact and 
perturbation techniques are employed. The author takes 
the modal solutions suggested by Slater [Microwave 
electronics, Van Nostrand, New York, 1950] and extends 
them to include anisotropic media, and to avoid a com- 

leteness counterexample suggested by Teichmann and 

Wigner [J. Appl. Phys. 24 (1953), 262-267; MR 14, 823). 

He now states, but does not prove, that the set is complete. 

He compares his method of expansion to that of Schwin- 

ger [Radiation Lab. Rep., Mass. Inst. Tech. 43-34 (1943)] 

and discusses the points of difference in Appendix 1. 

His problems include: the transmission cavity with 
ferrite sphere, input impedance of the reaction type cavity 
with ferrite sphere, rectangular wave-guide with dielectric 
slab, circular wave-guide with coaxial dielectric core, 
circular wave-guide with thin dielectric sliver, circular 
wave-guide with coaxial ferrite core, ferrite slab in rect- 
angular wave-guide, and several others. 

Some general variational formulas for the propagation 
numbers in wave-guide and for the resonant frequencies 
of cavities are developed. 

A bibliography inadvertently omitted in the binding of 
the report is being forwarded to the recipients under 
separate cover. 

{Note: The reviewer feels that the restriction to her- 
mitian quantities in (97) is probably unn . It is 
common practice to use formulas similar to (97) to find 
losses by observing changes in the Q of the cavity at 
resonance. This requires that u be regarded as other than 
hermitian.} W. K. Saunders (Washington, D.C.). 


Stanyukovit, K.P. Some results in the field of relativistic 

magneto-gas dynamics. Dokl. Akad. Nauk SSSR 
S.) 103 (1955), 73-76. (Russian) 

e equations of motion of relativistic magneto-gas 

a can be written in Minkowski 4-space in the 


(I) & (Ta+Ta)=0, 


Where 7,, denotes the electromagnetic stress tensors and 
« the material stress tensor: 


(2) T ix=(p+e)ugue+ pore, 


where ~ is the four-velocity, e=pc® is the energy, the 
density including internal energy and # the pressure. We 
also have Maxwell’s equations. For the one-dimensional 





case 
4, =41(x1)=u, ug=—ug=—0, 
H3=H;3(*1) =H, H2=H,=0, 


the equations are specialized and it is shown that for 
adiabatic flow there exists the integral 


H/p=const. 


On using this integral the equations of motion and 
continuity can be reduced to the canonical form 


7) u+o* r) 
(3) my @£0)+- Fatt Ox (¢q+Q)=0, 
where 
a 
t= aaa? I= + wd log p, 
ae d(p+ H?/8x) 1/2 
OV ale+H2/8n) 5 


Equation (3) is similar to Riemann’s equation for waves 
of finite amplitude in ordinary gas dynamics. The author 
obtains various special solutions of this equation. The 
Hugoniot equations governing the propagation of direct 
shocks also are derived [cf. de Hoffmann and Teller, 
Phys. Rev. (2) 80 (1950), 692-703; MR 12, 769). 


S. Chandrasekhar (Williams Bay, Wis.). 


Stanyukovit, K. P. Elements of relativistic magneto- 
gas-dynamics. Izv. Akad. Nauk SSSR. Ser. Fiz. 19 
(1955), 639-650. (Russian) 

A more complete discussion of the results briefly 
derived in the paper reviewed above. 


S. Chandrasekhar (Williams Bay, Wis.). 


Kaplan, S. A.; and Stanyukovit, K.P. On the solution of 
inhomogeneous problems of one-dimensional motion 


in magneto-gas-dynamics. Z. Eksper. Teoret. Fiz. 
30 (1956), 382-385; supplement to 30, no. 2,8. (Rus- 


sian. English summary) 

In an earlier paper [Dokl. Akad. Nauk SSSR (N.S.) 
95 (1954), 769-771; MR 15, 1001] the authors have shown 
that one dimensional waves of finite amplitude in hydro- 
magnetics are governed by the equations 


ou  @ pH? ow §=6hO sl 
() t+ ayltet-G)=9 a= a) 
where h=/? pdx, H=H(x) is the magnetic field, pg is the 
gas pressure and the rest of the symbols have their usual 
meanings. Also 


(2) H/p=b(h), 
where 0 is a function of the argument specified. On the 
assumption 
” pH? _ Ate 74%, ho 
P=bot a5 =| he 


where A, & and Ao are constants and a(h) is some function 
of h, one can obizin special solutions of (1). Thus with the 
substitutions 


r=(h+ho)-}, z=pr, w=u/r+ [oat 


the equations to be solved reduce to 
AhoS*-b/k z-A+k/2kOX , /0t4+-0X4/dr=0, 


yr 














X,=w4 4 hg B4-1)/2k z(k-1)/28, 


A solution of this equation is 
(4) X=constant. 


Various special solutions of equation (1) which follow 
from (4) above are discussed. S. Chandrasekhar. 


Nardini, Renato. Su un ti 
miche non omogenee. 
(1956), 350-358. 

This is a continuation of previous work by the same 
author [same Boll. (3) 10 (1955), 349-362; MR 17, 325). 
He now considers the case when the fluid is non-viscous 
and perfectly conducting, so that, in the notation of the 
review quoted, » and 1/y are zero. The equations are solved 
under the following simplifying assumptions. (a) The 
magnetic field H is assumed to have components 


H,=0, He, Hz=Hol?) 
in cylindrical coordinates, where Ho(r) is a given function 


of r alone. It follows that H¢ is independent of @. (b) The 
velocity v of the fluid has components 
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vr=0, v6, vz=0, 


where vg must be independent of 6. (c) # and U are 
independent of 6. 
The equations then simplify, and it follows that 


Ho=F(t—~, r)+G(t+—, r) +40, 


v= —(E) (E+ (E) re) 
where V=(u/p)tHo(r) and F, G, j, @ are arbitrary 
functions. E. T. Copson (St. Andrews). 


McCluskey, E. J., Jr. Minimization of Boolean functions. 

Bell System Tech. J. 35 (1956), 1417-1444. 

In the design of switching circuits [Shannon, same J. 
28 (1949), 59-98; MR 10, 671) for digital computers, 
telephone central offices, and digital machine tool con- 
trols, it is common practice to use boolean algebra. A 
systematic procedure is presented for writing a boolean 
function as a minimum sum of products. This leads to 
economy in the design of contact networks. The prodecure 
given here is a simplification and extension of the method 
presented by W. V. Quine [Amer. Math. Monthly 59 
(1952), 521-531; 62 (1955), 627-631; MR 14, 440; 17, 
814). S. Sherman (Philadelphia, Pa.). 


McCluskey, E. J., Jr. Detection of group invariance or 
total etry of a Boolean function. Bell System 
Tech. J. 35 (1956), 1445-1453. 

For the purpose of minimization of boolean functions 
[see the preceding review] the author finds it convenient 
to determine from its normal form whether a boolean 
function has group invariance, i.e., whether there are any 
permutations or primings of the independent variable 
which leave the function unchanged. The method which 
he develops here for this purpose is extended to detecting 
whether such a function is equal to one whenever n, or 
more of its arguments, are equal to one. S. Sherman. 
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* Gavrilov, M. A. Isolation of loops acting on a given 
element in relay circuits. Translated by Morris D. 
Friedman, 572 California St., Newtonville 60, Mass., 
1956. 5 pp. 

Translated from Dokl. Akad. Nauk SSSR (N.S.). 87 

(1952), 413-416. 


* Iablonskii, S. V. Realization of linear functions in the 
Il-circuit. Translated by Morris D. Friedman, 572 
California St., Newtonville 60, Mass., 1956. 3 pp. 
Translation from Dokl. Akad. Nauk SSSR (N.S.). 94 

(1954), 805-806. The original Russian article was re 

viewed in MR 16, 203. 


* Povarov, G. N. On the synthesis of multi-terminal 
switching networks. Translated by Morris D. Fried- 
man, 572 California St., Newtonville 60, Mass., 1956. 
6 pp. 

Translation from Dokl. Akad. Nauk SSSR (N.S.). 94 

(1954), 1075-1078. 


x Ivanov, V.I. Cyclic relay circuits and analytic relations 
therein. Translated by Morris D. Friedman, 572 Cali- 
fornia St., Newtonville 60, Mass., 1956. 5 pp. 
Translated from Dokl. Akad. Nauk SSSR (N.S.). 104 

(1955), 239-241. The original Russian article was re 

viewed in MR 17, 1259. 


* Fabijanski, J. An attempt to apply Cauer’s method to 
broad-band filters. Translated by Morris D. 
Friedman, 572 California St., Newtonville 60, Mass., 
1956. 19 pp. 

Translation from Pol. Inst. of Tech. 15 (1955), 12-18. 


See also: Povarov, p. 555; Mikusinskil, p. 575; Berk, 
p- 623; Shercliff, p. 619. 


Thermodynamics and Heat 


Romanov, A. G. Investigation of heat exchange in a 
dead-end channel in the case of natural convection. 


Izv. Akad. Nauk SSSR. Otd. Tehn. Nauk 1956, no. 6, 

63-76. (Russian) 

The solution to the problem of the title is obtained by 
means of the methods of 1) similitude and dimensional 
analysis, and 2) integral equations of boundary-layer 
theory. The physical problem at hand satisfies a system 
of ten non-linear partial differential equations of the 
second order, on account of the fact that the fluid is 
viscous as well as compressible. At our present state of 
knowledge, however, these equations can not be solved 
to any reasonable degree of accuracy, and, therefore, the 
author resorts to various tolerable approximations. Un- 
fortunately, however, the details of the analysis and the 
appropriate derivations are not presented (perhaps they 
can be found in a book (not available) by G. A. Ostrou- 
mov [Natural convection under conditions of an internal 
problem. Moscow, 1952]. The results of the experimental 
measurements seem to be in good agreement with the 
author’s theory (not available). Comparisons with other 
experimental and theoretical investigations are also made. 
Complete details of the author’s experimental set-up are 
given. 

It is also stated that Lighthill’s estimation of the coef- 
ficient of heat conduction is in error (Quart. J. Mech. 
Appl. Math. 6 (1953), 398-439]. K. Bhagwandin. 
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Sestopalov, V. P. General solution of the problem of the 
temperature boundary layer in a diffusor. Izv. Akad. 
Nauk SSSR. Otd. Tehn. Nauk 1956, no. 8, 3-9. (Rus- 
sian) 

The author investigates temperature distribution in a 
boundary layer along one wall of a diffusor. He considers 
two-dimensional convergent laminar flow of a viscous 
non-compressible liquid between two inclined walls. In 
Prikl. Mat. Meh. 16 (1952), 613-616 [MR 14, 697], the 
author found a particular integral of the non-homogeneous 
differential equation controlling the phenomenon; in this 
work he finds the complementary function, that is the 
solution of the homogeneous part of the above equation, 
together with the previously found particular integral 
gives the general solution. By suitable substitutions and 
changes of variables the author reduces the thermal 
equation into an ordinary hypergeometric differential 
equation obtaining a solution which contains, of course, 
hypergeometric functions. The solution enables the author 
to find an approximate expression for the heat transfer 
coefficient (the Nusselt number). T. Leser. 


See also: Baratta, p. 58C; Hellman, Habetler and 
Babrov, p. 602; Crank, p. 616. 


Quantum Mechanics 


Taniuti, Tosiya. On the theories of higher derivative and 
non-local couplings. [I. Progr. eoret. Phys. 15 
(1956), 19-36. 

A non-local interaction for a classical harmonic oscilla- 
tor is considered, of the form 


d+o%y= {" I, t,*++, ta) 


x G(g(t), G(t), g(t1), G(ta), * * - 9(tn),(n)) ats - - -dtn. 
It is shown that under certain specified conditions the 
iterative solution constructed in a previous paper [same 
journal 13 (1955), 505-521; MR 17, 693] converges uni- 
formly for all ¢, and that a unique solution exists satisfying 
boundary conditions forg and g at some specified time. 
The solution is equivalent to the general solution of a 
certain second order differential equation, which is ob- 
tained explicitly. The proof does not generalize to equa- 
tions involving higher derivatives, except under very 
restrictive conditions. 

For field theories with a similar type of non-local 
interaction the existence proof again holds. However it 
cannot be shown that the solution is equivalent to that of 
a second order differential equation, owing to ‘he non- 
local character in a space-like direction, and causal rela- 
tions are lost. P. T. Matthews (Rochester, N.Y.). 


Arnous, Edmond. Théorie de |’effet Lamb-Retherford. 

Cahiers de Phys. no. 66 (1956), 1-5. 

This is a review paper, presented at a conference, 
which makes no claim to contribute anything new. The 
Lamb shift is described in general physical terms, ac- 
cording to Welton’s model. A useful table has been drawn 
up giving the contributions to the effect, for hydrogen and 
deuterium, of the various terms in powers of Za, the nuclear 
mass, electron magnetic moment, etc., with references to 
the corresponding calculations. P. T. Matthews. 


Sherman, S. On Segal’s postulates for general quantum 
mechanics. Ann. of Math. (2) 64 (1956), 593-601. 
It is shown that the Jordan algebra M38 of all 3x3 
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hermitian matrices with Cayley number coordinates 
satisfies the postulates of Segal [Ann. of Math. (2) 48 
(1947), 930-948; MR 9, 241), with a suitable definition 
of the norm. The latter is derived from a partial ordering 
treated in a letter by A. A. Albert quoted in the paper, in 
which the non-negative elements are defined as squares 
and shown to be identical with the sums of squares. It 
thus appears that from a theoretical phenomenological 
point of view the algebra is entirely suited to represent 
observables, and especially such as might be related to 
the exceptional simple Lie groups, but there is no evidence 
that any physically known observables are described by it. 
All previously known systems satisfying the postulates 
consisted of systems of operators on Hilbert space. The 
author shows that besides Mg®, there exists a general 
class of systems not consisting of operators, and in fact 
forming non-distributive systems, satisfying the postu- 
lates. These systems do not behave like operator systems 
in certain formal respects, and are well suited ‘to an 
examination of the independence of the postulates, one of 
which is shown to be redundant. I. E. Segal. 


Cowan, R. D.; and Ashkin, J. Extension of the Thomas- 
Fermi-Dirac statistical theory of the atom to finite 
temperatures. Phys. Rev. (2) 105 (1957), 144-157. 
The semiclassical statistical theory of the m-electron 

atom is extended to include the effects of exchange inter- 
actions and finite temperatures simultaneously. The 
starting points are (a) Fock’s formula for the one- 
electron energy levels, the wave function being assumed 
to be an antisymmetrized product of one-electron 
functions, and (b) Fermi’s formula for the statistical 
distribution of the electrons over the energy states. The 
one-electron space wave functions are approximated in 
the usual way by a semiclassical distribution in phase 
space and the one-electron energies are then evaluated 
from Fock’s formula. A detailed discussion of the thermo- 
dynamic interpretation of the statistical distribution is 
given. E. L. Hill (Minneapolis, Minn.). 


Stapp, Henry P. Relativistic theory of polarization 
phenomena. Phys. Rev. (2) 103 (1956), 425-434. 
The paper works out in detail the formalism necessary 

to describe the scattering of polarized beams of spin one- 

half particles in relativistic quantum theory. It is possible 
in this case to label the initial and final states by a com- 
plete set of commuting observables for the particles 

(their momenta and a two-valued index describing the 

spin degree of freedom). However, it is more convenient 

for many purposes to introduce a redundant description 
by using the momentum and a four-valued spinor index. 

Then the scattering matrix has to satisfy the Dirac 

equation in each of the initial and final state spinor 

indices. This is the formalism the author develops. He 
considers the S-matrix for the scattering of spin one-half 
particles by spin zero and spin one-half particles. In both 
cases he succeeds in displaying it in a form very similar 
to that of the non-relativistic case. The changes necessary 
to pass from the non-relativistic to the relativistic case 
involve only the effect of Lorentz transformations on the 
four-vectors describing the polarization and momentum. 
A. S. Wightman (Copenhagen). 


Davidson, P.M. Some theorems in group velocity. Proc. 
Edinburgh Math. Soc. (2) 9 (1956), 122-127. 
The content of this paper is suggested in the author's 
words as follows: “in various types of dispersive media of 








626 


infinite extent the motion resulting from an arbitrary 
initial state of disturbance is characterized by certain 
quantities which are independent of time and may be 
expressed as suitable averages of the group velocity (or a 
power of it) over the range of waves present in a Fourier 
analysis of the original disturbance’. The disturbances 
discussed are characterized by a function expressible 
either in the form 


[ro t) exp tvx dx or fo-+t) exp ivx dx, 
where 
f=F(v) exp —iot, {-—F_(v)exp —iot, {,—F+(v)exp tot, 


and w» is a function of ». By group velocity is meant 
dw/dy. A. J]. Coleman (Toronto, Ont.). 


Chang, T.S. Calculations of some operators in relativistic 
quantum mechanics. I, II. Acta Math. Sinica 3 
(1953), 59-86. (Chinese. English summary) 
Explicit calculations are made that lead to explicit 

expressions for the infinitesimal generators, of the 

inhomogeneous Lorentz group. C. N. Yang. 


Ruijgrok, Th. W.; and Van Hove, L. Exactly renormali- 
zable model in the quantum theory of fields. Physica 
22 (1956), 880-886. 

The model presented here is a generalization of the Lee 
model [Phys. Rev. (2) 95 (1954), 1329-1334; MR 16, 317]. 
Similar to that model, it also involves a scalar interaction 
of neutral bosons, 0, with infinitely heavy nucleons, V, 
but it permits not only two, but »>1 internal nucleon 
states V, (g runs over all integers modulo n, Vg=V qin 
for all g). The basic process is Vgz=V9i1+6 and is as- 
sociated with the coupling constant gg®. An essential 
weakness of the Lee model is thereby overcome, since 
the proposed model like any realistic field theory permits 
the successive emission and absorption of several bosons, 
which is not the case in the Lee model. Consequently, 
in this new model not only Z2 is non-trivial, but also Z;. 
The constant Zz is still trivially equal to one, since no 
pair production is possible. An exact expression for Z2(q) 
can be derived and one finds Z;(¢)=Z2(q+-1), reminding 
one of Ward’s identity. The renormalized coupling con- 
stants gg are related to the gg® by gg=Z2!/2(g)Z1—/2(q)g,°. 
In the limit of point nucleons (infinite cut-off) gg= 
(g1°- --gn®)/*, independent of g. Thus, this model in- 
cludes as a special case not only the Lee model, but also 
the usual scalar interaction of neutral bosons with 
infinitely heavy point nucleons. In this limit the finite 
6—Vg, scattering cross section approaches zero, but a 
static Vg—Vz, interaction remains finite even in the 
limit. Thus, the renormalized coupling constant is here 
measurable even for infinite cut-off. F. Rohrlich. 


Ford, Kenneth W. Problem of ghost states in field 

theories. Phys. Rev. (2) 105 (1957), 320-327. 

The question of the existence or non-existence of an 
anomalous state with negative probability in quantized 
field theories is discussed with the aid of an integral 
equation technique. The author considers this approach 
more general than the conventional, Hamiltonian treat- 
ment. To the author’s surprise it turns out that the use of 
the integral equation does not allow one to change the 
physical content of the theory. No definite answer is 
given to the questions raised. G. Kdllén. 


Fukuda, Nobuyuki; and Kovacs, Julius S. Integral equa- 
tions for the transition matrices in the static meson 
theory. Phys. Rev. (2) 104 (1956), 1784-1790. 

Chew and Low have derived an integral equation for 
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Rev. (2) 101 (1956), 1570-1579). This derivation is based 
on the one-meson states. Following similar arguments the 
present paper generalizes this equation for states in- 
volving an arbitrary number of mesons. Reducible and 
irreducible processes are not separated, which may be the 
cause of various ambiguities. Among the applications of 
this formalism, correction terms to the Chew-Low one- 
meson equation seem most interesting. No numerical 
work has been done. F. Rohrlich. 


Bocchieri, P.; e Loinger, A. La condizione supplementare 
del campo di Stiickelberg. Nuovo Cimento (10) 3 
(1956), 626-632. 


It is well-known that in quantum electrodynamics the 


difficulties connected with the existence of a supple- 
mentary condition can be overcome by the use of an 
indefinite metric in the abstract wave vector space 
(Gupta-Bleuler method). 

The question whether the Gupta-Bleuler method can 
be generalized to other field theories with supplementary 
conditions is investigated by considering the most general 
field theory for a spin-one particle with non-vanishing 
mass (first proposed by Stuckelberg). It is shown that in 
this case also the use of the Gupta-Bleuler method allows 
for dealing with the supplementary condition in a con- 
sistent way. 

From this result it is very plausible to conclude that 
a consistent treatment of all field theories with supple- 
mentary conditions can be obtained in a similar way. 

S. Fubini (Chicago, II1.). 


Polkinghorne, J. C. Causal products in quantum field 
theory. Proc. Cambridge Philos. Soc. 53 (1957), 261- 
262. 

A new type of product of field operators is considered 
and its properties discussed. It is a function of a set of 
real numbers as well as of the operators, there being one 
number associated with each operator. This product 
satisfies certain causality conditions if the operators at 
space-like intervals commute; it is therefore proposed 
that it be called “‘causal product”. S. Deser. 


Preuss, H. Bemerkungen zum Self-consistent-field-Ver- 
fahren und zur Methode der Ko tionenwechsel- 
wirkung in der Quantenchemie. Z. Naturf. 11a (1956), 
823-831. 

The self-consistent field method for molecules is dis- 
cussed with a view towards its use with computing 
machines. Some preference is expressed for writing the 
zero order molecular functions as a sum of gaussians 
rather than a sum of exponentials or Slater functions. For 
the configuration interaction method it is suggested to 
approximate the molecular function by two-center 
functions (eigenfunctions of H2+). This assures the 
appearance of mostly tabulated integrals of the two-center 
and three-center type only. F. Rohrlich. 


Ekstein, H. Scattering in field theory. Nuovo Cimento 

(10) 4 (1956), 1017-1058. 

This paper contains a very detailed but somewhat 
formal discussion of the definition of asymptotic operators 
(in- and outgoing fields) in quantized field theories. The 
general discussion is illustrated with the aid of several 
examples, to a large extent taken from the domain of 
non-relativistic Schrédinger theory. The basic idea of 
the paper seems to be to apply a limiting prescription to 


the transition matrices in the static meson theory [Phys, | 
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the energy momentum operators that guarantees the 
asymptotic states to have a physically reasonable energy 
momentum vector. The author states that “the problem 
consists in finding the asymptotic operators as functions 
of the bare particle operators’. A formal system of 
equations for this purpose is given. G. Kdllén. 


Green, Alex E.S. Approximate analytical wave functions 
for the nuclear independent-particle model. Phys. 
Rev. (2) 104 (1956), 1617-1624. 

The bulk of this paper consists of a collection of dia- 
grams which give some of the basic nuclear properties as 
calculated with a certain set of wave functions. The virtue 
of these wave functions is that they are very good 
approximations to the eigenfunctions of an independent 
particle Hamiltonian with a fairly realistic potential and 
that at the same time they can be expressed in terms of 
tabulated functions (Bessel functions and exponentials). 
The potential in point is of constant depth —Vo out to a 
radius a, followed by an exponential tail characterized by 
the “width” d. This potential and the suitable determi- 
nation of the parameters Vo, d, and a=a,A*+ao were 
discussed in a preceding series of papers [see ,e.g., A. E. S. 
Green and K. Lee, Phys. Rev. (2) 99 (1955), 772-777; MR 
17, 115}. The present paper gives as a function of the mass 
number: the normalization constants, the probabilities 
of finding a nucleon outside r=a, the expectation value 
of the radial part é(r) of the spin-orbit interaction, the 
energy levels, and the radii (expectation values of r?) for 
various orbitals. Considerations of the last item ‘‘leads one 
to expect a thin (0—0.4x 10-13 cm) neutron membrane 
around nuclei.” F. Rohrlich (lowa City, Iowa). 


Ross, Marc. Pion effects on Fermi interactions. Phys. 

Rev. (2) 104 (1956), 1736-1741. 

As the strong coupling between the nucleon and the 
pion became the center of much theoretical research in 
the past ten years, and as the various renormalization 
difficulties arose in field theories, the distinction between a 
“bare” particle and a “‘real’’ or “‘dressed’’ particle came 
more and more into the foreground. In particular, models 
of the nucleon have been proposed [e.g. R. G. Sachs, 
Phys. Rev. (2) 87 (1952), 1100-1110] in which the idea of 
a “bare” nucleon core and a pion “cloud” around the 
core is taken seriously. The present paper attempts to 
study the consequences of such a model on the problem 
of the universal Fermi interaction. It is assumed that it 
is the interaction of light fermions with bare nucleons 
which can be written in a simple form. The ensuing 
theory, while interesting in principle, does not solve any 
of the problems connected with the universal Fermi 
interaction. Moreover, the few phenomena which could 
test the validity of this theory would depend greatly on a 
specific model of the nucleon used in the evaluation. 


M. J. Moravcsik (Upton, N.Y.). 


Jones, D.S. On the scattering cross section of an obstacle. 

Phil. Mag. (7) 46 (1955), 957-962. 

The theorem of van de Hulst [Physica 15 (1949), 
740-746), giving the relation between the scattered 
amplitude and the sum of the scattering and absorption 
cross-sections for an obstacle in an incident plane wave, 
is derived by a calculation of the energy flow and by 
using a method that avoids certain convergence diffi- 
culties in van de Hulst’s treatment [D. S. Jones, Proc. 
Cambridge Philos. Soc. 48 (1952), 733-741]. In addition 
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it is shown that, when the incident wave is due to a point 
source, the sum of the two cross-sections is determined by 
the value of a certain field in the neighbourhood of the 
source. The argument could be applied to many scattering 
problems (e.g., sound waves or atomic collisions) but is 
given explicitly for the electromagnetic field. 

C. J. Bouwkamp (Eindhoven). 


Grosjean,C.C. A high accuracy approximation for solving 
multiple scattering problems in infinite homogeneous 
media. Nuovo Cimento (10) 3 (1956), 1262-1275. 

An approximate formula is obtained for the steady- 
state density of isotropically scattered particles emitted 
by a point source in an infinite homogeneous medium. 
The author’s approximation is claimed to be more simple, 
at the same time giving better results, than all previous 
approximations [e.g., P. I. Richards, Phys. Rev. (2) 100 
(1955), 517-522]. In deriving his formula, the author 
starts from an approximation obtained in an ‘earlier 
paper [Nuovo Cimento (9) 11 (1954), 11-40]. Numerical 
evidence supporting the author’s claim is displayed in a 
number of tables and curves. Results for media of finite 
extent are promised ina later paper. C. J. Bouwkamp. 


See also: Penzlin, p. 584; Temperley, p. 610. 


Relativity 


Shibata, Takashi. The “Lorentz transformations without 
rotation” and the new fundamental group of transfor- 
mations in relativity and quantum mechanics. 
J. Sci. Hiroshima Univ. Ser. A. 19 (1955), 101-112. 

The author continues his investigations [same J. 16, 
(1952), 61-66, 285-290, 487-496 (1953) ; 17 (1953), 67-73; 
MR 15, 752] of the 3-parameter sub-group Gs, of the 
Lorentz group, which leaves invariant a given null-ray. 
By relating his transformations to the corresponding 
“Lorentz transformations without rotation’, he derives 
the Thomas-like precession induced by their successive 
application. The equations of the group Gs are expressed 
in an appropriate 4-dimensional notation [but the four 
generators defined by Eq. (3.1) for u=1, 2, 3, 4 are not 
linearly independent; Gs can, e.g., be generated by the 
three generators u=1, 2, 3]. H. P. Robertson. 


Arnowitt, R. L. Phenomenological approach to a unified 
field theory. Phys. Rev. (2) 105 (1957), 735-742. 
This is a most interesting and well founded attempt 

to include geometrically the electromagnetic field into 

the frame of general relativity. The basic tools are the 
gravitational symmetric tensor field g,,, the electro- 
magnetic skew symmetric tensor field /,,, given by means 
of the world vector Q,, /,,=20,Q,) 4 symmetric con- 
nection A,,” (to be defined later) and a non-symmetric 
connection 

Dy? = Ay? +O, 

[this equation excludes for QO the Einstein unified 

theory; cf. Hlavaty, J. Rational Mech. Anal. 3 (1954), 

103-146; MR 15, 654). 

Conformal change of the metric g),,->(exp 2A)g), is always 
coupled with the change Q,,>Q,,+0,A so that /,,, remains 
invariant. If R,,(W,,) denotes the contracted curvature 
tensor of P,” (Ay,”) then obviously 


(1) Rya=Wyarthy 
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The Lagrangian 2 of this theory is defined by 
22=|g|-*[a1 RapR?+a2(Ra*)*). 
Here g@*Det (gr), “1, «_=const and the indices are 
raised by means of g*4efd In g/dg,,. The variation of 
L=/ d4#2 with respect to A and Q leads to the field 
equations 


(2)a) VG") = 5H, V gG8 


b) 2, G1 —0,. 
Here V refers to A and 
bQ 
(3) Pet = gh-H(ar R¥-+-aaRare™) 


so that @*” is conformally invariant. Putting 
* uv — Gu) |* g/t 
(*g=Det((*gy,)), *S,=2 In *g/0%g™) 

one obtains immediately from (2) 
(4) Ay? = 3% 2°*(2)* Gea, +9, *Gar— Fn Bry) 
while according to (1) and (3) the equation (2)b) is equi- 
valent to the second set of source-free Maxwell’s equations. 

The variation of 2 with respect to g#* yields the 
second set of field equations. 


(5) a (W,,*W.?—45,°W PW ge) + 
+-a2(W,*W%—45,9(Wa%)?) =a 7, 


where 7,” is the usual electromagnetic stress energy 
tensor. — These are some of the main features of the paper 
under consideration, which contains also the spherically 
symmetric solution. 

The choice of the objects referred to in 1) as well as of 
the Lagrangian 2 is founded on four assumptions which 
constitute the phenomenological approach to the problem. 


V. Hlavaty (Bloomington, Ind.). 


See also: Manarini, p. 622; Chang, p. 626; Garcia, p. 
628. 


Astronomy 


Contopoulos, George. On the motions of stars in an 
ellipsoidal stellar system. Astrophys. J. 124 (1956), 
643-651. 

If the surfaces of constant stellar density are similar 
ellipsoids, this density is a function of the similarity 
parameter. An infinite series for the density in terms of 
the similarity parameter is assumed and the gravitational 
potential is worked out. The equations of motion for an 
individual star are deduced and solved in series by the 
method of undetermiged coefficients and also by that of 
approximate osculating orbits. Perturbations are also 
briefly considered. G. C. McVittie (Urbana, II). 


Przybylski, Antoni. A variational method for improving 
model stellar atmospheres. Monthly Not. Roy. Astr. 
Soc. 115 (1955), 650-660 (1956). 

The temperature distribution in a non-gray atmosphere 
in radiative equilibrium is determined by the condition 
that the integrated net flux, /f F,(é)dv is a constant 
where 


F.() =| ° By(Tx)Ea(dolr—tl)d det 
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and A, is some prescribed function of » and +, Eg is the 
second exponential integral and B,(T;) is the Planck 
function for the temperature 7, which prevails at 7. The 
method of solution generally adopted is to use for T, 
the explicitly known solution for the gray case (ie, 
A,=1) and “‘correct’’ it by a process essentially of trial 
and error. In practise this process is carried out in one of 
many ways. {In the present paper the author describes one 
further numerical process of obtaining the solution; 
though the reviewer cannot see why it is called a “‘vari- 
ational method”’: it is very much more a “relaxation” 
method.} S. Chandrasekhar (Williams Bay, Wis.). 


Lenoble, J. Calcul du rayonnement diffusé dans une 
couche de brume. J. Sci. Météorol. 8 (1956), 23-28. 
(Spanish summary) 

By methods described in an earlier paper [Rev. Opt. 
35 (1956), 1-17; MR17, 1256], the author obtains solutions 
for the intensity of radiation at various points in the in- 
terior of a finite layer of dense mist when (1) illuminated 
by a uniform sky and (2) by a plane-parallel beam incident 
at an angle of 60°. The phase function considered is 


p(cos @) =_ll +1.73P;(cos @)-+P2(cos @)). 


The solutions are tabulated and the results of the calcu- 
lations are illustrated by graphs for certain special cases. 


S. Chandrasekhar (Williams Bay, Wis.). 


Simon, R. Etude de la propagation des ondes dans le 
modéle de Roche généralisé. Ann. Astrophys. 19 
(1956), 115-121. (English and Russian summaries) 
The small radial oscillations of a generalized Roche 

model gaseous envelope surrounding a spherical central 
body have been shown to depend on Hankel functions of 
the first kind and of order ». But the condition that the 
total mass of the envelope be finite imposes the condition 
that the ratio of specific heats, y, shall be less than 
64/(49—9yr2). It is shown that »=3/2, which is compatible 
with this condition for y=5/3, leads to an analytical 
solution of the problem. If the maintenance of the 
oscillations is regarded as due to emission of energy by 
the central body, it is possible to calculate an upper 
limit to the emission compatible with the linearized 
theory that is being used. This energy emission is much 
larger than that normally accepted in stellar interiors. 


G. C. McVittie (Urbana, IIL). 


Garcia, Godofredo. The equations of the gravitational 
and cosmological fields. Con’ universe-expand- 
ing universe. Actas Acad. Ci. Lima 18 (1955), 3-82. 
(Spanish) , 

The author proposes the metric 


ds?= V%(q)ae— G4) a45(9)dq*dg!, 


where the a4(g) define a 3-space of constant curvature, as 
the most general required to describe both static gravita- 
tional fields and those of relativistic cosmology. He then 
computes curvature tensors and field equations for the 
general field, and discusses special cases. 


H. P. Robertson. 
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Geophysics 
Mejzlik, Ladislav. Die Amwendung der Methode der 
Netze zur von Problemen der Grundwasser- 
strémung unter Wasserbauwerken. Apl. Mat. 1 (1956), 


399-430. (Czech. Russian and German summaries) 

The author considers plane problems of laminar filtra- 
tion of underground water under waterworks. He as- 
sumes non-compressible liquid of constant viscosity and 
saturation of pores. He derives the partial differential 
equations controlling the phenomenon for homogeneous 
and non-homogeneous, isotropic and anisotropic regions. 
The differential equations are approximated by difference 
equations at orthogonal grids. The author discusses 
different methods of solutions at various boundary con- 
ditions, analyzes mesh size and lists numerical methods 
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for simultaneous systems in case of implicit scheme. 
T. Leser (Aberdeen, Md.). 


Ertel, Hans. Eine Kompatibilitats-Bedingung der héhe- 
ren Geodasie. S.-B. Deutsch. Akad. Wiss. Berlin. K1. 
Math. Phys. Tech. 1956, no. 4, 14 pp. 

The “compatibility-condition” is equivalent to the 
extended form of Clairaut’s theorem as found in Jordan 
and Eggert [Handbuch der Vermessungskunde, vol. 3, 
part 2, 9th ed., Metzler, Stuttgart, 1948, pp. 299-300]. 
The derivation differs in detail but is the same in essence. 
The author makes explicit an assumption which is implied 
by Jordan and Eggert [loc. cit.] — namely, that the vari- 
ous boundary conditions of the earth’s gravitational field 
must be compatible with one another. B. Chovitz. 


See also: De, p. 617; Dorrestein, p. 617. 


OTHER APPLICATIONS 


Games, Economics 


Bottema, 0. The Shylock game. 

(3) 4 (1956), 127-131. 

The author gives the complete theory of the gambling 
game about which Herbert Adams wrote “The old jew 
mystery” [Collins, London, 1936]. It is played with dice 
and counters by any number of players. Certain numbers 
of counters are paid into or taken out of twelve com- 
partments according to prescribed rules, The mathematic- 
al expectation of each player is expressed as a series, and 
computed to five significant figures in some typical cases. 

H. S. M. Coxeter (Toronto, Ont.). 


* Kuhn, H. W. On a theorem of Wald. Linear ine- 
qualities and related systems, pp. 265-273. Annals of 
Mathematics Studies, no. 38. Princeton University 
Press, Princeton, N. J., 1956. $5.00. 

In 1934 Wald gave the first rigorous proof of the ex- 
istence of a solution to the Walras-Cassel equations of 
static general equilibrium, in the case where the tech- 
nology is of fixed-coefficient type. His results have since 
been extended by McKenzie, Arrow-Debreu, and others. 
Given an m Xn matrix a of non-negative elements, an 
m-vector r of positive elements, and demand functions 
a;=};(s), a solution consists of nonn-egative m-vectors s 
and o, and a non-negative m-vector p such that a) as Sr; 
b) if strict inequality holds in any component, the corre- 
sponding component of p is zero; c) a’p=oc; and d) 
a f(s). Conditions must be placed on a and the mapping 


Nieuw Arch. Wisk. 


A very perspicuous proof of Wald’s Theorem is here 
given, using as tools the duality theorem of linear pro- 
ing and the fixed-point theorem of Kakutani. In 
the last section it is remarked that much of the remaining 
difficulty stems from Wald’s requirement that in the 
solution, s>O, and the rather odd condition that he 
poe on the (inverse) demand functions to insure this. 
this economically unsatisfying restriction is removed, 
the proof is further simplified. R. Solow. 


Beckerman, W. The world trade multiplier and the 
stability of world trade, 1938 to 1953. Econometrica 
24 (1956), 239-252. 

A Leontief model is used to describe the relation be- 
tween changes in imports from the rest of the world, 
sub-divided into nine trading areas, and consequent 





changes in total world trade. The basic assumption is 
that imports of a trading area from another one (ex- 
cluding the U.S.A.) depend linearly on total exports of 
that area, i.e. Mx+Aa=x, where M is a 9 by 9 matrix of 
import coefficients, x is a vector of area exports, A a 
scalar denoting total U.S. imports with a their distri- 
bution over the areas. The effect of domestic income on 
imports and exports is ignored throughout. 

e “world trade multiplier” is then obtained as the 
sum of (I—M)-a. This total denotes the change in world 
trade arising from a unit change in U.S. imports. The 
multiplier is shown to have declined from 8.48 in 1938 to 
6.14 in 1948 to 5.52 in 1953, due presumably to increased 
exports from the U.S.A. to the rest of the world. 


G. Morton (Raleigh, N.C.). 


Allais, M. Explication des cycles économiques par un 
modéle non linéaire 4 régulation retardée. Metroecon. 

8 (1956), 4-83. 

A theory is suggested for explaining economic cycles 
by means of the interplay of the credit policy and the 
propensity to liquidity. The theory is intended to be ex- 
planatory only and is not capable of providing predictions 
because the propensity to liquidity is psychological and is 
not under governmental control. It is claimed that the 
theory is economically simple, although it has functional 
symbols as parameters, but it is mathematically compli- 
cated to work out the consequences other than approxi- 
mately. Numerical comparisons are made with published 
economic data. I. J. Good (Cheltenham). 


Seng, YouPoh. Sometheory ofindexnumbers.I. J. Roy. 

Statist. Soc. Ser. A. 119 (1956), 312-332. 

The author’s aim is to set up the results of an investi- 
gation into desirable properties of an index number other 
than those already expressed by I. Fisher in his treatise 
“The Making of Index Numbers”. These properties are 
maintenance of continuity when 1) the base year is 
changed, 2) one group of new items is substituted instead 
of old items, 3) new items are added to the list, 4) items 
are deleted, 5) weighting system is changed, or 6) when 
many changes of this kind take place simultaneously. He 
tries to appraise different methods from this point of view 
without reaching any decidedly demonstrated new results. 


L. Térnqvist (Helsinki). 
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Banerjee, K.S. A note on the optimal allocation of con- 
sumption items in the construction of a cost of living 
index. Econometrica 24 (1956), 294-295. 

In cost of living index numbers, price data are normally 
compiled for only a few of those commodities which are 
actually represented by the aggregate items. The author 
suggests that the commodities should be chosen in 
accordance with Neyman’s method for optimal allocation 
of the number of items to be observed [J. Roy. Statist. 
Soc. 97 (1934), 558-606]. L. Térnqvist (Helsinki). 


Tintner, Gerhard. Complementarity and shifts in demand. 

Metroecon. 4 (1952), 1-4. 

Complementarity in the sense of O. Lange [Rev. Econ. 
Studies 8 (1940), 58-63] is analysed in terms of the deri- 
vatives of the utility function with respect to advertising. 

H. Wold (Uppsala). 


Krumbach, Giinther. Das Toto-Roulettespiel der Saar- 
land-Sporttoto-G. m. b. H., seine Theorie und ein Ver- 
gleich mit den tatsichlichen Ergebnissen. Ann. Univ. 
Sarav. 5 (1956), 228-234 (1957). 


Rios, Sixto. Methods and problems of Operations Ana- 
lysis. Trabajos Estadist.7 (1956), 187-198. (Spanish) 
An expository lecture. 


Johnson, Gordon K.; and Turner, Inez M. Use of transfer 
functions for company planning. Operations Res. 4 
(1956), 705-710 (1957). 


San Juan Llosa, Ricardo. The “simplex” method in 
linear programming. Trabajos Estadist. 7 (1956), 199- 
219. (Spanish) 

Readers who are familiar with expositions of the 
“simplex” method will find nothing new here, except a 
simplification in determining the maximum. 

Author’s note. 


See also: Bellman, p. 582; Des Raj, p. 606; De, p. 617. 


Biology and Sociology 


Li, C.C. The concept of path coefficient and its impact on 
population genetics. Biometrics 12 (1956), 190-210. 
A path coefficient is the same as a regression coefficient 

when the variables are measured in units of standard 
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deviations. The method of path coefficients is a technic 
specially adapted to correlation problems of the kir 
occurring in genetics. It was introduced by S. Wrig 
[J. Agric. Res. 20 (1921), 557-585] and subsequently e 
tensively developed, mainly by him, in a long series of 
papers. The main references are listed in the paper 
under review, which gives a very clear account of t 
method and its simpler applications. ; 
I. M. H. Etherington (Edinburgh). 7 


See also: Bliss, p. 609. 


Information and Communication Theory 
* Khinchin, A. Ia. On the fundamental theorems of 
information theory. Translated by Morris D. Frie& 
man, 572 California St., Newtonville 60, Mass., 1 
84 pp. 
Translated from Uspehi Mat. Nauk (N.S.) 11 (1 
no. 1(67), 17-75. The original Russian article was reviewed 
in MR 17, 1098. : 


Control Systems 


* Shastova, G. A. Investigation of noise-stability of 
remote control command transmission by the methods 
of potential noise-stability theory. I. Translated b 
Morris D. Friedman, 572 California St., Newtonville 6 
Mass., 1956. 19 pp. ' 
Translation from Avtomatika i Telemehanika 16 

(1955), 344-355. 


* Siforov, V. I. On noise-stability of a system with com 
recting codes. Translated by Morris D. Friedman, 
572 California St., Newtonville 60, Mass., 1956. 16 Pp. 
Translation from Radiotekh. i Elektr. 1 (1956), 13l- 

142. 


* Shestakov, V.I. Algebraic method of designing sequeu* 
tial relay. Translated by Morris D. Friedman, 
California St., Newtonville 60, Mass., 1956. 6pp. — 
Translation from Dokl. Akad. Nauk SSSR (N.S. 

99 (1954), 987-990. The original Russian article was ré 

viewed in MR 16, 786. ; 


See also: Bellman, p. 582. 


HISTORY, BIOGRAPHY 


Clagett, Marshall. The Liber de motu of Gerard of Brus- 
sels and the origins of kinematics in the West. Osiris 
12 (1956), 73-175. 

The treatise has four parts. The first part discusses 
ancient kinematics and the extent to which Latin trans- 
lations were available to Gerard; the second deals with 
questions of authorship; the third gives a critical text of 
the Liber de motu, while the fourth analyzes the contents 
of the Liber. 


Baron, Roger. Hugonis de Sancto Victore, Practica Geo- 
metriae. Osiris 12 (1956), 176-224. 
Earlier scholars assigned this treatise to an otherwise 
unknown Hugo. Arguments are now given for assigning 





it to Hugues de Saint-Victor. A description is given of 
the extant manuscripts. 


Amir-Moéz, A. R. Ibn Haitham’s problems and theif 
geometric solutions. Math. Mag. 30 (1956), 93. . 
The problems are: i) find the direction of a ray of ligh 

through a point P interior to a circle such that after 

reflections from the circle the ray passes again through P} 

ii) find the ray through a given point A whose reflecti 

passes through a given point B. Ibu Haitham (965-1 

set up these problems as a quadratic and a biquadratic 

equation respectively but was dissatisfied because he 

could not find “geometrical” solutions. The 

article provides a suitable ruler-and-compass solution fot 

the first of the two problems. % 











